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1. Introduction

In the last decade, the study of delayed differential equations that arose in business cycles
has received much attention. The first model of business cycles can be traced back to Kaldor
[1] who used a system of ordinary differential equations to study business cycles in 1940
by proposing nonlinear investment and saving functions so that the system may have cyclic
behaviors or limit cycles, which are important from the point of view of economics. Kalecki
[2] introduced the idea that there is a time delay for investment before a business decision.
Krawiec and Szydlowski [3-5] incorporated the idea of Kalecki into the model of Kaldor by
proposing the following Kaldor-Kalecki model of business cycles:

PO~ aprorn, k@) - sor, ko)),
(1.1)
0 = 10 - ), K () - 4K ),

where Y is the gross product, K is the capital stock, a > 0 is the adjustment coefficient in
the goods market, g € (0,1) is the depreciation rate of capital stock, I(Y,K) and S(Y, K)
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are investment and saving functions, and 7 > 0 is a time lag representing delay for the
investment due to the past investment decision. This model has been studied extensively
by many authors; see [6-11]. Several authors also discussed similar models [12-14] and
established the existence of limit cycles.

Considering that past investment decisions [6] also influence the change in the capital
stock, Kaddar and Talibi Alaoui [15] extended the model (1.1) by imposing delays in both
the gross product and capital stock. Thus adding the same delay to the capital stock K in
the investment function I(Y, K) of the second equation of Sys. (1.1) leads to the following
Kaldor-Kalecki model of business cycles:

dl(;:t) =a[I(Y(t),K(t)) - S(Y(t),K())],
= (1.2)
_‘”;t(t) = (Y (t-7),K(t - 7)) - gK(8).

As in [3]; also see [10, 16, 17], using the following saving and investment functions S
and I, respectively,

S(Y,K) =yY, I(Y,K)=1(Y)-pK, (1.3)

where > 0 and y € (0,1) are constants, we obtain the following system:

DO _ afrer) - K - yr o),
(1.4)
% — I(Y(t-1)) - BK(t - T) - gK ().

Kaddar and Talibi Alaoui [15] studied the characteristic equation of the linear part of Sys.
(1.4) at an equilibrium point and used the delay 7 as a bifurcation parameter to show that the
Hopf bifurcation may occur under some conditions as 7 passes some critical values. However,
they did not obtain the stability of the bifurcating limit cycles and the direction of the Hopf
bifurcation. Wang and Wu [18] further studied Sys. (1.4) and gave a more detailed discussion
of the distribution of the eigenvalues of the characteristic equation which has a pair of purely
imaginary roots. They derived the normal forms on the center manifold for sys. (1.4) to give
the direction of the Hopf bifurcation and the stability of the bifurcating limit cycles for some
critical values of 7.

However, under certain conditions, the characteristic equation of the linear part of
Sys. (1.4) may have a simple-zero root, a double-zero root, or a simple zero root and a pair of
purely imaginary roots. In this paper, simple-zero (fold) and double-zero (Bogdanov-Takens)
singularities for Sys. (1.4) and their corresponding dynamical behaviors are investigated by
using k and 7 as bifurcation parameters (where k is defined in Section 2). The discussion of
zero-Hopf singularity will be addressed in a coming paper.

The rest of this manuscript is organized as follows. In Section 2, a detailed presentation
is given for the distribution of eigenvalues of the linear part of Sys. (1.4) at an equilibrium
point in the (k, T)-parameter space. In Section 3, the theory of center manifold reduction for
general delayed differential equations (DDEs) is briefly introduced. In Sections 4 and 5, center
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manifold reduction is performed for Sys. (1.4); and hence, the normal forms for simple-zero
and double-zero singularities are obtained on the center manifold, respectively. In Section 6,
the normal forms for the double-zero singularity are used to predict the bifurcation diagrams
such as Hopf, homoclinic, and double limit cycle bifurcations for the original Sys. of (1.4).
Finally in Section 7, some numerical simulations are presented to confirm the theoretical
results.

