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1. Introduction

Neural networks are widely used in the fields of control, signal processing, and time
series analysis [1]. Traditional neural networks’ parameters are usually real numbers for
dealing with real-valued signals. However, complex-valued signals also appear in practical
applications. As a result, complex-valued neural network (CVNN), whose weights, threshold
values, input and output signals are all complex numbers, is proposed [2, 3]. CVNN has been
extensively used in processing complex-valued signals [4]. By encoding real-valued signals
into complex numbers, CVNN also has shown more powerful capability than real-valued
neural networks in processing real-valued signals. For example, two-layered CVNN [5] can
successfully solve the XOR problem which cannot be solved by two-layered real-valued
neural networks. CVNN can be trained by two types of complex backpropagation (BP)
algorithms: fully complex BP algorithm and split-complex BP algorithm. Different from the
fully complex BP algorithm [6], the operation of activation function in the split-complex BP
algorithm is split into real part and imaginary part [2—4, 7], and this makes the split-complex
BP algorithm avoid the occurrence of singular points in the adaptive training process.
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Complex BP algorithms can be done using either a batch method or an online method. In
online training, weights are updated after the presentation of each training example, while
in batch training, weights are not updated until all of the examples are inputted into the
networks. Compared with batch learning, online learning is hard to parallelize.

The convergence of neural networks learning algorithms is crucial for practical
applications. The dynamical behaviors of many neural networks have been extensively
analyzed [8, 9]. However, the existing convergence results of complex BP algorithm are
mainly focusing on fully complex BP algorithm for two-layered CVNN (see, e.g., [10, 11])
and the convergence of split-complex BP algorithm is seldom investigated. Nitta [12] used
CVNN as a complex adaptive pattern classifier and presented some heuristic convergence
results. The purpose of this paper is to give some rigorous convergence results of batch
split-complex BP (BSCBP) algorithm for three-layered CVNN. The monotonicity of the error
function during the training iteration process is also guaranteed.

The remainder of this paper is organized as follows. The three-layered CVNN model
and the BSCBP algorithm are described in the next section. Section 3 presents the main
convergence theorem. A numerical example is given in Section 4 to verify our theoretical
results. The details of the convergence proof are provided in Section 5. Some conclusions are
drawn in Section 6.

2. Network Structure and Learning Method

Figure 1 shows the structure of the network we considered in this paper. It is a three-layered
CVNN consisting of L input neurons, M hidden neurons, and 1 output neuron. For any
positive integer d, the set of all d-dimensional complex vectors is denoted by C? and the
set of all d-dimensional real vectors is denoted by RY. Let us write w,, = wk +iwl =
(W1, Wi, - - -, Wiy, L)T € CF as the weight vector between the input neurons and mth hidden
neuron, where w,; = wX, +iw! , wX andw! eR',i=v-1,m=1,...,M,and1=1,...,L.
Similarly, write v = vR +iv! = (v1,0,,...,00m)" € CM as the weight vector between the hidden

neurons and the output neuron, where v,, = vX +ivl, vR and v}, € R!, m = 1,..., M. For

simplicity, all the weight vectors are incorporated into a total weight vector

W= ((w)", (wo)",..., (wy) " vT)T e CMED, (2.1)

For input signals z = (zl,zz,...,zL)T = x +iy € CL, where x = (xl,xz,...,xL)T € RE, and
y=WiY2..., yL)T € RL, the input of the mth hidden neuron is

U, = Ul +iul,
L L
= 2 (@i = wpyn) + i3 (Wi + W)
1=1 I=1
wR x\ /wl, X
= ) +1 r ) .
Wi y Win y

Here “-” denotes the inner product of two vectors.

(2.2)
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Hidden layer

Input layer

Figure 1: CVVN with L — M — 1 structure.

