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1. Introduction

Modeling and analysis of the dynamics of biological populations by means of differential
equations is one of the primary concerns in population growth problems. A well-known and
extensively studied class of models in population dynamics is the Lotka-Volterra system
which models the interaction among various species. In the earlier literature most of the
discussions are devoted to coupled systems of two equations (cf. [1-11]). In the recent years,
attention has been given to reaction-diffusion systems with three population species, and the
main concerns in these works are the prey-predator and competition models with or without
time delays (cf. [12-24]). The purpose of this paper is to investigate the asymptotic behavior
of the time-dependent solution for a 3-species mutualism model, where the effect of diffusion
and time delays is both taken into consideration by obtaining existence of positive solution
for the corresponding inequalities. The system of equations under consideration is the Lotka-
Volterra 3-species mutualism model, where the population densities do not move across the
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boundary of a habitat, and time delays may appear in the opposing species; the densities of
three populations u, v,and w are governed by the following coupled equations:

2—1; —diLiu=u(a-cu+ev+piJa*v),
ov
i Lo =v(ay+bu—cv+ew+ayJi xu+ fofz*xw), (1.1)
ow
E—d3L3w=w(a3+e3v—03’w+ﬁ3]2*v) (xeQ, t>0),

with the boundary and initial conditions
ou(x,t) ov(x,t) ow(x,t)
on ~ on  On
u(e,t) =mxt) (teh), o@bh=mxb) (teb),

w(x, t) =n3(x,t) (t€l3,x€Q).

=0 (x€0Qt>0),

(1.2)

Here Q is a bounded domain in R" with boundary 0Q, 0/0n denotes the outward normal
derivative on 09, and 7;(x, t) is a smooth function. The above problem (1.1)-(1.2) arises in
a simple food chain describing three interacting species in a spatial habitat Q. For each i =
1,2,3, a;, c; are positive constants. b;, e;, a;, and f3; are nonnegative constants with e} = e; + f5; >
0, b5 = by + a2 > 0, and its respective diffusion rate is denoted by d;. The real number a;
is the net birth rate of the ith species, and ¢; is its respective intraspecific competition. The
parameters b;, e;, a; and f; are interspecific cooperation. L; is a uniformly elliptic operator in
the form

u N 0 ou .
5% +]§b]. (x,t)a—x]_ (i=1,2,3) (1.3)

N
Liu=-)] a](./l;c(x, t)

k=1

(cf. [1]). The functions J; * u;, i = 1,2,3, with (u1, up, u3) = (1, v, w) are given either by the
discrete time delay

Jixu; = ui(t —7i,x), (1.4)

or by the continuous time delay
t
Jivui =Tt vds (1.5

and the interval I; is given by I; = [-7;,0], where 7; > 0 is a constant representing the time
delay. It is allowed that the type of time delays and the values of 7; may be different for
different u;. This consideration includes various combination of discrete and continuous time
delays for the species u, v, and w.
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Throughout the paper we assumed that the function J;(t) is piecewise continuous in
R, = [0, +o0) and possesses the property

Jit) >0 fort>0, Ji(t)=0 fort>m,

Ti (1.6)
f Jihdt=1 (i=1,2,3).
0
The above property implies that for any constant function u;(t, x) = p;, we have
t
f Ji(t = s)ui(s, x)ds = p; (t>0). (1.7)

The same is obviously true if J; * u; is given by (1.4). It is also assumed that the domain

Q is smooth and the coefficients a](.f,)(, b;i) of L; are smooth functions in Q (cf. [12]). In the
special case of the diffusion operator Liu; = D;(x)D?u;, it suffices to assume that D;(x) is
strictly positive on Q and in C**(Q) for some a € (0,1). We allow L; = 0 (and without the
corresponding boundary condition) for some or all i. In particular, if L;u; = 0 for all i then the

equations in (1.1)-(1.2) are reduced to the ordinary differential system (with time delays)

%:u(al—c1u+elv+[51]2*v) (t>0),
dv
E:U(a2+b2u—czv+ezw+a2]1*u+[52]3*w) (t>0),

(1.8)
i_lf = w(as +esv - cyw+ faa *v)  (t>0),

u(t) =m(t) (teh), o(t) =m(t) (tel),
w(x, t) =n3(t) (tels).

