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A single species stage-structured model incorporating both toxicant and harvesting is proposed
and studied. It is shown that toxicant has no influence on the persistent property of the system.
The existence of the bionomic equilibrium is also studied. After that, we consider the system
with variable harvest effect; sufficient conditions are obtained for the global stability of bionomic
equilibrium by constructing a suitable Lyapunov function. The optimal policy is also investigated
by using Pontryagin’s maximal principle. Some numeric simulations are carried out to illustrate
the feasibility of the main results. We end this paper by a brief discussion.
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1. Introduction

As the development of industry, the influence of toxicant becomes more and more serious;
toxicant which was produced by water pollution, air pollution, heavy metal pollution and
organisms themselves, and so on, has great effects on the ecological communities.

Mathematical models which concerned with the influence of toxicant were first
studied by Hallam and his colleagues [1-3]. After that, Freedman and Shukla [4] studied
the single-species and predator-prey model; Chattopadhyay [5] and many scholars paid
attention to the competition model [6-10]; Ma et al. [11], Das et al. [12], and Saha and
Bandyopadhyay [13] laid emphasis on the predator-prey models. However, seldom did
scholars investigated the stage-structured models with toxicant effects; to the best of authors’
knowledge, only Xiao and Chen [14] explored a single-species model with stage-structured
and toxicant substance. It is well known that many species in the natural world have a
lifetime going through many stages, and in different stages, they have different reactions to
the environment. For example, the immature may be more susceptible to the toxicant than the
mature. Although there are many works on the stage-structured model (see [15-19] and the
references cited therein), seldom did scholars consider the influence of the toxicant substance
on the immature species.
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In this paper, we study the single-species model with simplified toxicant effect, and
we also take the commercially exploit into account. Since many species can be resources
as human food, harvesting has a great influence both on the species population and on
the economic revenue. There are many papers that deal with the effects of harvesting
[10, 12, 20-22]; such topics as the optimal harvesting policy and the bionomic equilibrium
are well studied by them. However, only recently scholars considered the ecosystem with
both harvesting and toxicant effects (see [10, 12]), while no scholar investigated the stage
structure population dynamics with both harvesting and toxicant effect.

We will study the following singe species stage structure ecosystem with both toxicant
effect and harvesting:

x| (t) = axy — dixy — dox? — xy — rle,
(1.1)
x’2(t) = ﬁx1 - ble - C2E.X'2,

where x1(t), x5 (t) represent the population density of the immature and the mature at time ¢,
respectively, 1 xf is the effects of toxicant on the immature, E is the harvesting effort, c; is the
catchability coefficient. We assume that the immature is density restriction, toxicant affects
the immature population and only harvesting the mature species.

The paper is arranged as follows The stability property of equilibria is studied in the
next section, and the existence of the bionomic equilibrium is explored in Section 3. In order
to investigate the stability of the bionomic equilibrium and discuss how the population will
be changed according to the the variable harvest effects, we assume that the E’ is proportion
to the economic revenue [23], that is,

E'(t) = kE(p2coxs — ©). (1.2)

Sufficient condition which ensures the global stability of bionomic equilibrium is then
investigated in Section 4. The optimal harvesting policy is studied in Section 5 and some
numeric simulations are carried out in Section 6 to illustrate the feasibility of the main results.
We end this paper by a briefly discussion.

2. The Steady States and Stability
It can be calculated that system (1.1) has two possible equilibriums:
(i) the trivial Equilibrium Ey(0, 0),

(i) the equilibrium E.(x7, x3), where

axy — dix} - dox}? - Bx; - x> =0,
(2.1)
pxi —bi1x; — c2Ex; = 0.
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By simple calculation we have

| —da+ /3 +4ri(ap/ (b + C2E) — dy - ) 5

1= 5= 1 22
! 2r ’ 2 b1 + oE 1 2)

