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1. Introduction

Recently, there has been a great interest in studying the periodic nature of nonlinear difference
equations. Although difference equations are relatively simple in form, it is, unfortunately,
extremely difficult to understand thoroughly the periodic behavior of their solutions. The
periodic nature of nonlinear difference equations of the max type has been investigated by
many authors. See, for example [1-24].

In this paper we study the behavior of the solutions of the following system of
difference equations:

A Yn A x,
Xn+l = max{_l y_}/ ]/n+1 = max{_/x_}, (11)

where the constant A and the initial conditions are positive real numbers.



2 Discrete Dynamics in Nature and Society
2. Main Result

Definition 2.1. Fibonacci sequenceis f; =1, f = 1and forn >3, f, = fu1 + fu2.

Definition 2.2. The symbol [[ ]] symbolizes the greatest integer function.

Definition 2.3. The sequence of a(n) = n(mod 2).

Definition 2.4. The sequence of

n,  n=024,...,
k(n) = 2.1)
n+l, n=1,35....

Theorem 2.5. Let (x,,y,) be the solution of the system of difference equations (1.1) for A < x¢ < yo

and yo/xo > A.
=n"
Fraa—a(n) Sk
X, = <WTJCO> , (2.2)
Yo

Ifn>1, then
y1=xo/yo, and if n > 2
o1y +1 -n"
= y(j)("( 1+ .
o Afk(nfl)+a(")—1x0fk("*1)+1 : .

Proof. Let yo > A, then
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A A2x3
x4=max{—,£}= 0<A,

S A
A 5

Y4 = max —,ﬁ =2 y05>A,
Y3 Y3 y3  A2x]
A 3

X5 = max —,£>=ﬂ=—y0 ,
X4 X4 X4 A3xg

Y5 = max —,ﬂ =— = 50<A,
Ya Ya Ya Yo

n > 1 then

. i ="
~ ASkm-1—a(n) x0k< )
*n = finy !
Yo

Y1 =x0/yo thenn > 2,

frn-1)+1 (-n"
_ Yo
= f +1 .
Afkm-n+a(n)-1 xok(m)

(2.4)

(2.5)

(2.6)

O

Theorem 2.6. Let (x,,, y,) be the solution of the system of difference equations (1.1) for A < yo < xo.

x1=x0/Yyoand ifn> 2,

o 4 frwn\ OV
. <Afk( n+a(n) x, >
n — .
S+l
Yo

Ifn>1, then

(e N\
" Afk(n)fl_a(n) xgk(n)

Proof. Similarly we can obtain the proof as the proof of Theorem 2.5.

2.7)

(2.8)
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Theorem 2.7. Let (x,,y,) be the solution of the system of difference equations (1.1) for A < x¢ < yo
and (yo/xo) > A.

(@) limxp, =0,

n—oo

lim 1, = co.

n— oo

(2.9)
(b) lim Xop+1 = QO,

lim Yo+l = 0.
n—oo

Proof. (a) We obtain that
_1)2n
Afk(Zn)—l—a(Zn)xfk(Zn) =D
lim x,, = lim 0
n—e n—oo frien)
Yo

2%
Afkan-1—a(2n) xfk(zn) =D
lim — 0
n— o
w© y)

Afmr-a(@n) o
n— oo yo n

:0,

(2.10)

2n
Sfren-1)+1 -1
lim y,, = lim 0
n— 00 n— oo Afk(anl)+a(271)_1xfk(2"71)+1
0

2%
fren-1+1 -1
lim 0
n— oo Afk(Zn—l)*“(2")’1xfk(2"’1)+1
0

1. yofzn‘i-l
m —1
k— oo Afzn—lxé“z"*

(b) Similarly we can obtain the proof of (b) as the proof of (a). O
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Theorem 2.8. Let (x,,y,) be the solution of the system of difference equations (1.1) for A <y < xo
and (x9/1o) > A.

(a) Iim xp, = oo,
n—oo

lim y», = 0.

(2.11)
(b)  lim xpp1 =0,

lim Yon+1 = OO.
n— oo

Proof. Similarly we can obtain the proof as the proof of Theorem 2.7. O

Theorem 2.9. Let (x,,y,) be the solution of the system of difference equations (1.1) for 1 < xp <
Yo < A.
Ifn>1, then

D"
— X0
Xn = (W) . (212)

Ifn>1, then

yn=< 2 )H)n. (2.13)

Proof. Let

0 Xo X0
yl—max{é,—o}:é<A,
Yo Yo Yo
xzzmax{—,£}=ﬂ=xo<f\,
X1 X1 A
—maX{Axl}—A— <A
Y2 ]/1’]/1 Vi Yo ’
A
x3=max{—,2}=£=£<A,
X2 X2 X2 Xp
ygzmax{é,ﬂ}:é:£<A,
Y2 Y2 Y2 Yo
X3 X3 X3
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3 A
=maxqy —,— t=—=1Yy< A,
s { 3 Y } Y3 v
x5:max{—,£}:é:é<A,
X4 Xa X4 X0
Y5 = max —,—4 :£:£<A,
4 Yy Yo

(2.14)
n > 1, then
xg \CV"
Xn = <Aa(n)> s
(2.15)
-n"
Yn =< Ll ) .
Aan)
O

Theorem 2.10. Let (x,, y,) be the solution of the system of difference equations (1.1) for 1 < xp <
Yo < A.