Problem (1.8) and various similar problems have been investigated by many investigators in
the framework of ordinary differential systems (cf. [25-28] and references therein). It is to be
noted that if Au; #0 and a; = p; = 0 for every i then problem (1.1) is reduced to the following
3-species mutualism models without time delays:

uyy — diAug = (a1 — ciur + equp), in Qr,

Uy — dpAuy = up(as + bouy — coup + epus),  in Qr,
us — dzAus = us(as + bsup — csuz), in Qr, (1.9)
up(x,t) = up(x,t) = uz(x,t) =0, on 0Qr,

u;i(x,0) = ujp(x), fori=1,2,3, inQ,
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where the domains Qr and 0Qr are defined as, respectively,  x (0,T) and 0Q x (0,T). Here
Q is a bounded domain in RN with smooth boundary 0Q. T is the maximal existence time
of the solution. u; is a smooth function satisfying the compatibility condition u;o(x) = 0 for
x € 0Q. The meaning of the parameters of systems (1.9) is as same as those of (1.1)-(1.2).
Kim and Lin [22] proved that global solutions of (1.9) exist if the intraspecific competitions
are strong; whereas blow-up solutions exist under certain conditions of that the intraspecific
competitions are weak, and [23] obtained the upper bound of blow-up rate for any N and
the lower bound of blow-up rate for N = 1. On the other hand, if e; = , = 0 then it reduces
to the 2-species cooperating models, which have been extensively investigated in the current
literature (cf. [2, 10, 11] and references therein). Our conclusion about the global asymptotic
stability of a positive steady-state solution to system (1.1)-(1.2) is directly applicable to the
above special cases (see Corollary 3.2).
This work is motivated from the following two-prey one-predator model:

0
a—btl—Llu:al(x)u(l—u—blv—clw—‘[ﬁ]z*v—y1]3*w),
ov
a—sz:az(x)v(l—v—bzu—czw—ﬁZh*u—y2]3*w),
a_w_L =az(x)w(l-w+bsu+czo+fsi*xu+yhxv) (x€Q,t>0)
o 3w = az(x)w w+bsu+czv+fsfixu+yfaxv x , , (1.10)
ou _ov(x,t) ow(x,t)
== =5 =0 (x € 0Q,t > 0),
u(x,t) =mx,t) (telh), vix,t)=m(xt) (teh),
'LU(.X', t) = 713(x/ t) (t € I3lx S Q)/
and one-prey two-predator model
ou
a—Llu:al(x)u(l—u—blv—clw—‘[ﬁ]z*U—Y1]3*w),
ov
E—sz:az(x)v(l—v+b2u—czw+ﬂ2]1*u—Y2]3*w)/
a—w—Lw—a(x)w(l—w+bu—cv+[5] xUu-y3hxv) (x€Q,t>0)
ot 3W = as 3 3 3 /1 Y3 /)2 y ’ (1_11)

ou _0v(x,t) ow(x,t)
m- an - on =0 (xe€0Q,t>0),

u(xr t) =Mm (.X', t) (t € Il)r U(x/ t) = nZ(xr t) (t € IZ)/

w(x, t) =n3(x,t) (t€lz,x €Q)
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as well as three-species food-chain model

ou

a—Llu:al(x)u(l—u—blv—clw—ﬁlh*v—y1]3*w),

ov

E—sz:az(x)v(l—v+b2u—czw+ﬂ2]1*u—Y2]3*w),
a—w—L’w—a(Jc)’w(l—w+bLl+C'(J+ﬁ] *U+Y3]2*D) (x € Q,t>0)
ot 3W = as 3 3 3 /1 Y3J2 ’ ’ (1_12)

a_u _0v(x,t)  ow(x,t)
on  omn  On

=0 (x€dQ,t>0),

u(xr t) =Mm (.X', t) (t € Il)r U(.X', t) = nZ(x/ t) (t € 12)/

w(x,t) =n3(x,t) (t€lz x€Q).

