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1. Introduction

We will study the limiting behavior of multiple sums of random vectors indexed by lattice
points, so called random fields. Such research has roots in statistical mechanics and arised
in the context of ergodic theory. Almost 70 years ago, Wiener considered double sums over
lattice points with applications to homogenous chaos. Many aspects of present investigations
of models of critical phenomena in statistical physics, crystal physics or Euclidean quantum
field theories involve multiple sums of random variables with multidimensional indices.
Multiparameter processes arise in applied context such as brain data imaging, and so forth.

Let N7, r > 1 be the positive integer r-dimensional lattice points with coordinate wise
partial ordering, <. Points in N” are denoted by m, n or more explicitly n = (ny,ny,...,n,)
and 1 stands for the r-tuple (1,...,1). Also for n = (ny,ny,...,n,), we define n| = []._;n;
and (n) = {k : k < n}. The notation n — oo means that maxj<j<, 1; — oo or equivalently
In| — oo.
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Let (Q, §, P)—be a probability space, (B, ||- ||)—a real separable Banach space, { Xy, k €
NT"}—a family of B-valued random vectors and set

Sn = X (1.1)

k<n

If E||X|| < oo, then EX stands for the Bochner integral. Let {ax, k € N"} be a B-valued net
and a € B. We say that a, — a strongly asn — oo if for any ¢ > 0, there exists N, € N” such
that n £ N, implies ||an — a|| < € or shortly for any & > 0, |lan — al| > € “occurs finitely often”
(see Smythe [1], Fazekas [2]). Furthermore, let {§x, k € N"} be an increasing family of sub
o-algebras of §, that is,

/\Bk CFaC3. (1.2)

k<n

Now, we will introduce definition of martingale (submartingale) for real-valued random
fields, Smythe [3] (for more information see Merzbach [4]). Through this paper {Fx, k € N"}
satisfies condition CI (conditional independence)

E(E(- | §m) | 8n) = E(- | §mrn) as., (1.3)

where m A n denotes the componentwise minimum of m and n. A{§x, k € N"}-adapted,
integrable process {Zyx, k € N} is called martingale (submartingale) if

E(Zy | 8m) = Zman( 2 Zman) as. Vm,mne N". (1.4)

The main aim of this paper is to prove a couple Brunk type strong laws of large numbers for
independent B-valued random fields. To prove this we would like to apply, among others,
maximal inequalities for real-valued submartingale fields. Main results concerning maximal
inequalities for random variables indexed by multidimensional indices are due to Cairoli [5],
Gabriel [6], Klesov [7], Smythe [3], Shorack and Smythe [8], as well as Wichura [9]. In [5],
Cairoli gave counterexample that the well-known following Doob maximal inequality for
submartingales

AP(max Si > A) < ES: (1.5)

k<n

cannot be proved for a discrete-time random fields, utilizing “one dimensional” idea, as well
as Hajek-Renyi-Chow inequality [10] and in consequence Chow or Brunk type strong law
of large numbers. This problem motivated us to make an effort to give some new results for
strong law of large numbers for random fields.

To get the above-mentioned result we will exploit the idea of maximal inequality
introduced by Christofides and Serfling [11].
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Theorem 1.1. Let {Yy, Sk, k € N"} be a submartingale, {§x, k € N"} satisfies (1.3), and let
{Cx, k € N"} be a nonincreasing array of nonnegative numbers. Then for A > 0,

AP <sup Ci Yk > )L) < min { Z (Cx = Cisik,s1) EYy — Z Ck?S;"SI cYI:;S;nsdP}
k<n V]

1<s<r : n (s)
ksn - kiji#s ko=1Bky k]

(1.6)
< min { Z (Ck - Ck;S;ks+1)EY1: }’
k<n

1<s<r

where Cis0 = Chy,. kot aken,k, a1d Cx = 0 if ki > n; for somei=1,2,...,r.