2. Distribution of Eigenvalues
Throughout the rest of this paper, we assume that

a,p>0, gq,y€(0,1), and I(s) is a nonlinear C* function, (2.1)

and that (Y*, K*) is an equilibrium point of Sys. (1.4). Let I* = I(Y*), u1 =Y -Y*, u, = K- K*,
and i(s) = I(s + Y*) — I*. Then Sys. (1.4) can be transformed as

du (t .
WD~ it (1) - pus(t) -y (9],
p (2.2)
t .
WD) iy (1)) - oot - ) - quar).
Let the Taylor expansion of i at 0 be
i(u) = ku+iPu? +i%u3 + (9<|u|4>, (2.3)
where
k — ll(O) — I’(Y*) 1(2) — 1111(0) — lIII(Y*) 1(3) - lilll(o) — lI’”(Y*). (24)
’ 2 2 ’ 3! 3!
The linear part of Sys. (2.2) at (0,0) is
du (t
% =a[(k-y)u(t) - pus(t)],
p (2.5)
t
20 kst 1) puslt 1)~ quot),
and the corresponding characteristic equation is
A(L) =A*+ AL+ B+ (fL+C)e™ =0, (2.6)

where

A=q-a(k-y), B=-ag(k-y),  C=afy. (2.7)
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For 7 =0, (2.6) becomes

M+ (A+p)L+B+C=0. (2.8)
Define
._Pr w_qtP
k* = Rt e (2.9)

Theorem 2.1. Let T = 0. If k < min{k*, k™ }, then all roots of (2.8) have negative real parts, and
hence (Y*, K*) is asymptotically stable. If k > min{k*, k**}, then (2.8) has a positive root and a
negative root, and hence, (Y*, K*) is unstable.

Now assume 7 > 0. Clearly A(0) = 0 if and only if k = k*. Next we always assume that
k = k*. It is easy to attain

A'(L)=2L+q- % +pe™™ - (BA+C)Te™,

(2.10)
A"(L) =2 -2pTe™ + prile™ + Crle ™.
Define 7* = (¢* + qf — afy)/aPyq. Then we have that,
4_ @22, 2322
8(0) = 2y, A", =1 F4 b Fr 2.11)
q apyq
Define
f(x)=x*+px—-apy,  g(x)=x*-px+a’py’. (2.12)

Hence if f(q) <0, 7* < 0, and hence A’(0) < 0, and if f(g) > 0, 7* > 0, and hence A’(0) = 0
if and only if 7 = 7*. Also A”(0)|,=- #0 if and only if g(g?) #0. Thus we obtain the following
result.
Lemma 2.2. Suppose that k = k*. Then the following are considered.

(i) If " <0, then (2.6) has a simple root 0 for all T > 0.

(ii) Let T* > 0. Then the following are given.

(a) Equation (2.6) has a simple root 0 if and only if T # 7%,
(b) Equation (2.6) has a double root 0 if and only if T = T* and g(g°) #0.
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Let wi (w > 0) be a purely imaginary root of (2.6). After plugging it into (2.6) and
separating the real and imaginary parts, we have that

w?* + afy = afy cos(wr) + fw sin(wr),

2 _ (2.13)
a qaﬂyw = afy sin(wT) — Pw cos(wT).
Adding squares of two equations yields
2
W+ & (Z ) o, (2.14)
q

Then (2.14) has a nonzero solution if and only if g(4*) < 0 and does not have a nonzero
solution if and only if g(g%) > 0. If g(4%) <0, from (2.14), we solve w as follows:

\V-8(4%), (2.15)

and from (2.13), we solve cos(wgT), sin(wyT) as:

w=wy=

| =

~q'w; + aPyws + qay (afy +wp) _

cos(wot) = ,
qap(a?y* + wp)
(2.16)
. qraywy — &’ fy’wo + qapywo + quy _
sin(wyt) = o) 5 =b.
ap(a?y? + wy)
Define
arccos a, ifb>0,
= (2.17)
20 —arccosa, if b<D0.
From (2.16), we obtain
1 . .
T=1i=—(6+2jr), j=012,.... (2.18)
wo

Clearly if p > 2ay, then g(x) = 0 has two positive roots, and if < 2ay, then g(x) > 0.
Now, under k = k*, we impose the following conditions:
(H1) p<2ay, 7 <0,
(H2) p<2ay, 7 >0, T#7%,
(H3)
(H4) g > 2ay, >0, 7#7*,¢(¢%) >0,

p<2ay, >0, T="1"
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(H5) B> 2ay, >0, 7#7*, ¢(¢%) <0,
(H6) p>2ay, >0, 7=7"g(¢%) >0,
(H7) B> 2ay, > 0,7 =1, ¢(¢%) <0.

Based on Lemma 2.2, we have the following result.

Lemma 2.3. Suppose that k = k* and 0 < g < 1. Then the following are obtained.

(i) Under one of the conditions (H1), (H2), and (H4), (2.6) has a simple zero root and does not
have other roots in the imaginary axis.