Pao [29] obtained some simple and easily verifiable conditions for the existence and global
asymptotic stability of a positive steady-steady solution for each of the above three-model
problems.

Based on the above results, we are mainly interested in studying the asymptotic
behavior of the solution of (1.1)-(1.2). The corresponding steady-state problem is given by

—diLiu=u(a1 - cu+ev+pv) (x€Q),

~dyLov = v(ay + byu — v+ e;w + mu + pw)  (x € Q),

1.1
—dsLsw =w(as + e3v — csw + f3v)  (x €Q), (1.13)
ou o0v Oow
an~on om0 (X9

It is clear that the above system has always the trivial solution (0, 0, 0) and various forms
of constant semitrivial solutions, that is, constant nonnegative solutions with at least one
component zero and one component positive. Our aim is to prove the existence and global
asymptotic stability of a positive constant steady-state solution in the mutualism model (with
respect to nonnegative initial perturbations). This global asymptotic stability result implies
that system (1.1)-(1.2) is permanent, the trivial and all forms of semitrivial solutions are
unstable, and the nonuniform steady-state solution does not exist.

This paper is arranged as follows. In Section 2, we give some preliminary results for
a more general time-delayed reaction-diffusion system. The main results and their proofs
are given in Section 3. Some numerical simulations are shown in Section 4 to illustrate our
theoretical analysis.
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Figure 1: The solution of system (4.1).
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2. Some Preliminary Results

To prove the main results in this paper we first give some preliminary results for a more
general time-delayed parabolic system in the form

%—Liui:fi(x, U, J+U) (xeQ, t>0),
O o (xeoQ, t>0) (21)
an 4 7
ui(x,t) =ni(x,t) (x€Q, tel;),i=1,2,...,N,
where U = (uy,up,...,un), J*U = (J1 * uy, Jo * uy,...,Jn * un), and for each i =

1,2,...,N, fi(, U, ] = U) is, in general, a nonlinear function of U and J * U, and L; is a
uniformly elliptic operator in the form of (1.3). The components J; * u; of | * U are given
by (1.4) fori=1,2,...,npand by (1.5) fori =np+1,..., N, where ng is a nonnegative integer.
(The case ny = 0 corresponds to (1.5) for everyi=1,2,...,N.)

By writing U and V in the split forms U = (w;, [u],,[u],) and V = ([v].,[v];),
respectively, where a;, b;, ¢;, and d; are nonnegative integers satisfying

ai+b1~:N—l, Ci+di=N (i=1,2,...,N), (22)

and [w] s, denotes a vector with 6; components of w, we write f;(x,U, V) in the form

filx, U, V) = fi(x,u;, [ul,, [uly, [V, [v]di) for everyi=1,2,...,N. (2.3)

Definition 2.1. We say that the vector function F(,U,V) = (f1(-U V), f(-U V),
..., fn(,U,V)) possesses a mixed quasimonotone property in a subset S of RN, if
for each i there exist nonnegative integers aj; b;,c;, and d; satisfying (2.2) such that
fi(,ui, [ul,, [uly, [v].,[v];) is nondecreasing in [u],,[v]. and is nonincreasing in
[uly,, [v], for every U,V in S (cf. [1, 12]). In particular, if b; = d; = 0 for all i then F(-,U, V)
is said to be quasimonotone nondecreasing in S. It is easily seen that the reaction functions in
the models (1.1) are quasimonotone nondecreasing in RY.

Definition 2.2. For quasimonotone nondecreasing functions F(-,U, V) we call a pair of smooth
functions U = (uy,uy,...,UN), u = (141,1y, ..., uN) coupled upper and lower solutions of
(2.1)if I > U and if

ol - -
E—Liuizfi(x,u,]*u) (xeQ, t>0),
oil; o
—I—Liﬁif i x,ll,]*ll (XEQ, t>0),
ot f< > (2.4)
oil; oil;
—t>so0> 12
512022 (x€dQ, t>0),

u;(x,t) > ni(x, t) > u(x,t) (xeQ, tel, i=1,2,...,N),
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where inequality between vectors is in the componentwise sense. It is obvious that if u=
M= (M{,M,,...,My)and U = 6 = (61,6,...,6N) are constant vectors, then the above
inequalities become

FOMM)<0  (xeQ),
fi(x,6,6) >0  (x€Q), (2.5)
M,-Zni(x,t)z&- (xeQ, tel), i=1,2,...,N.

