Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2009, Article ID 239209, 18 pages
doi:10.1155/2009/239209

Research Article

Multiple Positive Periodic Solutions for
Delay Differential System

Zhao-Cai Hao,"? Ti-Jun Xiao,*? and Jin Liang®*

! Department of Mathematics, Qufu Normal University, Qufu, Shandong 273165, China

2 Department of Mathematics, University of Science and Technology of China, Hefei 230026, China
3 School of Mathematical Sciences, Fudan University, Shanghai 200433, China

* Department of Mathematics, Shanghai Jiao Tong University, Shanghai 200240, China

Correspondence should be addressed to Zhao-Cai Hao, zchjal@163.com

Received 11 September 2009; Accepted 6 December 2009

Recommended by Binggen Zhang

We obtain some existence results for multiple positive periodic solutions of some delay differential
systems. Examples are presented as applications. For a general positive integer m > 2, main results
of this paper do not appear in former literatures as we know. Comparing with the existing results,
our results are new also when m = 1.

Copyright © 2009 Zhao-Cai Hao et al. This is an open access article distributed under the Creative

Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction
It is known that multiple delay Logistic equations

Y(t)=-aty®) + f(Ly(t-1o(®), y(t - (b)), ..., y(t - (1)),

, (1.1)
y'(t) =at)yyt) - f(t,yt-m),yt-71(t),..., y(t —71a(t))),

are generalizations of many biological models, such as Logistic models of Single-species
growth (see [1-3]),

v (1) = aby(®) [1 _ y(tK—_(:)(f))]

Yt =y [a(t) - D bilt)y(t - Ti(t))] , (1.2)
i=1

, " y(t—ri(t))]
H=a®y®)|1-]+—%|,
Y (t) = a( )y()[ |i=1| <)
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and red blood cell models (see [4-7]),

y'(t) = —a(t)y(t) + b(t)e—y(t—f(t))l
b(t) (1.3)

y'(t) =-at)y) + Ty (t—7)"

For biological models, positive periodic solutions are often important and many results have
been achieved in this direction, for instance, [8-10].

To the best of our knowledge, few papers concerning the existence of multiple positive
solutions of (1.1) can be found in literature. Furthermore, no papers have yet deal with the
more general nonautonomous delay differential systems

yit)y =-ai(Oyi () + frt, Ya(t), Ya(t), ..., Yiu(t)),
Yy(t)  =—ax(t)ya(t) + fo(t, Yi(t), Ya(t),..., Yu(t)),

(1.4)
y;n(t) = _am(t)yM(t) + fm(t/ Yl (t)/ YZ(t)/ oo /Ym(t))/
yi(t) =ai(t)yi(t) - fr(t, Ya(E), Ya(t), ..., Yau(t)),
Yo(t) = ax(t)y2(t) - folt, Ya(t), Ya(t), ..., Ya(t)),
(1.5)

Yo(t) = an(®ya(t) = fmt, Ya (1), Ya(t), ..., Yu(t)),
where m, n are all positive integer and

ai(-), 1€\ = {1,2,...,111},
fl‘(',...,-), i€, (16)
7i(), jE€EN:={12,...,n}

are given functions and signs Y;, i € A; are given as follows:
Yi(t) == (it = (1), yi(t = 2(t)), ..., yi(t = Tu(1))), tER, i€ Ay (1.7)

The extension to systems is a natural one; for example, many occurrences in nature involve
two or more populations coexisting in an environment, with the model being best described
by a system of differential equations (see [11]).

The aim of this paper is to investigate systems (1.4) and (1.5). In what follows we
only discuss the existence of positive periodic solutions of system (1.4); similar results can be
obtained for system (1.5). By using multiple fixed-point theorems (see Lemmas 2.1 and 2.2),
which are different from those used in [8-10], we obtain the existence of multiple positive
periodic solutions of system (1.4) (see Theorems 3.1, 4.1, and 4.3). Some examples are given
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also to illustrate our main theorems. Main results of this paper are new also even if m =1 (see
Remark 4.5).

This paper is organized as follows. In Section 2, we make some preliminaries. In
Section 3, we derive existence result (see Theorem 3.1) for two positive periodic solutions of
system (1.4). Example 3.2 is given below Theorem 3.1. The existence of three positive periodic
solutions of system (1.4) is presented in Section 4 (see Theorems 4.1 and 4.3). Applications of
Theorems 4.1 and 4.3 may be seen from Examples 4.2 and 4.4.