For the sake of using BSCBP algorithm to train the network, we consider the following
popular real-imaginary-type activation function [5]:

fe) = frUR) +ifr(U") (2.3)

for any U = UR + iU’ € C', where fr is a real function (e.g., sigmoid function). If we simply
denote fr as f, the output H,, for the hidden neuron m is given by

Hy = Hy, +iH,, = f(Uy,) +if (Uj,). (2.4)
Similarly, the input of the output neuron is
S=58+is!

M M
= D (onHy vy Hy,) +i ) (v Hy, + v Hy)
m=1 m=1

(2.5)
vR HE vl HE
= . =+ i .
and the output of the network is given by
O = OR +i0" = g(S®) +ig(S"), (2.6)

where HR = (HR,Hf,...,HIIf/I)T, H! = (HI,Hé,...,H]IVI)T, and g is a real function.

We remark that, in practice, there should be thresholds involved in the above formulas
for the output and hidden neurons. Here we have omitted the bias so as to simplify the
presentation and deduction.
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Let the network be supplied with a given set of training examples {z7, 7 }qul cChtxcCl
For each input z7 = x9 +iy? (1 < g < Q) from the training set, we write uj, = LIZ;R + iLIﬁ,;I (1<
m < M) as the input for the hidden neuron m, H,, = HZ{R + iH,qn’I (1 < m < M) as the
output for the hidden neuron m, S7 = SR + iS%! as the input to the output neuron, and
07 = O7R +i0%! as the actual output. The square error function of CVNN trained by BSCBP
algorithm can be represented as follows:

Q
E(W) = %Z(Oq - d") (07 -d7)’
gq=1
1 g 2 1 \2
N CARESNCIRrDS @7)
q=1

Q
= ; [Har (57%) + /‘ql(sq'l)]r

"

where “*” signifies complex conjugate, and
1 q.R 2 1 q.1 2 1
HqR(t)=§<g(t)_d' ) ,qu(t)=§(g(f)—d’), teR, 1<g<Q. (2.8)

The purpose of the network training is to find W* which can minimize E(W). The gradient
method is often used to solve the minimization problem. Writing

. R R R\T | . 1 1 INT
HY=H®+iHY = (H!", H}",..., HI") +i(HY , H}),...,H), (2.9)

and differentiating E(W) with respect to the real parts and imaginary parts of the weight
vectors, respectively, give

EW) &,
s = DM (STOHIR + i (STHM, (2.10)
g=1
PEW) & ,
ot = 2l e (STOHY 4y (SHIE], (2.11)
q=1
dEW) &, , o
ok = S HR(ST) (o f (X = o, f (U y?)
W (2.12)
+ o (ST (o, f (U)X + ok £ (UTyD)], 1<m< M,
DEW) & R o
sl = 2LHr(SY) (= onf (UnD)y? = o f' (U )x)
Wl (2.13)

(ST (= o f (URS)Y + o f (UR)XT)], 1<m< M.
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Starting from an arbitrary initial value W° at time 0, BSCBP algorithm updates the weight
vector W iteratively by

Wn+1 — wn + AW”[ n= 0, ]_, .., (214)

where AW" = ((AW?)T,. . (Aw’]VI)T, Av")T)T, with

) OE(W")  OE(W")
Awy, = - R i , m=1,...,M,
oWy, owy,
(2.15)

v _n<a5(wn) +ials(wn))

ovR ov!

Here 7 > 0 stands for the learning rate. Obviously, we can rewrite (2.14) and (2.15) by dealing
with the real parts and the imaginary parts of the weights separately

AWZ;R — w:ln+1,R _ Wn,R _ OE (wn)

m = aw% 7
OE(W"
AW%I — w:ln+1,I _ wz[ — _71 aENI ),
" (2.16)
AV"’R — Vn+1,R _ vn,R =7 aEa(:Xn) ,
OE(W")

nl _ n+l,] _ onl _ _
AV =v VY= ——,
ov

wherem=1,..., M.