Notice that the boundary inequalities in (2.4) are trivially satisfied. For a given pair of
constant vectors M, 6 satisfying (2.5) we set

S={UeCQ):6<U< M), (2.6)

where C(Q) denotes the set of continuous functions on Q. In the following we give our basic
hypotheses on F(-,U, V) with V = | * U.

(H) The function F(-, U, V') is quasimonotone nondecreasing for U, V € S, and for each
i,fi(-,U, V) satisfies the Lipschitz condition

lfix, U V) - filx, U, V)| <K (U-U| +|[V-V]) @U,V,V'€S), 2.7)

where K; is a positive constant, and ||[w/|| = [w1|+|wa|+- - +|wn| for w € RN(|-| is a maximum
norm).

It is clear that if there exists a positive constant vector M = (M, M»,...,My) and a
zero vector o = (0,0, ...,0) such that

filx, M,M) <0 (x€Q),
2.8
fi(x,0,0) >0 (xe€Q),i=1,2,...,N, 28)

then the pairs U = M, U = o are coupled upper and lower solutions of (2.1) whenever M; >
1i(x,t) > 0. By an application of [12, Theorem 2.1] we have the following global existence
result.

Lemma 2.3. Let U = M = (Mq, My, ..., My), U=6= (61,062,...,06N) be a pair of constant
vectors satisfying (2.5) and M > 6, and let hypothesis (H) hold. Then for any n(x,t) in S, problem
(2.1) has a unique global solution U (x,t) € S for all t > 0. In particular, if condition (2.8) holds
for every M > o then problem (2.1) has a unique bounded nonnegative global solution whenever
1n(x,t) > o.
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Figure 2: The solution of system (4.2).
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In system (2.1) if f; is given in the form

file, V) =uiff(x,U V), i=1,2,...,N, (2.9)

then the pairs U = M, U = o satisfy (2.8) whenever

e, M,M)<0 (xeQ),i=12,...,N. (2.10)

Moreover, by the positivity lemma for the linear scalar parabolic problem

% LW = Wiff(x,UV) (x€Q, t>0),
Wi_ o (xeoq, t>0), (211)
on

Wi(x,0) =ni(x,0) x€Q,i=12,...,N,

where U = U(x, t) is the solution of (2.1), the solution W; = W;(x, t) is positive in (0, +o0) x £
whenever 7;(x,0) > 0 and not identical 0 (cf. [1]). Since for each i the solution component
u; = u;(x,t) is also a solution of (2.11) the uniqueness property of W; ensures that u;(x, t) =
Wi(x,t) > 0in (0, +00) x Q. This observation leads to the following.

Lemma 24. Let fi(x,U,V) be given by (2.9) and satisfy hypothesis (H), and let M =
(M1, My, ..., MnN) be a constant vector satisfying (2.10). Then for any nontrivial nonnegative
ni(x,t) < M, problem (2.1) has a unique bounded positive solution u(x,t) in (0, +o0) x €.

To investigate the asymptotic behavior of the solution of (2.1), we consider the special
case

filx, U V) =gU,V), i=1,2,...,N, (2.12)

where g;(U, V) is not explicitly dependent on x. The corresponding steady-state problem of
(2.1) is given by

-Liui=g(U, V) (x€Q),
(2.13)

aui .
— = Q =1,2,...,N
an 0 (an ,)/l 7 4 74Ny
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Assume that G(U, V) = (g1 (U, V),..., gn(U,V)) is quasimonotone nondecreasing in S. Then

—(©
by using ua” - M, U = 6 as a pair of coupled initial iterations we construct two sequences
T (m)