(i) Under the condition (H5), (2.6) has a simple zero root and a pair of purely imaginary roots
+woi in the imaginary axis if T = 7j,j=0,1,2,....

(iii) Under one of the conditions (H3) and (H6), then (2.6) has a double root 0 and does not have
other roots in the imaginary axis.

(iv) Under the condition (H7), (2.6) has a double zero root and a pair of purely imaginary roots
+woi in the imaginary axis if T* = T; for some j.

Now we use the roots of f(x) =0, g(x) = 0 to give a more detailed discussion for the
roots of (2.6). Define

i =5 (~p+ /P +dapy ),
¢ = %(ﬂz - W) (2.19)
q2 = %(ﬂz +4/p* - 4a2ﬁ2y2>.

Clearly qy is the positive root of f(x) = 0 and g1, ¢» are two positive roots of g(x) = 0 if
p > 2ay. Note that f(x) < 0if 0 < x < go,andf(x) > 0if x > g9, g(x) > 0if 0 < x < gy, or
x > o, then g(x) < 0if g1 < x < gp. Also note that as well as if f > 2ay, 3 < q1. In fact it is
based on the following calculation:

n-ai= 3 (9 -\ aar) - (-6 sy
= g <\/ﬂ2 + 4apy - \/[32 —4a?y? - 2ay>

_ 2apy(p- 2 - 4ay?)
) \/ﬂZ +4afy + \/[52 —4a2y? + 2ay
> 0.

(2.20)

Thus for f > 2ay, we always have q9 < /g1 < ,/g2. Noting that g € (0,1), we have the
following result.
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Lemma 2.4. Let p > 2ay. Then the following are given.

(i) Suppose that qo > 1. Then for 0 < q < 1, then (2.6) has a simple zero root and does not have
roots in the imaginary axis.

(ii) Suppose that qo <1 < /g1 < \/42- If 0 < q < qo, then (2.6) has a simple zero root and does
not have roots in the imaginary axis. And if qo < q < 1, (2.6) has a double zero root and
does not have roots in the imaginary axis.

(iii) Suppose that qo < \/q1 <1 < /q2. If 0 < g < qo, then (2.6) has a simple zero root and does
not have roots in the imaginary axis. If qo < q < \/q1, then (2.6) has a double zero root and
does not have roots in the imaginary axis. And if /g1 < q <1, then (2.6) has a double zero
root and has a pair of purely imaginary roots.

(iv) Suppose that \/q2 > 1. Then if 0 < q < qo, then (2.6) has a simple zero root and does not
have roots in the imaginary axis. If qo < q < \/q1, then (2.6) has a double zero root and
does not have roots in the imaginary axis. If \/q1 < q < /q2, then (2.6) has a double zero
root and has a pair of purely imaginary roots when T* = T; for some j. And if \/q2 < q <1,
(2.6) has a double zero root and does not have a pair of purely imaginary roots.

Define A(t) = o(7) + iw(T) to be the root of (2.6) such that o(7j) = 0 and w(7;) = wo.
Then we have the following result.

Lemma 2.5. Suppose that k = k* and g(q*) < 0. Then o' (t;) > 0.

Proof. Differentiating (2.6) with respect to 7 yields

T [2A+g-a(k-y)]eV”
(@) _ P rg-alk-yplet+p T (2.21)
dr AB(A + ay) A
and a simple calculation gives
AL\ L PV + (- + 3 + 2> 28 _ 22 — gt
Re(_) _ @Y+ (-p T 0) _ TP - Py T o
L P (ay* + wj) Fa*(a®y® + wp)
el
which gives
, di\™ : 2
Sign Re <E> = Slgn(—g<q )) =1, (2.23)
T=T]‘
thus completing the proof. O

Next we discuss the distribution of other roots of (2.6). We need the following lemma
due to Ruan and Wei [19].

Lemma 2.6. Consider the exponential polynomial

P()L, e’“) =p(A) + g(N)e™, (2.24)
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where p, q are real polynomials such that deg(q) < deg(p) and T > 0. As T varies, the sum of the
order of zeros of P(\, e™7) on the open right half-plane can change only if a zero appears on or crosses
the imaginary axis.

Lemma 2.7. Let k = k* and T > 0. Then, the following are obtained.