(a) llm Xon = xO/

n— oo

Jim, v = 0

(2.16
(b)  Lim x2441 = é, )
n—oo xO
lim Yone1 = —-
n— oo ]/0
Proof. (a) We obtain that
xo (_1)2n xo (_1)Zn xo
Jim v = Jim (255) < Jim (%) = pm(55) =
(2.17)
. ) Yo -1y . Yo (-1 . Yo
s = Jim () =i (%) = m () <w
(b) Similarly we can obtain the proof of (b) as the proof of (a). O

Lemma 2.11. Let (xq, yo) be the initial condition of (1.1) for 0 < xg < 1 < yo < A; there is at least
an iy € N such that every n € N for n > iy, yo/x; > A.

Proof. We consider that xo < 1 hence lim,, . ,(yo/x;) = oo and that proofs the existing of iy
defined in hypothesis. O



Discrete Dynamics in Nature and Society 7

Theorem 2.12. Let (x,,yn,) be the solution of the system of difference equations (1.1) for 0 < xp <
1 < yo < A, and ig is the number, defined by Lemma 2.11.
1<n<i

Xy = A% (x0) 7V, (2.18)

-n"
_ pa(n) Yo
yn=A <—x“” /2”> , (2.19)

0

and when n > iy, the solutions will be different for every different constant A.

Proof. Let yp < A, then

A A
x1=max{—,@}=—>1,
X0 X0 X0
y1=max{é,—0}=é>1,
Yo Yo Yo
X1 X1 X1
yzzmax{é,ﬂ}:ﬂzﬂ>l,
Vi A1 X0
x3=max{£,£}=£=£>l,
X2 X2 X2 Xp
{ xZ} A Axg (2.20)
Yz=maxy —,— = — = —,
2 Y2 Y2 Yo
x4:max{—,&}=£=xo<1,
3 X3 X3
{A X3} X3 Yo
ya=maxy —, — = — =",
Y3 Y3 3 X;
x5—max{é,£}:é é>1,
X4 Xa X4 X0
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1 S n S iO/
Xp = Aa(n)(xO)(—l)",

1" (2.21)
_ pa() Yo
Yn = A° < > .
n x([)[n/zu

O

Lemma 2.13. Let (xo, yo) be the initial condition of (1.1) for 0 < yo < 1 < xg < A; there is at least
an ig € N such that every n € N for n > iy, xo/y > A.

Proof. Similarly we can obtain the proof as the proof of Lemma 2.11. O

Theorem 2.14. Let (x,, y,) be the solution of the system of difference equations (1.1) for 0 < yp <
1 < xg < A, and iy is the number, defined by Lemma 2.13.
1<n<i

1"
_ pa) X0
X, = A <y“” /2“> , (2.22)

0

Yn = Au(n) (yo)(_l)n, (223)

and when n > iy, the solutions will be different for every different constant A.
Proof. Similarly we can obtain the proof of be as the proof of Theorem 2.12. O

Lemma 2.15. Let (xo, yo) be the initial condition of (1.1) for 0 < yo < xo < 1; there is at least an
io € N such that every n € N for n > iy, (xo/yo)" > A.

Proof. We consider that y < xo hence lim,,_, ,(x0/y0)" = oo and that proofs the existing of iy
defined in hypothesis. O

Theorem 2.16. Let (x,,y,) be the solution of the system of difference equations (1.1) for 0 < y <
xo <1, A > 1, and iy is the number, defined by Lemma 2.15.
X1 =A/XQﬂTldif1 <n<iy,

X, = A% < X0

[[n/2]](-D)"
Yo >

, (2.24)

1 =A/y0,andif1 <n<iy,

-n"
Yu = AT <@> , (2.25)

X0

and when n > iy, the solutions will be different for every different constant A.
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Proof. Let yo < A, then

A

X1 —max{—,@} _4 >1,
X0 Xop X0
A A

Y1 —max{—,—o} =—>1,
Yo Yo Yo

{A X1
Y =maxy —,—=—=">—<1,
Vi At X0
2.26
{ Y2 } A Ay (2.26)
Xz =max{y —,~— = — = ——
X2 X2 X2 X0
{ X2 A A.X'O
yz3=maxy —,—t=—=——>1,
Y2 Y2 Y2 Yo
2
x
x4=max{é,£} = LAl = —g >1,
X3 X3 X3 yo
y4:max{é,ﬁ} = é ¥ <1,
Y3 Y3 Y3 X0
n > 1 then
[[n/211(-1)"
%:AW(E> ) (2.27)
Yo
n > 1 then
n"
%:Am(@> _ (2.28)
X0
]

Lemma 2.17. Let (xo, yo) be the initial condition of (1.1) for 0 < yo < xo < 1; there is at least an
io € N such that every n € N for n > iy, (yo/x0)" > A.

Proof. Similarly we can obtain the proof as the proof of Lemma 2.15. O

Theorem 2.18. Let (xy, yn) be the solution of the system of difference equations (1.1) for 0 < xp <
Yo <1, A>1,and iy is the number, defined by Lemma 2.17.
x1=A/xp, and if 1 < n <iy,

-n"
%zAmKﬂ> , (2.29)
Yo
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y1 = A/yo, and if 1 <n <y,

Y = A° (@ , (2.30)

[[n/2]]1(-1)"
X0 >

and when n > iy, the solutions will be different for every different constant A.

Proof. Similarly we can obtain the proof as the proof of Theorem 2.16, which completes the
proofs of theorems. i
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