'y ={u,...,un}, (U™) = {uy, ..., uy} from the linear iteration process

L™ + K™ = K"+ gi(@" Y, ag Y, e, el

_Ligim) + Kiglgm) = Kiggm_l) + gi<u§m_1), .. .,E%H),] * EY’H),. e ] gﬁ(ln_l)» (2.14)

ou™  oul™

an = an =0 (l=1,2,...,N),

where K; is the Lipschitz constant in (2.7). It is clear that the sequences {ﬁ(m) 1, {g‘m)} are
well defined. Since the initial iterations in (2.14) are the constant vectors M, 6 and g;(U, V) is
independent of x whenever U and V are constants we conclude from the uniqueness property
of solution for linear boundary-value problems that the solutions ﬂfm) , gfm) of (2.14) are
constants and are given by

—m) _—(m-1) | L) —(m-1) —(m-1)  —(m-1)
w"=u" +Egi<”1m P 7T T >,
(2.15)
1 _ ) B _
EIW :EEm R Egl(gim D,...,gg(," 1),25"1 D,...,ggf 1)> (i=1,2,...,N).
1

It is easy to show from the quasimonotone nondecreasing property of G(U, V) that the

sequences 7", ™ possess the monotone property

s<u™ <um) <ug™’<u™ <M (m=12,..) (2.16)
(cf. [12]). The above property implies that the constant limits

lim U =p, limU™ =p (2.17)

exist and satisfy the relation 6 <

I

< p < M. Letting m — oo in (2.15) shows that p and p
satisfy the equations

g(@p) =0, g(pp)=0 (i=12..,N). (2.18)

It is easy to verify that the limits p and p are maximal and minimal solutions of systems
(2.13) in S, respectively, furthermore, if p = p(= p*) then p* is the unique solution in S (cf.
[1, 12]). In the latter case, the time—depende_nt solution of (2.1) (with fi(x,U, V) given by
(2.12)) converges to p* ast — oo (cf. [12]). To summarize the above conclusions we have the
following.
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Lemma 2.5. Let the conditions in Lemma 2.3 be satisfied with respect to the function given by
(2.12).Then

(i) the sequences {ﬁ(m)}, (u™y given by (2.14) with ¥ = M, U9 = & are constant
functions and converge monotonically to their respective constant limits p and p that satisfy
(2.18); B

(i) for any m € N, if U™ < 5(x,t) < ﬁ("”, then the constant pairs U = U(m), u=um
are also coupled upper and lower solutions of (2.1), and the problem (2.1) has a unique

positive solution U (x,t) such that g“") < Ul(x,t) < ﬁ(m) and p <u(x,t) <p, as t —
% (xeQ); -

(iii) if p = p(= p*) then p* is the unique solution of (2.13) in S, and for any initial function
71(x,t) € S the corresponding solution U (x, t) of (2.1) converges to p*ast — co.

In Lemma 2.5 the convergence of the time-dependent solution U (x,t) to p* is for the
class of initial functions in S. For arbitrary nontrivial nonnegative initial functions we have
the following result from [12].

Lemma 2.6. Let the conditions in Lemma 2.5 be satisfied, and let U = (u1, us, . .., un) be the solution
of (2.1) corresponding to an arbitrary nontrivial nonnegative 1(x, t). Assume that p = p(= p*) and

there exists t* > 0 such that

6 <ui(x,t) <M; fort* - <t<t,xeQ(i=1,2,...,N). (2.19)

Then U (x,t)converges to p*ast — oo.

To prove the existence and uniqueness of constant positive solution of the steady-state
problem (1.13) we also need the following result.

Lemma 2.7. Let a; > 0, b; >0, ¢; >0 (i =1,2,3). If aibacs — asbics — aibsca > 0 then the
inequalities
ax—biy >0,
—arx + by —cz >0, (2.20)

—bsy +c32>0

have a positive solution(p1, p2, p3).