(i) If g > qo, then all roots of (2.6) except O and purely imaginary roots have negative real
parts,

(ii) If 0 < q < qo, then (2.6) has at least one positive root.
Proof. Note that, for 7 = 0, if g > go or ¢* + gf > afy, A(A) = 0 has a zero root and a negative

root. Using Lemmas 2.2 and 2.6, we obtain claim (i). For 7 = 0, A(A) = 0 has a zero root and a
positive root if 0 < g < go or ¢* + gp < aPy. For 7 > 0, let

A(N) B+ Ce™"

f === =1+A+ pe™" + T (2.25)
Also noting that B + C = 0 when k = k*, we have that
lim f(A) = A+ f—Cr = 1[(q2+qﬂ—apy) - apyr| <0 (2.26)
A—0* q ! ’

and lim) _, . f (1) = co. This proves the second part of the lemma and completes the proof of
the lemma. O

3. Center Manifold Reduction

In this section, we briefly summarize the theory of center manifold reduction for general
DDEs. The material is mainly taken from [20, 21]. Consider the following DDE:

% = L(u)xi + G(xt, ), (3.1)

where x € C([-7,0], R"), u € RP. This equation is equivalent to

dx du
2 i A 3.2
at L(‘u)xt + G(xt, //l), ar 0, ( )
which can be written as
“;—)t( = LX, + F(X}), (3.3)

where X = (x, u)", F(X;) = (G(x;),0)", and £ = diag(L,0). Define X € C := C([-7,0], R"*P)
with supreme norm and X; € C is defined by X;(0) = X(t+0), -71<0<0; £:C — L(R"P)is



Discrete Dynamics in Nature and Society 9

a bounded linear operator; and F : C — Cisa C¥ (k > 2) function with F(0) = 0, DF(0) = 0.
Consider the following linear system:

X(t) = £X,. (3.4)

Since £ is a bounded linear operator, then £ can be represented by a Riemann-Stieltjes
integral

0
Ly = J‘_ dn(@)e0), VYeeC, (3.5)

by the Riesz representation theorem, where n(0) (6 € [-7,0]) is an (n + p) x (n + p)
matrix function of bounded variation. Let «#/ be the infinitesimal generator for the solution
semigroup defined by Sys. (3.4) such that

0
Hop =¢, D(Hy) = {(p € C'([-1,0], R™P) : ¢(0) = J: dq(@)(p(@)}. (3.6)

Define the bilinear form between C and C* = C([0, 7], R™*)*) (where R"P)* is the space of
all row (n + p)-vectors) by

0 0
(.9) = 9O00) - [ [ pe-0rn@p@at, vpec, e 37)

The adjoint of 4 is defined by &/ as
0
Sy =, D(H) = {(p e C'([0,7], R™P*) : :(0) = —J q;(—@)dq(@)}. (3.8)

In our setting, (3.3) has p trivial components. Assume that the characteristic equation of (3.3)
has eigenvalue zero with multiplicity 2p and all other eigenvalues have negative real parts.
Then £ has a generalized eigenspace P which is invariant under the flow (3.4). Let P* be the
space adjoint with P in C*. Then C can be decomposed as C = P& Q where Q = {¢ € C :
(g, ) =0, Vg € P*}. Choose the bases @ and ¥ for P and P*, respectively, such that

(¥,0)=1, d=0] ¥=-J¥, (3.9)

where ] is Jordan matrix associated with the eigenvalue 0.
To consider Sys. (3.3), we need to enlarge the space C to the following BC:

BC = {(p : [-7,0] — R™? : ¢ is continuous on [-7,0), Elelirroli(p(G) € R"*P}. (3.10)
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The elements of BC can be expressed as ¢ = ¢ + Xoa with ¢ € C, a € R"™7, and

0, -T<0<0,
Xo(0) = (3.11)
I, 6=0,

where I is the n x n identity matrix. Define the projection or : BC — P by
7 (p+ Xoax) = O[(¥, ) + ¥(0)a]. (3.12)

Then the enlarged phase space BC can be decomposed as BC = P@ kerar. Let X = ®x + y
withx € R* and y € Q' = {p € Q : ¢ € C}. Then (3.3) can be decomposed as

x=Jx+¥P0)F(Dx+y),

(3.13)
y = JQ1y+ (I—JZ') XOF(‘Px+y),
where o is an extension of the infinitesimal generator &, from C'! to BC, defined by
¢, -1<6<0,
Ao =¢+Xo[Lp—¢(0)] = { o (3.14)
[ anwy, e=o
for ¢ € C! and its adjoint by «/* is defined by
-, 0<s<6,
Ay = 0 (3.15)
[ wone), s-o
for ¢ € C*. Let F(v) = 2.j>2(1/j1)Fj(v). Then Sys. (3.13) becomes
x=Jx+ Zl Hx,y)
- : ]'vf]' 'Y)
j227"
(3.16)