2. Preliminaries

We make the basic assumption throughout this paper that

T >0 isa fixed constant;
a; € C(R,[0,00)), a(t)£0, ai(t)=ai(t+T), teR, icly;
fi€ C(Rx[0,00)™",[0,00)), i€As; (2.1)
fi is T-periodic function in relative to ¢, i € Ay;

T]'EC(R, [0,00)), Tj(t+T)=T/'(t), tEeR, jEAz.

Let us now provide some preparations. Let S be a real Banach space and let P be a
cone in S. A map « is said to be a nonnegative continuous concave functional on cone P if
a:P — [0,00) is continuous and

a(tx+(1-t)y) 2ta(x) + (1 -ta(y) VYx,yeP, te[0,1]. (2.2)

For numbers M, N such that 0 < M < N, and a nonnegative continuous concave functional
a on cone P, we define

Pyi={x€P:|x| <M]},

P(a, M) :={x€P:a(x) <M}, (2.3)

P(a, M,N):={xeP: M<a(x),|x| <N}.
Setting u = (u1,uz,...,uy,) € [0,00)", we define

|ul := r]%?\;({”j}- (2.4)
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Write
D:={yt):yeC(RR),yt+T) =y},
E=DxDx---xD
%f_//
lvlly := sup [y()]| foryeD, (2.5)
te[0,T]
Hﬂ%=§”wm for y = (y1,¥2---,Ym) € E,
P:={y=(yLy2 - ym) €E:yi(t) > &il|lyill i € A1},
where

6; = e oai®ds i AL (2.6)
Then (D, || - ||o) and (E, || - ||) are all Banach spaces and P is a cone in E. Set

: 1 : ejgai(s)ds )
Ml = /[T<—d’ MZ = #, IEAl,
e ai(s)ds _ 1 efoa,(s) s _1
2.7)
ol

Gi(t,s) = ————
i(t5) eloa@de _q

, (t,s) e Rx[tt+T], i€ .

It is easy to see that for any (f,s) € R x [t,t + T], functions G;(t, s), i € A1 have properties

M = G;(t,t) < Gi(t,s) <Gi(tt+T) =M, i€,

S = % < —Gi(t’s) ieA 28
ML Gt t+T) © b
Now we define an operator A : E — E as follows:
A]/(t) = (Al(t)/AZ(t)//Am(t))/ te R/ y= (]/1/ yZ/'-‘/ym) € E/ (29)
where
t+T
Al(t) = J Gi(t,S)fi(S,Yl(s),Yz(s),...,Yn(s))ds, te R/ i GAI/ (210)
t

signs Y;, i € A1 are given in (1.7) and we often use them in the remainder of this paper. It is
easy to say that a T-periodic solution of operator equation

y=Ay, (2.11)
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on P, that is, a fixed point of operator A, is a T-positive periodic solution of system (1.4).
So, our main results concerning multiple positive solutions of system (1.4) will arise as
application of the following fixed-point theorem.

Lemma 2.1 (see [12]). Let P be a cone in a real Banach space B. Let a and y be increasing,
nonnegative, continuous functionals on P, and let 0 be a nonnegative continuous functional on P
with 0(0) = 0 such that, for some ¢ > 0 and M > 0,

Y(x) <O(x) <a(x), |x|| <My(x), VxeP(y,c). (2.12)

Suppose there exists a completely continuous operator A : P(y,c) — Pand 0 < a <b < ¢ such that

O(Ax) <AO(x), for 0<A<1, x€0P(6,b), (2.13)

and
(i) y(Ax) > ¢, for all x € 0P(y, c);
(ii) 0(Ax) < b, for all x € OP(0,b);
(iii) P(a, a) # ¢, and a(Ax) > a, for all x € OP(a, a).

Then A has at least two fixed points x1 and x, belonging to P(y, c) such that

a<a(xy), with8(x;)<Db,
(2.14)
b <0(xp), withy(x;) <c.

Lemma 2.2 (see [13]). Let P be a cone in a real Banach space E, let A : P, — P, be completely
continuous, and let a be a nonnegative continuous concave functional on P with a(x) < ||x|| for all
x € P,. Suppose that there exists 0 < d < M < N < c such that

(i) {x e P(a, M,N) : a(x) > M} # ¢ and a(Ax) > M for x € P(a, M, N);
(ii) ||Ax|| < d forall ||x|| < d;
(iii) a(Ax) > M for x € P(a, M, c) with || Ax|| > N.