Proof. With the inequalities (2.20) exists a positive solution if and only if there exist positive
constants 11, 15, A3 such that the following equations:
ax — b1y = /\1 ,
—mX + by —cz =1y, (2.21)

—b3y +C3z = .)Lg,



Discrete Dynamics in Nature and Society 13

ay —b1 0
have a positive solution. Let A = <—az by —c >, we have |A| > 0. From the Cramer theorem,
0 —b3 Cc3

the solutions of (2.21) are as follows:

bz —C2 —b1 _bl 0
)Ll ) - .)LZ' + )L3
-bs c3 -b; by -
X =
|Al
_ Mi(bacs = bscz) + Aobics + Asbics
|A| '
—a; —C a 0 a 0
—1\1 | + )Lz - )x3 !
y = 0 c3 0 3 -a -G
Al (2.22)
_ )qa203 + .)LzalC3 + ./\3[11C2
|A| ’
- by a -b a b
./\1 | - ./\,2 + ./\3
7 = 0 —bC3 0 —b3 0 —b3
|A|

_ Magbs + Lpaibs + A3(a1by — azby)
- |A] '

Let Ay = A3 =1, 4, = max{(l — bicz — bacs + b3Cz)/b1C3, (1 — ar1by + apby — a2b3)/a1b3,1},
then with the equations (2.21) exists a positive solution (p1, p2, p3). Therefore the inequalities
(2.20) have a positive solution. O

3. The Main Theorems and Proof

To prove the main results in this paper, we apply Lemmas 2.3-2.7 for the models in (1.1)-
(1.2) with U = (u, v, w) by constructing a suitable pair of constant upper and lower solutions
U = M and U = 6. This is equivalent to show that M and & satisfy condition (2.5) for the
reaction functions f;(x,U, V).

Theorem 3.1. Let e =e;+f; >0 (i =1,2,3) and by = by + ap > 0. If c1coc3 — c1e5e; — ejbics > 0,
then the following statements hold true.

(i) The steady-state problem (1.9) has a unique constant positive solution.

(ii) For any nontrivial nonnegative (11, 12,13), problems (1.1)-(1.2) have a unique nonnega-
tive global solution (u, v, w), and the solution is uniformly boundary in Q x [0, co).

(iii) The positive constant solution p*of the steady-state problem (1.9) is globally asymptotic
stable.
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u-axes
v-axes

w-axes

Figure 3: The solution of system (4.3).

Proof. (i)Since the boundary conditions are Neumann type, we seek a pair of positive constant
vectors M = (M1, My, M3), 6 = (61,07, 63) satisfying

M, (a1 - Mq + e;Mz) <0< 6 (a1 - 161+ €T62),

Mz(az + b;M1 — oMy + €;M3) <0< 62([12 + b;61 -6 + 6363),

3.1
Mg(ag, + e§M2 - C3M3) <0< 63(a3 + 6;52 - C363>, 3-1)

00; oM; .
— <0< — = .
o = 0< an (i=1,2,3)
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Figure 4: The solution of system (4.4).
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Itis clear that the boundary conditions are satisfied, and from the positive property of M; and
O; that condition (3.1) is satisfied if
(a1 - oMy + eIMZ) <0< (111 -6 + €T62),
(az + b;Ml — oMy + €;M3) <0< (az + b;51 — 6y + 6353), (3.2)

((13 + e§M2 — C3M3) <0< (a3 + 6362 - C363).
We construct the following inequalities:

ax—ejy >0,
-bix +coy—eyz>0, (3.3)

—e3y +c3z > 0.

a —e; 0
Let A= <—b; o —e;>,wehave |A| >0.Sincee; =e;+p; >0 (i=1,2,3)and b5 =by +az >0,
0 —eX c3
from the Lemmsa 2.7 the inequalities (3.3) have a positive solution (11,1, A3). By choosing
M = (M, My, M3) = (P\y, P\, P)3), 6 = (61,62,63) = (yM, A2, yA3), where P and y are
a sufficiently large and small positive constant, respectively, we see that all the inequalities
in (3.2) are satisfied. That is, M and 6 is a pair of positive constant upper-lower solution
of (1.1)-(1.2). By Lemma 2.5 the sequences governed by (2.14) with the reaction function
(f1, f2, f3) given by (1.1) converge monotonically, respectively, to some constant limits p =

(ﬁyﬁzrﬁe,)rf_’ = (31’32’33) that satisfy

pi(a—cipy +eip,) =0, g&m—ﬂ&+4&>=Q

py(ax +bip, — cop, + €5p5) =0, P, <a2 +bip —cop + e§£3> =0, (3.4)

ps(as +ésp, —c3p;) =0, B3<a3 +ep, - C333> =0.