To ensure the positivity of the equilibrium E, (x], x7), we assume that
ap > (b1 + :E) (d1 + ) (2.3)

holds. We can see that x], x; decrease as r| increases.
Next, we use the Jacobian matrix to determine the locally stability of the equilibriums.
By simple calculation, we see that the Jacobian matrix of system (1.1) is

—d1 - ﬁ - Zdle - 3r1x% a . (24)
ﬂ —b1 - CzE
For E(0,0), the characteristic equation is
M+ (di+p+bi+E)A + (di + B) (b1 + oE) — app = 0. (2.5)

It is not hard to see that when af < (d; + B)(b1 + c2E), (2.5) has two negative roots or two
complex roots with negative real parts; thus Ey(0,0) is locally asymptotically stable; when
ap > (di + B) (b1 + :E), E¢(0,0) is a saddle point.

For E,(x7, x3), the characteristic equation is

A <d1 + B +by + oE +2dyx} + 3r1x’1‘2>)L + <d1 + B +2daxt + 3r1x§2> (by + c2E) — ap = 0.
2.6)

By applying (2.1), we have
<d1 +f+2dyxt + 3r1x;2) (b1 + &2E) — aP = (by + &;E) (dzx; + 2r1x{2> > 0. 2.7)

Therefore, the characteristic equation of E.(x],x5) has two negative roots or two complex
roots with negative real parts; thus E.(x], x3) is locally asymptotically stable.

Following we will take the idea and method of Xiao and Chen [14] to investigate the
globally asymptotically stability property of the equilibriums, and we need to determine the
existence or nonexistence of the limit cycle in the first quadrant.

For E.(x],x3), it exists if ap > (by + c2E)(d1 + B); in this case Eo(0,0) is a saddle
point; thus, E.(x},x3) is the unique stable equilibrium in the first quadrant if it exists. Let
AB be the line segment of L; : x; = p and BC the line segment of L, : x, = g, where
A(p,0),B(p,q),C(0,9), and p, g are positive constants which satisfy p > x7J, and

d d 2
pr <q<P( 1+ +dap +11p°)
b1 + coE a

. (2.8)
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Figure 1: Trajectories enter rectangle OABCO from exterior to interior.

By simple calculation, we have

X1|ap = axy — dhp = dap® = fp = 1P’ locrreq < O,
(2.9)
X2|pc = Px1 — (b1 + ©2E)qloc,<p < 0

Thus AB, BC are the transversals of system (1.1). It is no hard to check that OA, OC are the
transversals of system (1.1), and any trajectory enters region OABCO from its exterior to
interior (see Figure 1).

Denote

X} (t) = axs — dixy — dox? — Px; — rlx% —c1Exy = P(x1, x2),

(2.10)
x5 (t) = px1 = b1xy — 2Exy = Q(x1, x2).
It is easy to see that
oP 0
ot a—fz = —dy — p—2dyx; - 3r1x? — by — E < 0. (2.11)

By Poincare-Bendixson theorem, there are no limit cycles in the first quadrant; thus E.(x}, x3)
is globally asymptotically stable if it exists.

For E((0,0), it is a unique equilibrium which is locally asymptotical stable if af <
(b1 + c2E)(d1 + P). Similarly to the above analysis we can show that Ey(0,0) is globally
asymptotically stable if ap < (b + c2E)(d; + p) holds.

Therefore, we have the following.

(i) If ap < (d1 + B) (b1 + c»E), the trivial equilibrium E((0, 0) is globally asymptotically
stable.

(i) If ap > (di + P)(by + coE), the positive equilibrium E.(x],x}) is globally
asymptotically stable.
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We mention here that since condition (2.3) is independent of the toxicant of the system,
thus, the globally asymptotically stability of the systems is independent of the intensities of
toxicant, but from the expression of positive equilibrium we know that the density of both the
immature and the mature species decreases while the toxicant increases; specially, the density
of species will tend to indefinitely small if the toxicant substance is large enough.