7

Proof. In the multidimensional martingale case, Theorem 1.1 was proved by Christofides
and Serfling [11, Theorem 2.2] using properties of submartingale fields, thus assertion of
Theorem 1.1 is true. O

The following remark concerns the technique of the proof of Theorem 1.1 in martingale
case.

Remark 1.2. In the proof of Theorem 2.2 of [11], the authors construct the sets B](j) (see the

algorithm in [11]) and say “An explicit expression of the sets Bl((i) in terms of the sets Ay is
possible to derive, but such formula is notationally messy and complicated.” It seems that in

the proof, we can use the sets El(j ) constructed as follows (in the case r = 2, for simplicity).
Letn = (ny,ny), set Z;(w) = suplstnZCi]-Yi]- (w),

IV (w) = 1irlf {i: Zi(w) 21} (or my +1 if no such i exists),
SIsm

(1.7)
TV (w) = 1<i;r‘ng{i 1 CrYij(w) 2 A},

and set

BY = (I0w) =i, TV () = ). (18)

We obtain the sets 1§1(<2) by changing the order of taking maximum. In this construction we
used idea introduced by Zimmerman [12]. Similarly to the sets constructed by Christofides

and Serfling, 1§]((1), Eliz) are disjoint, s, and §, j, respectively, measurable, and

~1 ~(2
U Bl.(].) = U Bi(j) = [ sup  CyYj; 2 Af. (1.9)

1<i<m 1<j<n, 1<i<ng, 1<j<n,y 1<i<n, 1<j<n,

Such construction gives a simple formula and is very intuitive.

2. The Main Results

We start from the following generalization of Theorem 1.1.
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Theorem 2.1. Let {Yy, 8k, k € N"} be a submartingale, {Sk, k € N"} satisfies (1.3), and let
{Cx, k € N"} be a nonincreasing array of nonnegative numbers. Then for A > 0 and m < n,

)LP( sup Ci Y > .)L> < min Z (Ck - Ck;s;ksﬂ)EYJr, (2.1)
ke

)\ (m)] LSS e (o (m)]

where Cisa = Chy,. ket ke, A1d Cx = 0 if k; > n; for somei=1,2,...,71.

’

Proof. Assume without loss of generality that the sum on right-hand side of (2.1) has
minimum for sy = 1. Let us put D = (n) \ (m) and define disjoint partition of D as follow:

Di={j=(h,....jr) :mi+1<ji<ny, 1<jp<my,..., 1<j, <m,},
Di={j=(---jr):1<p<n, 1<jp<ny,..., m+1<ji <n, (2.2)

1< jin <mijp,...,1<j, <my},

fori=2,3,...,r.
It is easy to see that |Ji_;D; = D and D; N D; = & for i # j. Now, let us observe that we
can apply Theorem 1.1 to the “cubes” {k € N*: 1 <k < n}, where 1 <1 < n. Thus we have

AP( sup  CiYi > A) = AP( U Gz A])
ke[(n)\(m)] ke[(n)\(m)]

= AP(O U (G2 A]>

i=1 keD,

<Ay, P<sup CuYic > A) (2.3)

i=1 keD;

r

i +
: & i k;; {(Ci= G EYc)

< min Z Z {(Ck - Ck;s;ks+1)EY1:r}

1ss<r i KeD,

< 1I£151<I} Z {(Cx = Cigsk+1)EY, )

=7 ke[(n)\(m)] -

The next lemma is an equivalent version of the result obtained by Martikainen [13,
page 435] of Kronecker lemma in multidimensional case. Let1 = (ll, eer, ls), m = (my,..., my)
then N5 5 (1, m) = (Iy,...,ls, my, ..., my).
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Lemma 2.2. Let s,t > 1 be natural numbers, with s +t = r and {a;, 1 € N*®}, {by, m € N}
families of increasing, positive numbers such that ay — oo, by — oo strongly as1and m — oo.
Furthermore {x1m), (1, m) € N"} be an array of positive numbers such that

x
(‘i)‘“) (2.4)
(myens HPm
Then
1 X(1,m) s
— b 0 strongly as N° 3 Ny — o (2.5)
NI (1m)S(Ny Np) 7m
for every N, € N*.
Proof. By applying the Martikainen lemma to
x
YAN,) = Z Am)  Where N, € N*. (2.6)
m<N, m
O