Let p; = p,—p. (i =1,2,3). Then by the positivity of p, and p , a subtraction of the above pairs
of equations, leads to

cip1 —ejp2 =0,
—byp1 + cap2 — €3p3 =0, (3.5)
—esyp2 + c3p3 = 0.
Since these equations are equivalent to Ap = 0, where A is coefficient matrix and p is the

column vector (p1, p2, p3)T, we conclude from the nonsingular property of A that p = o. This
proves p = p(= p*) and p* is the unique positive solution of (1.13) in S.
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(ii)It is obvious that the pairs M = (M, My, M3) = (PAy, Py, PA3),6 = (61,62,63) =
(0,0,0) satisfy all the equalities in (3.1). By Lemma 2.3 and the arbitrariness of P, problems
(1.1)-(1.2) have a unique bounded nonnegative global solution (u, v, w) for any nontrivial
nonnegative (17-1,7-2,71_3).

(iii)Lemma 2.5 ensures that for any initial function 77(x,t) = (171 (x,t), 12(x, t), 113(x, 1))
with y(A, A, 43) = 6 < n(x,t) < M = P(A, A, 3), where P and yare a
sufficiently large and small positiveconstants, respectively, the corresponding solution
U(x,t) = (u(x,t),v(x,t),w(x,t)) of (1.1)-(1.2) converges to p* as t — oo. To show
this convergence property for an arbitrary nontrivial nonnegative 7(x,t), we observe
from Lemma 2.4, the arbitrary smallness of y and the arbitrary largeness of P that
there exists f, > 0 such that 6§ < U(x,t) < M on [ty o) x Q. The upper and
lower bounds of U(x,t) show that there exists t* > 0 such that condition (2.19) is
satisfied for U = (u,up,u3) = (u,v,w). The conclusion of U(x,t) — p* ast —
oo follows from Lemma 2.6. We next consider the stability of U(x,t). We observe from
Lemma 2.5 that for any U(p*,¢) there exists 6 > 0 such that U(x,t) € U* =

U(p*,6) C (g“"),ﬁ(m)) C U(p*, ¢e) as initial function 7(x,t) € U*. This completes the
proof. O

Corollary 3.2. All the results of Theorem 3.1 hold true if d; = O for some or all i. In particular, these
results hold true for the ordinary differential system (1.8). They are also true if the reaction functions
involve no time delays.

Proof. This follows from the argument in the proof of Theorem 3.1 by letting d; = 0 (and
without the corresponding boundary condition) and by letting 7; = 0 (i = 1,2, 3), respectively.
O

Remark 3.3. Our model and result are different from the existence ones such as those of Pao
[29] and Kim and Lin [22, 23]. In some sense, we enrich the results of the 3-specics Lotka-
Volterra reaction-diffusion systems.

4, Numerical Simulations

In this section, we give numerical simulations supporting our theoretical analysis. As an
example, we consider system (1.1) with different diffusion rates d;, birth rate a;, and time
delays 7;, that is, the following systems:

%—? — Uyy = U(t, x) [1 —u(t,x) + %v(t,x) + %v(t - O.1,x)] 2r>x>0,t>0),
o0v 1 1
5 " Uxx = v(t, x) [1 + Eu(t,x) —3ou(t,x) + Ew(t,x),
1 1
+ Eu(t -0.1,x) + Ew(t -0.1, x)] Qr>x>0,t>0),
aa_z;) — Wy =w(t,x) |1+ %v(t,x) -w+ <%v(t - 0.1,x)>] 2r>x>0,t>0),




18 Discrete Dynamics in Nature and Society

ou O0v Oow _

$_§_E_O (t>0,x:0,2.71-),

u(t, x) = v(t, x) = w(t,x) = (1+10¢) [1 - sin(x + %)] (t,x) € [-0.1,0] x [0,2]. (4.1)