Then A has at least three fixed points x1, x2, x3 satisfying
[lx1 | < d, M < a(xy), [lxs|| > d, a(x3) < M. (2.15)

3. Existence of Two Positive Solutions of System (1.4)

In this section, we apply Lemma 2.1 to establish Theorem 3.1, the existence result of two
positive solutions of system (1.4). Example 3.2 will be given as an application of Theorem 3.1.
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Theorem 3.1. Assume that there exist numbers 0 < a < b < ¢ such that the following three
assumptions are satisfied.

(Hy) Omne has

c+1

fko(tlu1/u2/--o,um) > TMl/

teR, pe [c, c6‘1], (3.1)

where ko € Ay is fixed and

U= (ULUZ,...,Ur), Ul el0,m),ich, jens,

My =min{M}, M3,..., MI"}, 6 :=min{61,6,...,8u), @ :=[Unlo+Ualo+ -+ Unly,

(3.2)
(Hy) t€ R U; € [0,00)",i € Ay, and ¢ € [b,b67] imply
i fi(t U, U,,... le) < L (33)
P 7 7 7 7 (1 + 6)TM2/
where
M, = max{M;, MZ,..., M } (3.4)
(H3) te R, U; € [0,00)",i € Ay, and ¢ € [6a, a] imply
if(tllll u,) s+t 3.5
i i\t, 441, Uz,...,Um TMl ( )
Then system (1.4) has at least two T-positive periodic solutions.
Proof. We begin by defining
=0 = min vy;(t), = Y2, e, Ym) €P,
1) =00) = 2 minyi®. v = (Yo y2sym) 6

a(y) = |lyll, yeP.
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Clearly, « and y are increasing, nonnegative, continuous functionals on P, and 0 is
nonnegative a continuous functional on P with 6(0) = 0. Moreover, we observe that

y(v) =0(y) <aly), VyePp, (3.7)
lyll<67'y(y), VyeP, (3.8)
B(Ax) = A\0(x), for0<A<1,x€dP(6,b). (3.9)

Now, we proceed to show that other conditions of Lemma 2.1 are also satisfied.
Firstly, we will show that

A:P(y,c) — P is completely continuous. (3.10)

In fact, we have from (2.3), for any y = (y1,¥2,...,Ym) € P(y,¢),
(T
PV WIS AERAC R AC T 3.11)
0
which yields

T
A 2 M;fo fi(5,Y2(5), Ya(s), ., Yu(s))ds

M: 3.12
> 1A, (3.12)
M2

=6illAillp, te€R, yeP(yc), i€

Hence Ay € P for all y € P(y,c). Furthermore, we know from the continuity of functions
fi(,...,), ai(:), Ii(-,-), i € Aq that the operator A is completely continuous. Hence, we
conclude that (3.10) holds.

Secondly, let us prove

y(Ay) > ¢, Yy eodP(y,c). (3.13)

For any y = (y1,Y2,...,Ym) € OP(y,c), so that y(y) = ¢, we get, in view of (1.7), (2.4) and
(3.8),

c= S minyi() < Sl teR,
i=1t€[0,T] i=1
(3.14)

m

DIl < Yllvilly <67y (y) =67, teR
i=1

i=1
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Consequently, for any y € 0P(y, ¢), condition (H;) and (3.14) imply that

m t+T
Y(Ay) = X min [ Gult;9)fils, Ya(5), Ya(s) oo, Vo)) s
i1 €O

t+T

> min Gy, (t,s 5,Y1(5),Ys(s),..., Y. (8))ds

> min | G (t5)fu (5, Y1(5), Ya(s), -, Yn(s)) 15
t+T

. k €t 1

>

> min Mg s

>c,

which gives (3.13).
Thirdly, we verify

0(Ay) <b, VyeaP(6,b). (3.16)

As before, (y) = b and (1.7), (2.4), and (3.8) also tell us that

b< > IYi(hly<bs!, teR (3.17)
i=1

Then condition (H>), (3.17), and the fact that the function min is concave imply

t+T

0(Ay) = gtg[loi,%f Gi(t,s) fi(s,Yi(s),Ya(s),..., Ym(s))ds

t

t+T m
< min M i(s,Y1(5),Y2(8),...,Yu(s))ds
<min | SIM 1), Yn(s) 18)
t+T b
< mi e
<min | MGaTaman s
<b.
Thus (3.16) holds.
Finally, let us prove
P(a,a)# ¢, a(Ay) >a, VyeoP(a,a). (3.19)
Obviously,
a a a
yv=WuLY2 . Ym) = <m+1’m+1"”'m+1> € P(a,a). (3.20)
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In addition, for any y € 0P(a, a), we get

6a<Y|Yit)ly<a, teR (321)

i=1

since 37, |lyillo = aand y = (y1, Y2, ..., Ym) € P. So we have from condition (H3) that

m t+T
a(Ay) = ;tg[%_[t Gi(t, s) fi(s,Y1(5), Ya(8),..., Ym(s))ds

t+T m
2 o [ S (9,29, Y (9)ds

(3.22)

a+1
> Mi——d
EJ[‘S‘%‘I T

> a.

