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1. Introduction and Results

The Bernoulli polynomials B (x) of order k, for any integer k, may be defined by (see [1-4])

I RN
m e :ZBH (.X')Z, |t|<2.’ﬂ'

n=0

(1.1)

The numbers Bf,k) = B,Sk) (0) are the Bernoulli numbers of order k, B,(f) = B, are the
ordinary Bernoulli numbers (see [2, 5]). By (1.1), we can get (see [4, page 145])

d
B (x) = nBY, (x),
k-n n
lek-*-l) (x) — TB;Sk) (x) + (x — k)EB](,l’?l(x)/
B,(,lk+1) (x + 1) — %Biﬁ)l(x) _ n ; kBy(lk) (x)/

where n € N, with N being the set of positive integers.
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(1.3)
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The numbers B,(qn) are called the Norlund numbers (see [2, 4, 6]). A generating function
for the Norlund numbers B,([‘) is (see [4, page 150])

(n)
(1+1) log(l +1) Z (1)

The D numbers Déﬁ) may be defined by (see [4, 7, 8])

(tesc ) = %(—1)"1);,’? (; oM< (1.6)

By (1.1), (1.6), and note that csct = 2i/(e' — e7*) (where i = —1), we can get

(k) W) [k
DY = 4B~ <§> (1.7)

Taking k = 1,2 in (1.7), and note that B (1/2) = (212" = 1)By,, B (1) = (1 - 21)B,,
(see [4, page 22, page 145]), we have

DY = (2 22">B2n, D) = 4"(1 - 2n)Byy.. (1.8)

The D numbers Dg;) satisfy the recurrence relation (see [7])
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By (1.9), we may immediately deduce the following (see [4, page 147]):
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The numbers Dgl") are called the D-Norlund numbers that satisfy the recurrence
relation (see [7])

) . (2n-2j)
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so we find D\ = 1,0 = -2/3,D" = 88/15,D{ = -3056/21,D = 319616/45,D\}" =
~18940160/33, ...
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A generating function for the D-No6rlund numbers Déi") is (see [7])

! Z ;3;“ <1 (1.13)
v1+t210g<t+\/1+t2> n=0 (2n)!

These numbers D(Z") and DSZH) have many important applications. For example (see
[4, page 246])
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The main purpose of this paper is to prove a recurrence formula for D numbers

Déi"fl) and to obtain a generating function for D numbers Déi"fl). That is, we will prove

the following main conclusion.

Theorem 1.1. Let n € N. Then

Z< >< DI (- 1))y ) = WCWZ) (1.15)

= n-1
so one finds D" = -1/3, DY = 17/5, DY = -1835/21, D’ = 195013/45, D!} =
~3887409/11, ...

Theorem 1.2. Let t be a complex number with |t| < 1. Then

2
@en-1) t _ 1 t 11
@ = . (1.16)
= @Cm)! V1 +£2 \log(t+ V1 +12)

2. Proof of the Theorems

Proof of Theorem 1.1. Note the identity (see [4, page 203])

w e a\DSH
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Therefore,
}LOB(H(“ k/i)z B}, (k/2) 21: <2n> Zék 22)( G s
<
By (2.3) and (1.2), we have
liinozn(zn - 1)352’;32(9: +k/2) §<i,;> ;ik zz) (G s
That is,
n(2n—1)13§’;>2< ) §< >Iz2§’zzi’j) 1) -1)D% (2.5)
By (2.5) and (1.7), we have
D = s 1)Z< > (1) ((j - 1)!)2D§:j22]f]), (2.6)

Setting k = 2n—1in (2.6), and note (1.10), we immediately obtain Theorem 1.1. This completes
the proof of Theorem 1.1. O

Remark 2.1. Setting k = 2nin (2.6), and note (1.10), we may immediately deduce the following
recurrence formula for D-No6rlund numbers Dﬁ"):

n /2 . .,
Z<2';><—1>J4f((j SO Sy (- men). (27)

j=1

Proof of Theorem 1.2. Note the identity (see [9])

Z( ~1)"4" (n!)? ! (1— ! 1og(t+\/1+t2>>, (2.8)
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where |t| < 1. We have

t2n+2
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That is,
o) 1 2
_ n-1,n-1 - 2
g( 1) 141 (1 - 1)1)2 (2 i 2<log<t+\/1+t )) . (2.10)
On the other hand,
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Thus, by (2.10), (2.11), and Theorem 1.1, we have

n-lgn-1 penn B3 (-1)"122n)! [2n -2\
nzl( 1) 4" ((n - 1)1)? )12 (2n)! _Z 4n <n_1 W (2.12)

n=1

That is,

2
%<log<t 1 +t2)) Z @n-1) én)! - 2\/% (2.13)

=1

By (2.13), and note that

t

lim——— =1, D{V=1, (2.14)
Holog<t +V1+t )
we immediately obtain Theorem 1.2. This completes the proof of Theorem 1.2. O
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