3. Bionomic Equilibrium

For simplicity, we assume that the harvesting cost is a constant. Let ¢ be the constant fishing
cost per unit effort, and let p, be the constant price per unit biomass of the mature. The net
revenue of harvesting at any time is given by:

P(x1,x3,E) = pocaExy — cE. (3.1)

A bionomic equilibrium is both a biological equilibrium and a economic equilibrium, the
biological equilibrium is given by x/(t) = x,(t) = 0, and the ec_onomic equilibrium occurs
when the economic rent is P = 0, thus the bionomic equilibrium E(x1c, X200, Eoo) satisfying

aAX20p — A1 X100 — dzx%m - PX100 — rlew =0, (3.2)
PX10 = b1X2gs — CoX200E = 0, (3.3)
P2CaX2e — € = 0. (3.4)

From (3.4) we get x5, = ¢/p2c2. Combining (3.4) and (3.2) we can obtain that x;, is one of
the roots of the following equation:

ac
r1x) + doxt + (di + ) x1 — s =0. (3.5)

Denoting f(x) = r1x° + dax? + (dq + f)x - € we have
p2C2
£(0) = —% <0, f(+o0) =+, f'(x)>0 (x€[0,00)). (3.6)

Hence, by the continuity of f(x), there exists exactly one root in (0, +o0). From (3.3) and (3.4),
to ensure the positivity of E,, one needs

(3.7)
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Thus we need to find a solution of f(x) in (bic/Ppaca, +o0). Since (3.6) always holds, we only
need

() <

Thus, there exists a unique bionomic equilibrium if inequality (3.8) holds.

The existence of the bionomic equilibrium means that (i) Harvesting efforts E > E,
cannot be maintained all the time, it will decrease because the total cost of harvesting exceed
the total revenues; (ii) E < E,, cannot be maintained indefinitely, harvesting is profitable in
this occasion, and it will make the harvesting effort increases. Hence, the harvesting effort
is always oscillating around E.,. However, there is no answer about whether it will become
stable or not because of the complex changing of E.

4. Globally Stability of the Bionomic Equilibrium

In this section, we study system (1.1) with variable harvest effects; sufficient condition for the
globally asymptotically stability of the bionomic equilibrium will be derived. We assume that
E'(t) = kE(p2cax; — ¢); then system (1.1) becomes

Xy () = ax; — dixy — dzx% - Px1 - rle,

xy(t) = px1 = bixz — ©2Exy, (4.1)

E,(i’) = kE(poQXZ - C).

System (4.1) has three possible equilibrium:
(i) the trivial equilibrium V;(0,0,0),

(ii) equilibrium in the absence of harvesting Vi (X1, X»,0), where

L —d2+\/d§+4r1(ﬂa/b1 ~di - p) - P (4.2)

X1
21’1 !

and for the positiveness of X1, X, we need

ﬁa > (d1 + ﬂ) by, (43)

(iii) the interior equilibrium E(xlw,xZw,Ew), which is the bionomic equilibrium in
Section 3; it exists if (3.8) holds.

For V;(0,0,0), the characteristic equation is given by

(A+ke)((A+dy +B)(A+by) - Ba) =0. (4.4)
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It is easy to see that all of the roots of (4.4) are negative if fa < by (d; + ) holds; thus V;(0,0,0)
is locally asymptotically stable if fa < b;(d; + ), and unstable if fa > b (d; + p).
For Vi (X1, X2,0), the characteristic equation is given by

(A= k(pacao = ¢)) (A + dh + B+ 2da %1 + 3172 ) (L + by) — ap) = 0. (4.5)

It is no hard to see that Vi(X1,X,0) is locally asymptotically stable if pocoX> — ¢ < 0, and
unstable if pyco X, — ¢ > 0.

From the condition for the stability of Vj, Vi, we can see that low birth rate can make
the population be driven to extinction, high harvesting cost has negative effect on fishing
effort, and it can make the harvesting effect approach zero.