Z—? — Uy = u(t, x) [1 —u(t,x) + %v(t,x) + %v(t - 0.0l,x)] Qr>x>0, t>0),
o0v 1 1
o " Uxx = v(t, x) [1 + Eu(t,x) -3v(t,x) + Ew(t,x),
1 1
+ —u(t-0.01,x) + zw(t - 0.0l,x)] 2r>x>0,t>0),
2 2 (4.2)
aa—zf — Wy =w(t,x) |1+ %v(t,x) -—w+ %v(t -0.01, x)] 2r>x>0,t>0),
ou O0v Ow
%—a—a—o (t>0,x—0,27r),
. x
u(t,x) = v(t,x) = w(t,x) = (1 +1) [1 - sm(x + 5)] (t,x) € [-0.01,0] x [0, 27r].
ou 1 1
i Upr = u(t, x) |1 —u(t, x) + Ev(t,x) + Ev(t -0.1,x) (2r >x>0,t>0),
o0v 1 1
i Uxx = 0(t, x) [2 + Eu(t,x) -3v(t,x) + Ew(t,x),
1 1
+ -u(t-0.1,x) + zw(t-0.1, x)] Qr>x>0,t>0),
2 - (4.3)
ow 1 1
o " Wax = w(t,x) |3+ Ev(t,x) -w+ Ev(t - 0.1,x)] 2r>x>0, t>0),
ou Ov Ow
3 _E_E_O (t>0, x=0,2x),

u(t,x) =v(t,x) = w(t,x) = (1 +10t) [1 - sin(x + %)] (t,x) € [-0.1,0] x [0, 20r].

1 1
%—Ltl — Uy = u(t, x) [1 —u(t,x) + Ev(t,x) + Ev(t - 0.1,x)] r>x>0,t>0),
0v 1 1
T 20, = v(t, X) [1 + Eu(t,x) -3v(t,x) + Ew(t,x),
1 1
+ Eu(t -0.1,x) + Ew(t - 0.1,x)] QQr>x>0, t>0),
aa—{:) — 3wy =w(t,x) |1+ %v(t,x) -—w+ %v(t - 0.1,x)] 2r>x>0, t>0),
ou Ov Ow
ﬁ_E_E_O (t>0, x=0,2),

u(t,x) =v(t,x) = w(t,x) = (1+10t) [l - sin(x + % )] (t,x) € [-0.1,0] x [0, 2or].
(4.4)
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By using the classical implicit format solving the partial differential equations and the
method of steps for differential difference equations and employing the software package
MATLAB?.0, we can solve the numerical solutions of systems (4.1), (4.2), (4.3), and (4.4)
which are shown respectively in Figures 1, 2, 3, and 4.

5. Conclusions

It is well known that the analysis of stability for a system of delay reaction-diffusion
multispecies model is quite difficult since the reaction among multispecies is more complex.
Therefore, the works on this subject are very rare. A detailed analysis on the stability for a
two-prey one-predator model, one-prey two-predator model, and three-species food-chain
model with delay and diffusion was given by Pao [29], and he obtained some simple and
easily verifiable conditions for the existence and global asymptotic stability of a positive
steady-state solution for each of the three model problems.

In this paper, based on the ideas of Pao [12], we have considered a delay cooperative
three-species system with Neumann boundary condition. It is shown that the system
has a positive equilibrium under some certain conditions. We have obtained the similar
conclusions to those of Pao [29]. More precisely, we have obtained the following results.

(a) The steady-state problem (1.9) has a unique constant positive solution if cicoc3 —
ciese; —ejbics > 0.

(b) For any nontrivial nonnegativ (71, 12,13), problems (1.1)-(1.2) have a unique
nonnegative global solution (1, v, w), and the solution is uniformly boundary in Q x [0, 0).

(c) The positive constant solution p* of the steady-state problem (1.9) is globally
asymptotic stable.

The condition cicocs — cieje; — ejbycs > 0 involves only the reaction rate constants,
which shows that the diffusion rates d;, the birth rate a;, and time delays 7; do not bring effect
on permanence of one species as well as contribution to its extinction. The result of global
asymptotic stability implies that the three-species model system coexists, is permanent, and
the trivial and all semitrivial solutions are unstable.
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