3. Main Results

Throughout the paper || - || denotes the usual Euclidean norm. We need the following
assumptions:

(A1) there exists a constant ¢; > 0 such that

7

"M 18"®)]} < e (3.1)

g'(t)

f'(t)

max{|f (1)l lg(0)],

7

(A2) there exists a constant ¢, > 0 such that ||[v*E|| < ¢; and |v*!| < ¢, for all n =
0,1,2,...;

(A3) the set @y = {W | (OE(W)/owR) = 0,(dE(W)/ow!l) = 0,(0E(W)/ovR) =
0,(8E(W)/ovl) =0, m=1,..., M} contains only finite points.

Theorem 3.1. Suppose that Assumptions (A1) and (A2) are valid and that {W™} are the weight
vector sequence generated by (2.14)—(2.16) with arbitrary initial values W°. If < cs, where cs is a
constant defined in (5.21) below, then one has
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(i) ECW™!) < E(W"), n=0,1,2,...;

(ii) limy, - o |[(QE(W™) /OWR)|| = 0, lim,_ o [[(OE(W™) /0w, || = 0, limy, _, || (QE(W™) /
OvR)|| = 0, and lim, ., oo ||(OE(W™) /3v])| = 0, 0 < m < M.

Furthermore, if Assumption (A3) also holds, then there exists a point W* € @q such that
(iii) lim,—, , W" = W*,

The monotonicity of the error function E(W) during the learning process is shown in
the statement (i). The statement (ii) indicates the convergence of the gradients for the error
function with respect to the real parts and the imaginary parts of the weights. The statement
(iii) points out that if the number of the stationary points is finite, the sequence {W"} will
converge to a local minimum of the error function.

4. Numerical Example

In this section, we illustrate the convergence behavior of BSCBP algorithm by using a simple
numerical example. The well-known XOR problem is a benchmark in literature of neural
networks. As in [5], the training samples of the encoded XOR problem for CVNN are
presented as follows:

(2! =-1-i,d'=1}, {22=-1+i, d*=0},
(4.1)
(Z=1-i, & =1+i}, (z'=1+i d*=i}.

This example uses a network with one input neuron, three hidden neurons, and
one output neuron. The transfer function is tansig(-) in MATLAB, which is a commonly
used sigmoid function. The learning rate 7 is set to be 0.1. We carry out the test with the
initial components of the weights stochastically chosen in [-0.5, 0.5]. Figure 2 shows that
the gradient tends to zero and the square error decreases monotonically as the number of
iteration increases and at last tends to a constant. This supports our theoretical findings.

5. Proofs
In this section, we first present two lemmas; then, we use them to prove the main theorem.

Lemma 5.1. Suppose that the function & : R*MU+D — R is continuous and differentiable on a
compact set ® ¢ R*MUID gnd that ®; = {0 | (0£(0)/00) = 0} contains only finite points. If a
sequence {0"},-, C @ satisfies

lim ||@"*" - 0"|| =0, lim

n—oo n— oo

‘ L") | _,, (5.1)

00

then there exists a point 0* € @y such that lim,, _, ,,0" = 6*.

Proof. This result is almost the same as [13, Theorem 14.1.5], and the detail of the proof is
omitted. O
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Figure 2: Convergence behavior of BSCBP algorithm for solving XOR problem. (sum of gradient norms =
S IAWERR + AW ) + | AVRE + | Av*2.)

Forany1<g<Q,1<m<Mandn=0,1,2,..., write

n,R n,I
nq n,q,R o gl Win x1 . Win x1
u,"=u,"” +il,"” = ) +1 : ] ,
~Wii yi Wi yi

Hpt = Hp"® il = fup®™y +if (uph,

HR = (H L HET, wel = (HPY L HE, (5-2)

Vn,R Hn,q,R Vn,I Hn,q,R
Sma = gmak 4 jgnal - : +i : )
_Vn,I Hn,q,l vn,R Hn,q,I

n,g,R _ yyn+l,g,R n,9,R n,g,l _ yyn+lgl n,qg,1
q;q_H G_Hq, (Fq_H at _H 4!