Lemma 2.3. Let (B, ||-||) be a real separable Banach space and 1 < p < 2 and q > 1, then the following
properties are equivalent.

(i) B is R-type p.

(ii) There exists positive constant C such that for every n € N" and for any family { Xy, k €
N} of independent random vectors in B with EXy = 0,

E

2. X

k<n

q a’p
<CE <Z ||Xn||’”> . (2.7)

k<n

Proof. For r = 1 (Woyczyriski [14]) and since {Xy, k € N"} are independent, the lemma is
also valid for r > 1. O

Theorem 2.4. Let 1 <p <2,g> 1and {Xx, k € N"} be field of independent, zero-mean, B-valued
random vectors such that

5 ElXl™
min —_— (2.8)
1<s<r KeENT ks|k|Pq q
If B is R-type p, then
Sn
— — 0 strongly a.s. as n — oo. (2.9)

Ll
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Proof. Let Fn = 0(Xk, k < n), since Xy are independent, {Jix, k € N"} satisfies (1.3)
and {||Sk|P?, 3k, k € N’} is real, nonnegative submartingale. By the definition of strong
convergence of elements of B and “event occurs finitely (infinitely) often,” it is enough to
prove

S
lim P supMZA =0 where N'5N=(N,...,N) (2.10)
NTw \en T

for any A > 0. Let us observe, that by Theorem 2.1, Lemma 2.3 and Holder’s inequality for
some constants C, we get

|| S]] . ( 1 1 >
\PIP ——>1 )< — E|lS. |IP4
<i§§ i >t ) <min 2 (i~ s o ) FIS

1 1 1
< Cmi - E X
< @Jgkw(mw (|k|pq;5;ks+1)> (j(Zk” il >

(2.11)
1 1
< Cmi - K7 E|Ix"
- 1r£1“glfr}kgq(ﬂ(l’”" (kPq;s;ks+1))|| ]Szk 1%l
1
< Cmi ——  _NE||X;]|F9,
S {Islslsr}kszs|k|pq—q+1iSZk ” l”

where (|k|%;s; a) := kP, ..,-kf_laﬂkfﬂ-,...,-kf.
Now, it is enough to prove that appropriate multiple series is finite. Changing the order
of summation and comparing to integrals, for some constant C > 0 and for every s, 1 <s <,

we have

1 1
——NE|X]M = Y E|IX|) Y ————
l§\11<S|1(|quq+1 ]SZk ” ]II lg\] || k“ ijZSN]‘S|j|pq—q+l

1 1 L 1 1
<cC Exknr"f( - )]]( L )
kzg:v ” Npa—q+1 klsoqﬂﬁl i1i7s NPI— qu q
(2.12)

The above expression contains the following types of sums:

Z I (2.13)
o NP INHPa=a) (k- ... kim)Pq—q’ .
Z I (2.14)
NPT NI (kiy ... kim)w—q’

wherel,m=0,1,...,r=1,I+m=r—-1,and {iy, ...+, i,} is any subset of {1,2,...,7} \ {s}.
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Now, by Lemma 2.2, (2.13) tends to 0 as N — oo as well as (2.14) for [ #0. Hence, we
have

E[l x|

1
—— M E|X||P"<C — . 2.15
2 2 NI < € 20 e (219

We complete the proof by taking the minimum over s € {1,...,r} of both sides of (2.15),
combined with (2.8) and (2.11). O

For r = 1, we let obtain the following result.