For E(xh,, X200, Eoo), the characteristic equation is

MB+UN+VA+L=0, (4.6)

where

u = bl + C2E0o + d1 + ﬂ + 2d2x1w + 31“136%00 > 0,

V= (b1 + CZEoo) <d1 + ﬂ + Zdlew + 3r1xfw> + C%kszszoo - aﬂ

4.7)
= (b1 + CzEw) <d23€1oo + 27"1.7(%00) + C%kszszw >0,
L= C%kszzooEoo (dl + [3 + Zdleoo + 31‘136'%00) > 0.
By Routh-Hurwitz criterion, all roots of (4.6) have negative real parts if and only if
u>o0, L>0, UV>L. (4.8)

By simple calculation, we know that condition (4.8) holds always, Thus, E(xlm,xzq,, E) is
locally asymptotically stable.

For the global stability of E(xloo,xgoo,Ew), we construct the following Lyapunov
function:

E
V=x; —xlm—xmlnﬂ + <x2—x2w—x2mln£> +n<E—Em—lnE—). (4.9)

loo 200 o
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The time derivative of V along the positive solution of system (4.1) is

/ X1~ Xl X2 — X200 E-E,
V= 1x11 xll(t)+%x'2(t)+n : E,(t)
X1 — X1o
= {a(xz - X265) = (d1 + B) (%1 — X105) — o (X% - x%m> -n <x§’ _ xiﬂ)}

+ m{ﬂ(ﬂﬁ — X100) — b1 (X2 = X200) — C2(Exz — EuX200) }

X2
+ nkE ~ Lo E{paca(x2 — x205) } (4.10)
= _(361——3610.)2{611 + P+ da(x1 +X100) + 11 (x% + X1X100 + x%oo>}
X1
(2 X0)°

(b1 + Ey) + (xil + x£2>(x1 ~ X1o0) (X2 = X200)

+ (=2 + nkpaca) (X2 — X200) (E — Eop).
Let nkp; = 1, then we have

2
(X1 = X100)
X1

V=- {d1+[5+d2(x1 +X1w)+7’1<X%+xlxloo+x%oo>}

(bl + CZEoo) + (xil + .X'ﬁz)(xl - xloo)(x2 - x2oo)-

_ (32 = X200)° w1
X2

If inequality

1 1/a B\
x1%; <d1 +p+da(x1 + X100) + 11 <xf + X1 X100 + xfw»(bl +&E) > 7 <x—1 + x_2> (4.12)

holds, then V (t) < 0inset Q = {x; > 0, x > 0}. Set

g(x1,x2) = x1x2 <d1 +P+da(x1 + X100) + 11 <x§ + X1 X100 + x%oo>> (b1 + 2E)
. (4.13)
- L—L(axz + ﬂxl)z,

then (4.12) holds in set Q if g(x1, x2) > 0. By applying (3.2) and (3.3), we have

1 1 1
g(x1,x0) = Eaﬂxlxz + X1 <d1x1 + rle + r1x1x1m>(b1 +cE) - Zazxﬁ - Zﬂzx%. (4.14)
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If x; > x», then
1 ... 5 2 175 2\.2
g(x1,2x0) > Eaﬁx2 + x5 <d1x2 +71X5 + r1x2x1w>(b1 +cE) - 1 (a +p )xl. (4.15)

Thus, we can get that if

X2 < x1 < hy(x2) (4.16)
holds, then g(x1,x2) > 0, where
2aB +4(dixs + X2 + 11x2X100 ) (b1 + C2Ep
hz(X2)=X2¢ B +4(dix; 1[122+‘;221 ) (b1 + 2 )' (4.17)

If x1 < x,, by the same way above, we can get the other sufficient condition for g(x1, x;) > 0,
that is,

X1 <Xz < hl (X1), (4.18)
where
2af + 4 d1X1 + 1"1.’X‘2 + X1 X100 (b1 + Cono)
() = w p+4( s ) | (419)

Therefore, if (4.16) or (4.18) holds, then V(t) < 0 and the bionomic equilibrium is globally
asymptotically stable.

