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We investigate asymptotic behavior and periodic nature of positive solutions of the difference
equation x, = max{A/x,1,1/x; 5},n = 0,1,..., where A > 0 and 0 < & < 1. We prove that
every positive solution of this difference equation approaches x = 1 or is eventually periodic with
period 2.
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1. Introduction

In the recent years, there has been a lot of interest in studying the global attractivity and the
periodic nature of, so-called, max-type difference equations (see, e.g., [1-17] and references
therein).

In [10], the following difference equation was proposed by Ladas:

A1 Ay Ap
, PR
Xn-1 Xp-2 xn—p

xnzmax{ }, n=0,1,..., (1.1)

where Ay, Ay, ..., A, are real numbers and initial conditions are nonzero real numbers.
In [17], asymptotic behavior of positive solutions of the difference equation was
investigated
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xn=max{ —, }, n=0,1,..., (1.2)
X1 Xn-2
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where 0 < a < 1 and 0 < A. It was showed that every positive solution of this difference
equation approaches x = 1 or is eventually periodic with period 4.
In [14], it was proved that every positive solution of the difference equation,

A B
xn=max{7,ﬁ—}, Tl=0,1,..., (13)
1 X

n—

where 0 < a, f<1,0 < A, and 0 < B, converges to X = max{A!/(@*) B/ Dy,
In this paper, we investigate the difference equation

A 1
xn=max{ )= }, n=0,1,..., (1.4)
Xn-1 Xy 3

where 0 < A, 0 < a < 1 and initial conditions are positive real numbers. We prove that every
positive solution of this difference equation approaches x = 1 or is eventually periodic with
period 2.

2. The Case A =1

In this section, we consider the difference equation

1 1
r
Xn-1 Xy 3

xn=max{ }, n=0,1,..., (2.1)

where0 <a < 1.
Theorem 2.1. Let x,, be a solution of (2.1). Then x, approaches x = 1.

Proof. Choose a number B such that 0 < B <1, let x, = BY" for n > -3. Then (2.1) implies the
difference equation

Yo =min{ - y,1,-ay,3}, n=01,..., (2.2)

where 0 < a < 1 and initial conditions are real numbers.
Let y,, be a solution of (2.2). Then it suffices to prove i, — 0. Observe that there exists
a positive integer N such that

YN =—YN-1, YN+ =—-ayn— forN >0. (2.3)
By computation, we get that

YN+2 = —YN+1, YNz = —AYN, YN = TYN+3 (24)
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and then

n n
4n+N = X YN 4n+N+1 = & YN+1
Yin YN, VYin YN+, Vi > 0.

YaneN+2 = ~YaneN+1,  Yan+N+3 = —AYaneN

S0, YaneN — 0, YansN+1 = 0, YanenN+2 — 0, Yanen+3 — 0. This implies y, — 0.

3. TheCase0< A<1

In this section, we consider (1.4), where 0 < a < 1.
Let x, = AY",n > -3. Equation (1.4) implies the difference equation

Yo=min{l-y,1, —ay,3}, n=01,...,

where initial conditions are real numbers.

Lemma 3.1. Let y, be a solution of (3.1). Then for all n > 0,
|yl < max {|yn-1]| =1, a|yn-s] }-

Proof. From (3.1), we have the following statements:

if Y1 > 0and y,-3 > 0, then |y,| < max{|y,—1| - 1, aly.-s|};
if yp-1 <0and yyu3 <0, then |y,| < alyn-sl;
if yp-1 2 0and y,3 < 0, then |y,| < max{|y-1| - 1, alyn-sl};
if yp-1 < 0and y,-3 > 0, then |y,| = aly,-s|.

In general, we have |y, | < max{|y,-1| — 1, a|ly,-3|} forall n > 0.

Theorem 3.2. ifx, is a solution of (1.4), x,, approaches x = 1.

Proof. Let y, be a solution of (3.1). To prove x,, — 1, it suffices to prove y,, — 0.

(2.5)

(3.1)

(3.2)

Choose a number f such that 0 < |y,-1| — 1 < B|y,|. Then from inequality (3.2), we get

that
|yn| < max {plynal, alyas|}, n>0.
Let y = max{f, a}, then0 <y <1and
[yl < ymax{|ynal, lynsl}, n>0.
From (3.4) and by induction, we get that

7 7

lyal < y" max {[yal, |yl [y}, n>o0.

This implies y, — 0.

(3.3)

(3.4)

(3.5)
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4. The Case A > 1

In this section, we consider (1.4). Let x, = AY" for n > -3. Equation (1.4) implies the
difference equation

Yo =max {1l -y,1,-ay,3}, n=01,..., (4.1)

where 0 < & < 1 and initial conditions are real numbers.
Theorem 4.1. If x, is a solution of (1.4), then the following statements are true:

(a) x, approaches x = 1, if there is an integer N such that

A 1
XN = , XNa1=—— for0<n<N. (4.2)
XN-1 XN-2

(b) x,, is eventually periodic with period 2, if there is an integer N such that

A
XN = , XN+1 = XN-1, A—a/(l—a) < xny-1 < Al/(l_u) f01’ 0 <n< N. (43)

XN-1

Proof. (a) Change of variables x, = AY", n > -3. If xy = A/xn-1 and xn41 = 1/x%,_, for
0 <n < N,then yv = 1-yn-1 and yn+1 = —ayn—. Let v, be a solution of (4.1). So, to
prove x, — 1, it suffices to prove y, — 0. From (4.1), there is at least an integer N such that
yn =1-yn-1 > 0and yn+ = —ayn— for 0 < n < N. By computation from (4.1), we get that
yn+1 <0, yn—2 > yn > 0 and then

yne2=1l+ayna, Yyn>yYn2>0,
YN+3 = —QYN, Ypni <YN+3 <0,

(4.4)
yYnu=1l+ayn, yn>yni22Ynua>0,
YN+5 = —YN+2,  Ypni SYN3 <Yn+s <0,
So, we have
YaneN > YansN+2 > Yanen+a > 0, YansN+1 < YaneN+3 < YansN+5 <0 (4.5)
for all n > 0. This implies vy, — 0.
(b) Change of variables x,, = A¥", n > -3. Let y,, be a solution of (4.1).
If xny = A/XN_1, XN+1 = XN-1, and A"/ 00 <y < AV A9 for 0 < < N, then
=1- - @ < < 1 (4.6)
YN = YN-1, YN+1 = YN-1, 1—a - YN-1 S 1—a .

Clearly, there is at least an integer N such that yy =1 - yn-1 for 0 <n < N.
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Suppose that yn+1 = yn-1 and yn1€[-a/(1-a),1/(1 - a)].

If yv-1 > 1/(1 — a) then from (4.1), we have yn+2 = —ayn-1. So, from (a) we get
immediately that y, — 0.

If yn-1 < —a/(1-a), then we have yn.2 = 1 -y~ and yni3 = —ayn. Then we get that
Yn — 0, from (a).

We assume that yn.1 = yn-1 and —a/(1 — a) < yn-1 < 1/(1 — a). To prove the desired
result, it suffices to show that y, is eventually periodic with period 2. By computation from
(4.1), we get immediately yn =1 — yn-1 for all 0 < n < N. This is the desired result. O
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