Hence (3.19) holds.
To sum up, (3.6)—-(3.10), (3.13), (3.16), and (3.19) tell us that conditions of Lemma 2.1
all hold here. Consequently, system (1.4) has at least two T-positive periodic solutions y! =

Wi v ) and y* = (1, y3, ..., y%) belonging to P(y, ¢) such that

a< ||y ” w1chmmyl <b,

te[0,T]

(3.23)

m
b< <
lzlé?&rr‘y “
O

As an application of Theorem 3.1, we provide the following example. For convenience,
all examples in this paper are given whenn =1,m = 2.

Example 3.2. Assume that 7; > 0 is a fixed constant. Consider the following system:

yi(t) = —(1n2)|smt|y1(t)+ elmsf‘ Yei(byi(t—11), ya(t—m1)),

(3.24)
vy(t) = - (1n3>|cost|yz<t> *1 e'S‘“” Lo (b yi(t—m1), 2t - 11)),
where
12e, teR, u; +up € [0,160],
Qu(t 1, up) = 4 2401e( +up - 160;9* 1269w =12) 4Ry + 1y € [160,199],

2401e, teER, up+up € [199, OO)
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2
425, teER, u+up € [0, 160],
= _— 4 - —_
S (t,uy, up) := § (1 +up —160) + 23(92/3)(199 U uz), FER, uy +us € [160,199],
1, t€ER, up+uy € [199,00)
(3.25)
We set
a=1, b =40, c =199,
ai(t) := (In2)|sint|, ay(t) := %(ln3)|cost|, tER,
(3.26)
filbyi(t=7),y2(t = 7)) = =g (L1 (t-7),y2(t - 7)), tER,
1 .
Lot it =1),y2(t - 7)) = E@'sm”’lgz(t, vit-7),12(t-7)), teR
Then
1 1 3
= = — = — = —. 327
T=x, 6=y, M=3 M= (3.27)

We may verify that conditions (H;), (Hz), and (H3) are all satisfied. Hence, Theorem 3.1
tells us that system (3.24) has at least two sr-positive periodic solutions y! = (yi,y3) and
= (y?,y?) such that

1 < maxy; + max min y; + mm <40,
te[0,. Jr]y1 te[0,or] yz te Oﬂ']yl yz

(3.28)

40 < tg[})lg yi+ n[un Y3 < 199.

4. Existence of Three Positive Solutions of System (1.4)

For the sake of convenience we list the assumptions to be used in this section as follows.

(Hy) There exists a number C; > 0 such that

fi(tlull uZI‘ . -/um) < te Rr ui € [Or Oo)n/ 7 < Cl/ i€ Al/ (41)

1
WlTMz !
where ¢ and U;, i € A; are given in (Hy).

(Hs) There exist numbers C, > C; and iy € A such that

fio(t,ul,llz,... m) > Tf\jf teR, U; € [0,00)", Cy < ) < Cs, (42)
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where
1
Cs:= M (4.3)
6
(Hg) One has
. fitt, Uy, Uy, ..., Uy) 1 "
q)lgl}o trer[lg%ﬁ " < T, U; € [0,00)", i€ A. (4.4)
(H7) There exists a number C4 > C3 such that,
filt, Uy, U U, < s teR, U;€[0,00)", p<C4 i€ A (4.5)
t\*s 1, 2700y m _mTMQ, 7 1 ,OO /(P_ 4, 1- .

Let us now state the first existence result of three positive solutions of system (1.4).

Theorem 4.1. Assume that conditions (Hy), (Hs), and (Hg) hold. Then system (1.4) has at least
three T-positive periodic solutions.