Lemma 5.2. Suppose Assumptions (A1) and (A2) hold, then forany1 < q< Qandn=0,1,2,...,
one has

07| <co,  |OM] <o, [H"E|<co,  [HM|| <c, (53)

|#;R(t)| S 3, #;I (t)| S 3, |#2R(t)| S C3, |‘MZI (t)| S Cs, t € IRl/ (54)

M
max {[lg™ R, [l |I*) < ea 3 (| aws (" + | aws|1%), (5.5)
m=1
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16) . Av'R H™4.R } Ayl H™4.R
! Sna. . +u s .
; /lqR( ) —AV”’I H"/CIJ /qu( ) Av”'R Hn,qu (5 6)

1 n n
= (lav RIE+ flav ),

o) I o vn,R (P.n,q,R , o Vn,I q}n,q,R
Zl’lqR(S @ ) I ' ol +I’LqI(S @ ) AR : nal
q=1 —v' ¢ v ¢

(5.7)
1\ X4 n,R |2 nI |2
< (es= 3 ) 3 (Iawi I + aws ),
m=1
o) AVn’R (P.n,q,R AVn,I (P.n,q,R
Z .“Zﬂ%(sn'q'R) : "'F‘:ﬂ(sn'q'l) :
g=1 _Avn,I an,q,I Avn,R an,q,I
(5.8)
M
< ¢ <Z Cllaws|1* + [aws|I%) + [avF|* + ||AV"’I||2>r
m=1
12 no( g n+l,4,R n,q,R\2 "¢ A n+l,q,1 n,q,1\2
5 2 (M (17) (8™ 1% = §mE)™ 4 i (177) (8141 = §"41)7)
g=1
(5.9)

M
: C7<Z(IIAW$RIIZ AW + [l av ) + IIAV"’I||2>’
m=1

where ¢; (i = 0,3,...,7) are constants independent of n and q, each t;l’q € R! lies on the segment
between S™ VAR and SR, and each t,7 € R! lies on the segment between S™ V4! and S™1,

Proof. The validation of (5.3) can be easily got by (2.4)—(2.6) when the set of samples are fixed
and Assumptions (Al) and (A2) are satisfied. By (2.8), we have

Har() = 8/ (1) (g(H) - OF),
Mo (8) = g () (3(5) - O%),
(5.10)
Hir(t) = g"() (() - O7F) + (g'(1))’,

W) =g (1)(g() -0 + (g(1)?, 1<g<Q, teR".

Then (5.4) follows directly from Assumption (A1) by defining c3 = ¢1(c1 + co) + (c1)>.
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It follows from (5.2), Assumption (Al), the Mean-Value Theorem and the Cauchy-
Schwartz Inequality that forany1<g<Qandn=0,1,2,..,,

nq,R||2 — Hn+1,q,R_Hn,q,R 2
™" =1l |

OB CEON I TGO Rt
1,4,R 4R , 14,R 4R
FUL ) = FULT) Fsp) Uiy 7 = U)
_M 1/ M4 An’R-q—A nl g 2
= 20 (f'(sm') (Awg" - xT = Awyit - y7))
m=1 (511)
M ) )
< 2012((Aw%R x7)" + (Awﬁ;l -y
m=1
. R |2 2 1912 2
<201 3 (IlAwn [P + flaws [ lly? 1)
m=1
< R|2 12
< X (Jaw™ "+ [ aws|1),
m=1
where ¢; = 2cimaxi<g<of[|x7|1%, [ly7]|?} and each s, is on the segment between un ™ ® and
un® form=1,..., M. Similarly we can get
" R |2 12
llg™ @M1 < e 3 (llawi™ |1+ | Awy ). (5.12)
m=1
Thus, we have (5.5).
By (2.10), (2.11), (2.16), and (5.2), we have
Q R AV"’R Hn,q,R ; AV”’I Hn,q,R
! n,q, . ! nqg, .
8o ) (e (2 ()
Q
— Z(ﬂ;R(Sn,q,R)Hn,q,R . AVn,R + #;I(Sn,q,I)Hn,q,I . AVn,R
gq=1
5.13
_ #;R(Sn,q,R)Hn,q,I 3 Avn,l + ‘M;I(Sn,q,I)Hn,q,R . Avn,l) ( )
OE(W™) r  OE(W") !
= avR AV 4 T - AV