The globally asymptotically stability of the bionomic equilibrium means that
harvesting effect E which changes along (1.2) will make system (4.1) drive to the “bionomic
equilibrium” and keep stable in the bionomic equilibrium.

5. Optimal Harvesting Policy
In this section, we study the optimal harvesting policy of system (1.1), and we consider the
following present value ] of a continuous time-stream:

] = f P(x1, %2, E, e dt, (5.1)
0

where P is the net revenue given by P(xi, x;,E,t) = pacoExs — cE, and 6 denotes the
instantaneous annual rate of discount; the aim of this section is to maximize J subjected to
state equation (1.1). Firstly we construct the following Hamiltonian function:

H= (pozxz - c)Ee_‘St + .)Ll ((ZJCZ - d1X1 — dzx% — ﬂX1 — 1"1.7(?) + )Lz (ﬂx1 - ble - CzE.Xz),
(5.2)
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where A1 (t), A2(t) are the adjoint variables, E is the control variable satisfying the constraints
0 <E < Epmax,and ¢(t) = e’ét(pzczxz —¢) —Aacpx; is called the switching function [23]. We aim
to find an optimal equilibrium (x5, x25, Es) to maximize Hamiltonian H; since Hamiltonian
H is linear in the control variable E, the optimal control can be the extreme controls or the
singular controls; thus, we have

E =Ema, when ¢(t) >0, thatis, when A,(t)e® < p; - <.

C2x2l

c (5.3)

E=0, when ¢(t) <0, that is, when A, (t)e® > p, — —.

C2X2

When ¢(t) =0, that is,
5t C oH

=py—-—— — =0. 5.4
b =pa= ——, or GE=0 54)

In this case, the optimal control is called the singular control [23], and (5.4) is the necessary
condition for the maximization of Hamiltonian H. By Pontrayagin’s maximal principle, the
adjoint equations are

H
b OH )\ (dy + 2dyxs + 4 3nx) - Lof,
dt ax1 (5 5)
dr oH '
d—tz = —a—x2 = —P2C2E€_6t + .)tz(bl + C2E) - Ma.
From (5.4) and (5.5), we have
dh -6t
—B\ = A 5.6
¥ A e, (5.6)
where B = di +2dyx1 + p + 3r1x%, A = B(c/coxy — p2). We can calculate that
A s
= %, 5.7
A B+o6° (5.7)
Substituting (5.7) into the second equation of (5.5), we get
d./\,z _6t
-Glb =D 5.8
T, Gy e, (5.8)
where G = by + E, D = —p2c2E + A/ (B + 6). Therefore, we have
D
A= —— _6t, 5.9
2 G+6 € (59)

It is obviously that A;(f), A2(t) are bounded ast — co.
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Substituting (5.9) into (5.4), we obtain

c D
-— == . 5.10
p2 Cr X7 G+6 ( )
Our purpose is to find an optimal equilibrium solution; so we have
 —dy +7\[d +4r1(ap/ (by + o) — dy - ) Y
X15 = X} = r , X265 = X5 = bt czExl' (5.11)
By (5.10) and (5.11), we can get x5, x25, and Es. Thus, the optimal policy is
E when A, (#)e% < p; - <
maxrs szz 7
E={Es, when A, (#)e% = p, - L, (5.12)
C2 X2
c
A0, when A, (#)e% > p; — .
Again, from (5.10) we have
DC2x2
P= —c)E = - E. 5.13
(p2c2x2 — ) 1o (5.13)

When 6 — oo, P ~ 0(67"). Therefore, 6 = 0 leads to the maximization of P.

6. Number Simulations

In the following examples, we take the parameters values as a = 2,d; = 0.1, d, = 0.1, ¢, =
0.2, by = 0.1, and B = 0.2. We will see how the system behavior is while the toxicant effect
changes.