Proof. Firstly, we set

ﬂ(y) = Z min yi(t)/ y= (]/1/]/2/- /ym) €P. (46)

P} te[0,T]
Obviously, p is a nonnegative continuous concave functional on P and

;o y=WLY2 . Ym) € Py for any M > 0. 4.7)

p(y) <y
Secondly, condition (Hg) implies that there exists a number Cs > C3 such that
A:Pc, — Pc, is completely continuous. (4.8)

In fact, we know from condition (Hy) that there exist numbers

>0, 0<o0;< i€ (49)

1
mTM2 !

satisfying

YL, Ya(b), .., Yot _
f( 1( ) 2( ) ( )) < o;, ||y|| > T, IEA1. (410)
2 I
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So
filt, Yi(t), Ya(t), ..., Yu(®) < ailly|, t€[0,T], |yl =7 i€ A (4.11)
Set
Ci = trgr{lgj)g]{fi(t,Yl(t),Yz(t),...,Ym(t))}, te[0,T], |ly|| <7 i€ A (4.12)
Then
filt, i), Ya(t), ..., Yu(t)) < Ci +aillyll, t€[0,T], yeP, i€ (4.13)
Let us choose
Ce > max {Ca, mC.TM]} ’ mC2T M3 . mCI"T M2 } (4.14)
1-mTMlo," 1-mTM:io, 1-mTM}'on

Then for any y = (y1,Y2,-..,Ym) € P_CS, we have
m t+T
Ayl = Y max [ Gilt )it ¥i(9), Ya(o), .., Yr(s)) s
i tel0T] )

m t+T
< Gi(t,t+T)|o; Cild
_gtg[%ft @t Doy +CJas (4.15)

Ms=

< > (0:Cs+ Cy ) TM;

1

I
—_

IN

C51

which implies A(y) € Pc, for all y € Pc,. Moreover, we know from the proof of (3.10) that

A : Pc, — Pc, is completely continuous.
Thirdly, let us show that numbers

0<Ci<(Cr<(C3£Cs (4.16)

satisfy conditions (i), (ii), and (iii) of Lemma 2.2.

Step 1. We prove that

(y € P(B,C2,C) : B(y) > Ca} #9, P(AY)>Co yeP(BCoCr).  (417)
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Clearly, v = (y1,y2,-.,Ym) = (C3/m,C3/m,...,C3/m) € {P(B,Cp,C3) : Bly) > Ca}.
Moreover, for any y = (y1,Y2,...,Ym) € P(B,Cs,C3), we have

Cy < Ztgmoirﬁyi(t) < Sl < lyll < Ca. (4.18)
i—1 L

i=1

Then condition (Hs), (4.6), and (4.18) imply that

t+T

B(Ay) = gtlg[lolrﬁj Gi(t,s)fi(s,Yi(s), Ya(s),..., Yu(s))ds

t

t+T
> mi ; ; o, Y(8)d
= tIer[})I,?] , Glo (tr S)f’o (S, Y; (S)/YZ(S)r ’ (S)) s
t+T . C3 (419)
> : 1o
zmin), Migagds
>Cs
> Gy,
which gives f(Ay) > C, for y € P(B, C,, C3). And then we arrive at (4.17).
Step 2. Condition (Hy) implies
|Ay|| < C1  for ||y|| < Ci. (4.20)
In fact, forany y = (y1,¥2,...,Ym) € P_Cl, that is, ||y|| < Cy, from
Yit)lo < [lwill,, te€[0,T], i€, (4.21)
and condition (Hy) we have
m t+T
Ayl = >’ max f Gi(t, ) fi(s, Y1(s), Ya(s), - .., Yim(s))ds
P te[0,T] J ¢
m t+T )
< ) max | M;fi(s,Yi(s), Ya(s),..., Yin(s))ds
iz €011 ¢ 2 (4.22)

t+T C1
< mmax M ds
te[0,T] f ¢ 2 mT M,

= Cl/

which yields (4.20).
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Step 3. p(Ay) > C, for y € P(B,C,,Cs) with ||Ay|| > Cs. This is the case because Ay € P

implies

B(Ay) = Z min Ai(t) 2 6Z||A lo = 6||Ay|| > 6C5 > Co.

i=1

(4.23)

At present, we may say that hypotheses of Lemma 2.2 (the Leggett-Willaims theorem)

are satisfied. Hence system (1.4) has at least three T-positive periodic solutions:
u=(uy, Uy, ... Un), v=(01,02,...,0m), w = (w1, Wy, ..., W),
such that

lu|| < Cq, G < Z min v;,
te[OT

m
w| >C min w; < C.
lwl|| > C1, ;te[O,T] i <Co

We give the following example to illustrate Theorem 4.1.