1 2 2
= -E(HAV"’RH +[lav ).
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Next, we prove (5.7). By (2.2), (2.4), (5.2), and Taylor’s formula, for any 1 < g < Q,
1<m<M,andn=0,1,2,..., we have

H;:*—l,q,R _ H:tn,q,R _ f(u::l,q,R) _ f(u:lr;q’R>

(5.14)
1
_ f,(uzq,R) (u:tn+1,q,R _ u:l’;q,R) " Ef,,(tzq,R) (u::l,q,R _ u;tn,q,R)Z’
H:::—l,q,[ _ H:Zq’l _ f(ufnﬂ,q,l) _ f(u:q,q,l)
(5.15)

_ f,(urnr;q,l) (uzq+1,q,l _ uz;q,l) " %f,,(tz;q,l) (u:tn+1,q,1 _ u:tn,q,I)Z/

where £5"* is an intermediate point on the line segment between the two points un R and

UZ;q’R, and tzq’l between the two points U:‘nﬂ’q’l and ll:ln’q’l. Thus according to (2.12), (2.13),
(2.16), (5.2), (5.14), and (5.15), we have

Q vn,R an,q,R vn,I (P.n,q,R
! n,q,R . ! n,q,1 .
; <ﬂ”R(S q )<—V""> <4f"’q”> (S )<V"'R> <qf"'q">>
Q M n,R
_ ) n,q,RY R g1 n,q,R Awm . <xq>
AWn’I q
J n,q,R\,.n1 g1 n,q,1 m . X
_‘uqR(S i )vm f (um ) (AW;:’;R> <yq>
AW"’R q
! n,q,I\ ., nI o1 n,q,R m . X
+‘1/qu(5 1 )vm f (um ) <_szl> <yq>
AW”’I q
! ng, R o1 n,q,1 m X
o (S oo R f1 (Ut (AW"fR> . <y‘7>> + 6,

M /7 Q
=2 <<Z [k (S™45) (0" (U )x? = ol ' (U™ ) y)

m=1 gq=1

+ o (8™ (W F (U)X + vZéRf’(UZ;"’I)yq)]> CAwyt

Q
: <Z [ (SP9R) (= ol (U2t ol (L)
gq=1

1 (™) (=l £ (U )y + szf%uz;‘*'f)xq)l) | AW?"'I> -

1 Y n,R| 12 nI 2
=-5Z(|IAWm’ 17+ l[awn [[) + 61,
m=1

(5.16)
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where

I\JIP—‘

Q M . Aw
<A nR> < >>
( A nI> < >>
! Sn,q,I nR cn s g1 Awnml x1
(SRS () AwpR '<y‘7>

Using Assumptions (A1) and (A2), (5.4), and triangular inequality, we immediately get

(5.17)

sy (SO (1)

- My (SR Yo £ (1) <

M
S <161 <es > (||awpR|” + [|awy'|*), (5.18)

m=1

where ¢5 = 2Qc1 0203 maxi<g<o { |x7]* + [|ly7]|*}. Now, (5.7) results from (5.16) and (5.18).
According to (5.2), (5.4), and (5.5), we have