Example 6.1. E = 1; in this case, ap = 04 > 0.09 = (di + B)(b1 + c2E). From the
results in Section 2, we know that for a given ry, the system admits a unique global stable
positive equilibrium. Indeed, considering system (1.1) and the initial conditions (6, 2), (5, 10),
and (1,5), respectively, we can see that
(i) 1 =0, E*(10.33,6.89) is global stable;

(ii) r; = 0.01, E*(6.33,4.22) is global stable (Figure 2);

(iii) r1 = 1, E*(0.97,0.65) is global stable (see Figure 3);

(iv) r1 = 100, E*(0.01,0.07) is global stable (Figure 4).

Example 6.2. k =0.1,p, =2,¢=0.2,6 =0.01, and E'(t) = 0.1E(0.4x; —0.2). Considering system
(4.1) with initial condition (2,3, 3), (4,5,6), and (1,1,1), we have the following.
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xand y
Q1 (o)) N [o2) el

-
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t
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Figure 2: Solution curves of system (1.1) with the parameters given by Example 6.1 when r; = 0.01.
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t
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Figure 3: Solution curves of system (1.1) with the parameters given by Example 6.1 when r; = 1.

(i) 1 = 0; the bionomic equilibrium E(2,0.5,3.5) is globally stable (Figure 5). The
optimal equilibrium (10.32,6.87,1) is far away from the bionomic equilibrium.

(ii) r; = 1, the bionomic equilibrium E(0.87,0.5,1.24) is globally stable (Figure 6). The
optimal equilibrium is (1.26,1.28,0.49).

(iii) r1 = 10; the bionomic equilibrium E(0.44,0.5,0.38) is globally stable (Figure 7). The
optimal equilibrium is (0.51,0.74,0.18).
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Figure 4: Solution curves of system (1.1) with the parameters given by Example 6.1 when r; = 100.

x,y,and E
>

N——

0 20 40 60 80 100 120 140 160 180 200
t

Figure 5: Solution curves of system (4.1) with the parameters given by Example 6.2 when r; = 0.

(iv) 1 = 100; both the bionomic equilibrium E(0.2,0.5,-0.08) and the optimal
equilibrium (0.20,0.44, —0.046) are unfeasible.
From the above examples we can found the following phenomena:

(i) Increasing of toxicant will make the population of both mature and immature
decrease.
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x,y,and E

Figure 6: Solution curves of system (4.1) with the parameters given by Example 6.2 when r; = 1.

x,y,and E

0 20 40 60 80 100 120 140 160 180 200
t

Figure 7: Solution curves of system (4.1) with the parameters given by Example 6.2 when r; = 10.

(ii) The bionomic equilibrium exists and globally stable both in the absence of toxicant
and in the present of toxicant; however, with the increase of toxicant, the immature

population xi, and the harvesting effect E decrease while the mature population
X200 Temains as the same.

(iii) The bionomic equilibrium and the optimal equilibrium will become unfeasible if
the toxicant is large enough.
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(iv) The immature, mature populations, and the harvesting effect in the optimal
equilibrium are decreasing as the toxicant is increasing.

(v) The optimal equilibrium becomes more and more close to the bionomic equilibrium
as the toxicant effect increases.

7. Discussion

In this paper, we consider the single-species stage structure model incorporating both
toxicant and harvesting, and we assume that only the immature affected by the toxicant.

Firstly, we explore the local and global stability properties of the equilibria of
the system. Next, we investigate the existence and stability properties of the bionomic
equilibrium. Finally, the optimal harvesting is studied, and it is found that there exists
two optimal equilibria when the toxicant varies in a certain set. Some numeric examples
to illustrate how the equilibrium (include bionomic equilibrium and optimal equilibrium)
changes with the toxicant are also given.

Nevertheless, as we know, the immature needs a certain time to develop to mature
stage, the model incorporating time delay may be more reasonable and worth further study,
and we leave this for future study.
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