Corollary 2.5. Let 1 < p <2, q > 1and let {Xi, k € N} be sequence of independent, zero-mean,
B-valued random vectors such that

< E[[ X ™
n=1 n
If B is R-type p, then
Sn
P 0 as.asn— oo. (2.17)

Corollary 2.5 for g > 1 is due to Woyczynski [14], which generalized results of
Hoffman-Jergensen, Pisier and Woyczynski [15] (1 < p < 2, g = 1), and results due to Brunk
[16], Prohorov [17] (B=R,p=2,g>1).

Example 2.6. Let r = 2 and let {Xy, k € N?} be a field of random vectors fulfilling the
assumptions of Theorem 2.4. For 0 € R,, we define 2-dimensional sector N, g as follow:

N2 = {(ki,k2) € N?: 1< ko < Ok }. (2.18)

Assume that {E||X,||P7, n € N?} are uniformly bounded by constant M and pg — g > 1/2.
Hence by comparison to integrals, we have

E|| X (ko e || 1

D <M Y ——— <o, (2.19)
(k1,k2)€N§ ks (klkz)pq I (k1,k2)€N§ ks (kl kz)pq 1
fors=1,2.
Thus, the condition (2.8) of Theorem 2.4 is met and we have
2N ken Xk
T — 0 strongly a.s. as n — co. (2.20)

In Theorem 2.7, we will give necessary and sufficient probabilistic condition for the
geometry of Banach space associated with the above-mentioned strong law. In Theorem 2.12
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we will replace geometric condition of Theorem 2.4 mentioned by probabilistic one to obtain
SLLN (2.9).

Theorem 2.7. Let 1 < p <2, g > 1. The following conditions are equivalent:

(i) B is R-type p.
(ii) For every A > O there exists Cy such that for any independent, B-valued, zero-mean random
vectors { Xy, k € N"},

E[[ X"

T (2.21)

d |k|1P<|||sk||| . A> oy

keN" keNT™

For r =1, the theorem is due to Woyczyriski [14].

Proof. (i)=(ii) Using Chebyshev inequality ,Lemma 2.3 and Holder’s inequality ,we have

E||Si|”
|k|pq+1

D |k|-1p< ”|1<k|” > )L> APy R

keN" keN"

<A 3 TS )|
keN” i<k

(2.22)
< CAPa Z E||Xk||qu|i|"’q+"‘2
KeN" i>k
EllX pq
< CA P4 Z ” k” —.
oy |k|pa-a+
(ii))=() Let n = (my,...,n,) and let {Y;,, ny > 1} be an arbitrary sequence of

independent random vectors in B, with EY,,, =0and T, = ZZ:]YTH‘ Set

Y,, for (m,ny,...,n.)=(m,1,...,1),
X, = (m,mz )= (m ) (2.23)
0 for (m,ny,...,n)#(m,1,...,1).

Then

T, Sn
Z,qlp<|| N > z|n|-1p<” [ A)
ni1=1 neN’” ||

E|[ X"
<CL 2 npraT
neN”

& ElYou ]I

—g+1
n1=1 nilﬂq 7

(2.24)

=C)L

Thus, (i) follows directly from Theorem 3.1 of Woyczynski [14]. O



Discrete Dynamics in Nature and Society 9

Combining Theorem 2.7 with the result of Rosalsky and Van Thanh [18, Theorem 3.1],
we get the following corollary.

Corollary 2.8. Let 1 <p <2, g > 1, and let B be a separable Banach space. If { Xy, k € N"} is family
of independent, B-valued, zero-mean random vectors, then the following conditions are equivalent.

(i) for every g > 1 and A > 0, there exists C) such that for any vectors { Xy, k € N},

E|| Xu [P
) |k|_1p<”5k” > A) <a Y M, (2.25)

KEN” K| W& kPt

(ii) For every random vectors { Xy, k € N"}, the condition

E[[ X"
I8

(2.26)
keN"

implies that the SLLN holds.