Q AvR an,q,R Ayl f,lfn’q’R
’ n,q,R . ! n,q,1 .
; <#qR(S )<—AV""> <4f"'“> *#ar(S )<AV"'R> <qf”"’">>
Q AV'R ¢ R Ayl @ R
< C3Z
ey _Avn,I n ,q.1 Avn,R n 9.1
i Av' ,R (Pn ,q,R Av' pl . (Pn,q,R
=} —AV" i (P.n,q,l AVn’R (P_n,q,]

IIAV"RII AV + g+ (g |17

)

NIH

(5.19)

m=1

Q M
<o (nAv"fan AV £ 2, ST (lawiE + ||Awff||2>>
gq=1

M
c6<z<||Aw I+ A ) + aver? +||Av'“||>
m=1
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Z( (t”‘1)(5n+1qR anR) + //I(t"q)(snﬂql anI) )

& 2
Z(( gn+laR _ Sn,q,R)Z +( gn+lal _ gnal ))

AVn’R Hn+1,q,R vn,R (P,n,q,R 2
_ Avn,l ' Hn+1,q,l + _Vn,I ’ (P,n,q,I (5 20)
Avn,I Hn+1,q,R vn,I an,q,R 2
+ AVn,R ’ Hn+1,q,1 + Vn,R ’ (p.n,q,l

< esQmax{ (co)” + (c2)"J (Av™R[*+ [l av|I* + [lg R 1" + [l )

M
<C7<Z(||Aw 1P+ aws |17 + lave®)? +IIAV’”II>
m=1

<8
-2

IA
NS
Mo

I
[

q

where ¢ = Qesmax{1,2¢s} and ¢; = Qesmax{(co)® + (¢2)*}max{1,2¢c4}. So we obtain (5.8)
and (5.9). O

Now, we are ready to prove Theorem 3.1 in terms of the above two lemmas.

Proof of Theorem 3.1. (i) By (5.6)—(5.9) and the Taylor’s formula, we have
E(wn+l) _ E(wn)

Q
= D (ar (8" %) = pgr(SR) + pugr (S141) = pgr (S™1))
1

q=

Q

Z(#q anR)(anqR anR)+# (anI)(SanI anl)
gq=1

quR(t"q)(SrquR anR) +_ (t"Q)(Sn-#qu anI)z
Q R AVn,R Hn,q,R ; AVn,I Hn,q,R
- ! nq, . ! nqg, .
; <nuqR(S ) <—AV"’I> <Hn’q’1> + #QI(S ) <Avn,R> <Hn,q,1>
Vn,R (P.n,q,R Vn,I (P.n,q,R
! n,q,R ! n,q,1
+ ‘uqR(S 1 ) <—Vn’l> ' <(pn,q,1> + ‘qu (S g ) <Vn,R> ' (Fn,q,l>
AVn’R qfn,q,R Avn,l (P.n,q,R
! n,q,R . ! n,q,l
+‘u‘1R(S ! ) <—AV"’I> <(Pn,q,1> +‘qu(S ! ) < vuR (‘Pn’q,1>

Z‘uqR(t"lQ)(SrquR anR) + ﬂ (t"4)<sn+1ql anl))

N
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1
<L (av s fav )+ (- 2) 3, (lawi s awid )
= R12 2 5 )
C6<Z<"AW% I+ aws[P) + ave | + flav| >
m=1
M . ;
”7(2(”“ P+ Az ) + [lAvRIE + | ave Il>
m=1

2 nI |2 n,R |2 nl||2
<( s—->(z<||Aw I+ Aws7) + [|av |+ [lav | >

(5.21)

where cg = c5 + o + ¢7, t;1 € R! is on the segment between SR and S™4R, and ;7 € R! is
on the segment between S"+1 41 and §"4!. Then we have