Example 4.2. Consider the following system:

1 1 .
y& (t) = —H(ln 3)(2 + cost)y:(t) + Ee(s‘mt)_lgl (t, yi(t—m), 1y (t - Tz)),

yo(t) = ——(1n2)(2+s1nt)y2(t)+ e(COSt) lo(tbyit—m), y(t- 1)),

where 7, > 0 is a fixed constant and

(2

gz teER, u1 +u € [0,1],
(3_u1_u2) 2

T+(366 +1)(u1+u2—1), teR, uy+up; €[1,3],

g1t uq,up) = 3

72e% +2, teR, up +uy € [3,12],
5

k12(ul+uz) 3+ 7262, tER, uy +uy € [12,0),

7
o (t,u1,up) := constant < 15 (t,u1,up) € Rx[0,00) x [0, 0).

(4.24)

(4.25)

(4.26)

(4.27)
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1 = + , = —+ , ,

1 .
fitb it =7), 2t~ 7)) 2= Ee(“‘””lgl (tyi(t—7),y2(t-7)), tER,

(4.28)
byt =1,y -1) = 2=yt -1), 1 -7), ER
Ci:=1, C,:=3
Then
1 1
T =2, 6= 3 M; = 3 M, =2. (4.29)

We may verify also that conditions (Hy), (Hs), and (Hg) hold. Hence, Theorem 4.1 tells us
that system (4.26) has at least three 2sr-positive periodic solutions:

V=), V=), v=(n) (4.30)
such that
ler s gmiie B
[oll> min i+ min v <3

The second existence result of three positive solutions of system (1.4) is as follows.

Theorem 4.3. Assume that conditions (Hy), (Hs), and (Hy) hold. Then system (1.4) has at least
three T-positive periodic solutions.

Proof. If we can get (4.8) with Cs replaced by Cjy in this case, then the proof is complete. In
fact, for any y = (y1,¥2,-..,Ym) € P_c4, condition (H7) implies

m

t+T
|Ay|| = Q, max J‘t Gi(t, s) fi(s,Y1(s),Ya(8), ..., Ym(s))ds

-1 te[0,T]

m

< » max jt+TGi(t,t +T)fi(s,Y1(s),Y2(s), ..., Ym(s))ds
t

iz t€[0T] (4.32)

t+T C4
< mmax M,

d
te[0,T1) ¢ mT M, s

<Cy.
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Then
A:Pc, — I, (4.33)

as desired. This ends the proof. O
The following example is an application of Theorem 4.3.

Example 4.4. Consider system

, 1 1 _
U4l (t) = —E(IHZ)(Z + cos t)]/l (t) + Ee(cost) 1g1 (t, Y1 (t- T3),y2(t — T3)),
(4.34)

1 : 1 cost)—
Yo(t) = = (I2) 2 +sinHya(t) + e g (b ya (= 73), ya(t = 73)),

where 73 > 0 is a fixed constant and

( 2(1+uy)

’__ teR, €[0,2],
3(uy +up +1) u1 +u € [0,2]

Qv u)E-u—w) 1
gi(tu,up) = 4 2 1-w) 1,0 o) teR »
3(uy +up +1) +2( e+ 1) +u=2), tER w+us €[2,4],

[ 24¢% +1, tER, u; +uy €[4,0),

o (t,ui,up) :=constant <1, (t,uy,uz) € Rx [0,00) x [0, 00).

(4.35)
If we set
1 1 .
ai(t) := E(an)(Z +cost), ax(t) = E(an)(Z +sint), teER,
. (4.36)
fi(t/ At (t - T)/ yZ(t - T)) = Ee(cos”_lgi (tl n (t - T)/ ]/Z(t - T))/ te R/ i= 1/2/
then

T =2, 6= %, M; =1, M, =2. (437)

We choose

Cp:=2, C,:=4, Cy := 50¢?. (4.38)



Discrete Dynamics in Nature and Society 17

Then assumptions (Hy), (Hs), and (Hy) hold. Hence we know from Theorem 4.3 that system
(4.34) has at least three 2sr-positive periodic solutions:

V=), =), v=(n) (4.39)
such that
[ <2 4< min v+ min i .
”y3||>2, ter[rélzr}ry1+t€r[r(}12r}ry2<4

We end this paper by the following remark.

Remark 4.5. For a general positive integer m > 2, main results of this paper do not appear in
former literatures as we know. Comparing with the existing results, our Theorems 3.1, 4.1,
and 4.3 are new also when m = 1.
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