Before we state the next theorem, we need more notations and present some useful
lemmas. Let Ny = (0,1,2,...) and 2" =(2™,...,2"™), where 27! is defined as 0 and

for k < n denote S} = Z X;. (2.27)

k<j<n

Lemma 2.9 (Fazekas [2, Lemma 2.5]). Let {Xy, k € N"} be independent symmetric B-valued
random vectors. Assume that for all A > 0,

k k
5 P<|||s§k1|| ~Ells I >A> .
keNg

|241]

(2.28)

E<%‘|> — 0 strongly as n — oo,

then SLLN (2.9) holds.

Lemma 2.10 (Fazekas [2, Lemma 2.3] with ay = |k|). Let {Xx, k € N} be a field of independent,
symmetric, B-valued random vectors. If

Xkl < k| a.s. for every k € N”,

S (2.29)
ﬁ — 0 strongly in probability,

then E||Syl||/|In] — 0 strongly as n — oo.
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Lemma 2.11. For g > 1, there exists a positive constant C, such that for any separable Banach space
B and any finite set { Xy, k < n} of independent B-valued random vectors with Xj € L9 forall k < n,
the following holds.

For1<gq<2,

E|[ISall = ElSalll” < €5 3. EllXx

k<n

1 (2.30)

if g = 2, then it is possible to take C, = 4.
Forq>2,

q/2
2
ells.l - Elsall’ <, (Zelxd) « Sel| 2a)

k<n k<n
Proof. For r = 1, the result is due to de Acosta [19, Theorem 2.1]. Since {Xx, k € N"} are
independent the theorem is true in the multidimensional case. O

Theorem 2.12. Let { Xy, k € N"} be a family of independent B-valued zero-mean, random vectors
and assume ||Sy||/|n| — 0 strongly in probability. Then

(1) if 1 < g <2, then 3 ,ene (El| Xal|/In|7) < oo implies SLLN (2.9),
(ii) if 2 < g, then 3 cnv (ElXall7/n)%/%+1) < oo implies SLLN (2.9).

Theorem 2.12 is multiple sum analogue of a strong law of large numbers, Theorem 3.2
of de Acosta [19].

Proof. (i) Let us assume that {Xy, k € N} are symmetric (desymmetryzation is standard)
and put

Yie= Xil (| Xi|| < IK),  Ta= D Vi (2.32)
neN”

By assumption, it follows that >, cn-P([|Xk]l > |k|) < oo and by the Borell-Cantelli lemma, it
is enough to prove T, /|n| — 0 strongly a.s. It follows from assumption that

% — 0 strongly in probability, (2.33)
thus by Lemma 2.10
T |
E — 0 stronglyas n — oo, (2.34)

]
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and on the virtue of Lemma 2.9 and the Borell-Cantelli lemma, the proof will be completed if
we show that for any A > 0,

Vi
D P( | k:' > /\> <o, where Vi = ||T2 || - E||IT25 |- (2.35)
neN’" |2 |

Now, for any A > 0 by Chebyshev inequality and Lemma 2.11, we have

ZP<|Vk| >A>§ZM

keN” Izk_l | keN” g |2k_1 |q
C, 27 E|ly;||?
< 1—q —”. ;ll (2.36)
keNT gk-1<jok il
G2 < Ell Xl
< < oo
Ad keN" |k|q
(ii) The same arguments and Holder’s inequality
/2
\A C 1 2\’
ZP<T>A <O Xm0 X ElGlE) o+ X Ely)
KeN” |2 | 9 keN” |2 | 2k-1<j<ok 2k-1gj<ok
C 1 _114/2-1
Gy k_l,,[pk TS Bl S Eunn"] @37)
quN7|2 | 2k-1gj<ok 2k-1gj<ok
< 2_(:‘727(q/2+1) Z E”Xk”q
A KR [/
O
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