B < e - (1) < S (IAWEHE + i ) + [ av| + ||Av"ff||2)-

(5.22)
Obviously, by choosing the learning rate 7 to satisfy that
1
0<n<—, (5.23)
Cs
then we have
EW™Y) <EMW"), n=0,1,2,.... (5.24)
(ii) According to (2.16), we have
- R I
L AWEEI + [awg|%) + [|av™ || + [ ave |
(5.25)
M E(W" 2 E(W" 2 E(W" 2 E(W" 2
(BT )
m=1 a"Vm awm ov ov
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Combining with (5.21), we have

v s -o( S (PSP S PSS )
<.
ceve -5 (S|SB
(5.26)

where a = (17 - csn?). Since E(W™*1) > 0, there holds that

> OE(W) |1* || BE(W") 2) ' DE(WH) |1 | DE(WH) |1 "
TAoR < E(WY). 27
a% <mZ— ( oWy, ’ | owl, T TovR ovl SEWY). (5.27)
Letn — oo, then
© /M 6E(Wk) 2 aE(Wk) 2 E)E(Wk) 2 aE(Wk) 2
TR 7 <EW° )
a%(ﬂ;( owny, ’ H ow!, ) " || OovR H ovl <SE(W’) <o
(5.28)
So there holds that
M aE(W") 2 6E(W") 2 aE(W”) 2 aE(W") 5
: =0 5.29
nlgl}o<mz-:1<| owsy +H owl, >+” ovR “ vl , (5.29)
which implies that
OE(W™) OE(W™)
|| ‘ ||— ‘ =0, 0<m<M, (5.30)
nHOO a"Vm nHOO aw,fn
OE (W™ OE (W™
lim Hg H ) a1
n—o 'V n— oo aVI
(iii) Write
e = ((W‘IIQ)TI cecy (wljs/[)T/ (w{)T, ey (wa)T, (VR)T’ (VI)T)T, (532)

then E(W) can be looked as a function of 8, which is denoted as £(0). That is to say

E(W) = £(6). (5.33)
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Obviously, £(0) is a continuously differentiable real-valued function and

0£(0)  OE(W) 0£(0)  OE(W)

ovR — ovR 7 ovl — ovl
(5.34)
0£(0) OE(W) 0&(0) OEW)
= ’ = y = 1, . ,M.
owR owR ow!, owl,
Let
0" = (W), (Wi, (wihT, o (wi)T, (v R, (v, (5.35)
then by (5.30) and (5.31), we have
. o&(0m) o&(0mM)
lim H ‘ ——||=0, 0<m<M, (5.36)
n—o awTIEl n— oo awgn
66(9”) oE(0™)
nw” ,HooH - (5.37)
Thus we have
. oE(0™)
nh—> 150 =0. (5.38)
We use (2.16), (5.30), and (5.31) to obtain
lim ||wn+1R ZIR” =0, hm ||w"+” "mI” =0, m=1,..., M, (5.39)
lim |[v**' R —v*R|| =0, lim ||v**'-v"!|| =0. (5.40)
This leads to
lim ||0"*' - 0"|| = 0. (5.41)
n— oo

Furthermore, from Assumption (A3) we know that the set {0 | (0£(0)/00) = 0} contains only
finite points. Thus, the sequence {0"},, here satisfies all the conditions needed in Lemma 5.1.
As a result, there is a 0* which satisfies that lim,,_, ,0" = 0*. Since 8" consists of the real and
imaginary parts of W”, we know that there is a W* such that lim,_, ,W" = W*. We thus
complete the proof. O

6. Conclusion

In this paper, some convergence results of BSCBP algorithm for CVNN are presented. An
up-bound of the learning rate 7 is given to guarantee both the monotonicity of the error
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function and the convergence of the gradients for the error function. It is also proved that the
network weights vector tends to a local minimum if there are only finite stable points for the
error function. A numerical example is given to support the theoretical findings. Our work
can help the neural network researchers to choose the appropriate activation function and
learning rate to guarantee the convergence of the algorithm when they use BSCBP algorithm
to train CVNN. We mention that the convergence results can be extended to a more general
case that the networks have several outputs and hidden layers.
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