. 1
y=dAgy+ D =fi(xy),
=]

where

fi(xy) =¥ F(Px+y),  fi(xy)=I-x)XF;j(Dx +y). (3.17)
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On the center manifold, (3.16) can be approximated as
o 14 0
x—Jx+Zﬁf,- (x,0). (3.18)
=]

4. Simple-Zero Singularity

In this section, we assume that the condition (H2) holds. From the definition of 7*, we know
that 7 > 0 if and only if g > go. Therefore (H2) is equivalent to

k=k*, g>q, 7>0, T#7T". (4.1)

From (ii) of Lemma 2.4 and (ii) of Lemma 2.7, we know that, at (0,0), the characteristic
equation of the linear part of Sys. (2.5) has a simple zero root and the rest of roots have
negative parts. We treat k as a bifurcation parameter near k*.

Set C := C([-7,0],R%), C* := C([0,7],R*>). Let 4 = k — k*. Then Sys. (2.5) can be
rewritten as

d . .
% —a %Yul(O) - Pua(0) + puy (0) + l(z)u%(O) + 1(0)u%(t) + (9<|/4||u|2 + |u|4>,
@_* o o _ -(2), 2/ 2(3),,3(_ 2 4
T = k(1) = qua(t) + pun (1) = puz(-7) +iPu} (1) + iV T)+o<|,4||u| +ul )
dp
i 0.
4.2)
The linearization of Sys. (4.2) at (0,0,0) is
du; _ apy
T u1(0) — apuz(0),
iy _ s 43
ar k*u1(-7) — qua(0) - pua(-7), (4.3)
dp
i 0.
Let n7(0) = A5(0) + B6(0 + T) where
% _af 0 0 0 0
a=l o 40| B=|K-pol (4.4)

0 0 0 0 00
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Let X = (ul,uz,y)T and

apniy (0) + ai®u2(0) + ai®13(0) + (9(| |l + |u|4>

FX) = | (=1) + @12 (=7) + 128 () + O (|l ful® + Ju*) | (4.5)
0
Define
0
Ly = f dn(0)p0), VYeeC. (4.6)

Then Sys. (4.2) becomes

X(t) = LX; + F(Xy). (4.7)

From (3.7), the bilinear form can be expressed as
0
(g, 9) = p(0)p(0) + J @ (S +7)By()ds. (4.8)

It is not hard to see that the infinitesimal generator « : C' — BC is given by

¢, -1<0<0,
A9 =¢+Xo[Ly - ¢(0)] = (4.9)
A‘)0(0) + IB3‘)0(_7-)/ 0= O/

for ¢ € C! and its adjoint &#/* by

-, 0<s<0,
Ay = (4.10)
p(O)A+¢(T)B, s=0,

for ¢ € C™.
Next we obtain the bases for the center space P and its adjoint space P*, respectively.
Let 4¢ = 0 for ¢ € C', that is,

p0)=0 for —7<0<0, Ap(0)+By(-t)=0 for0=0. (4.11)
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then we know that ¢ is a constant vector (ay, a, a3)T € R?\ {0} such that

(A+B)(a1, a2, a3)" = 0. (4.12)

Then we have two linearly independent solutions ¢1 = (g, y,O)T, w2 = (0, 0,1)T which are
bases for the center space P. Let @ = (g1, ¢2).
Similarly, let «#*¢ = 0 for ¢ € C!*, that is,

-¢(s)=0 forO0<s<7, @¢0)A+¢(t)B=0 fors=0, (4.13)

then we know that ¢ is a constant vector (by, by, b3) € R** \ {0} such that

(bl, by, bg)(A + H‘B) =0. (4.14)

From this we have two linearly independent solutions ¢ = (—(g + ), ap,0) and ¢» = (0,0, 1)
which are bases for the center space P*. Let W = (rgs;, ¢n)” with r being determined such that
(@1,1) = 1. In fact

1

Clearly r is well defined since T — 7* #0. It is not hard to check that ® = ®J, ¥ = —J¥ and
(¥,®) =1, where | = <g 3)

Let u = ®x + y. Then Sys. (4.2) can be decomposed as

% =YF(Dx+y),

(4.16)
]] = AQ1y+ (I—JZ')X()F((I)JC +y)
Write x = (x1, u). Note that
—rag®(ux, + gi®x? + g%i®x3
W (0)F(Dx) = < 7w qo 174 1)> +hot. (4.17)
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Here h.o.t. represents higher-order terms. Thus, for sufficiently small p, on the center
manifold, if i® #0, then Sys. (4.2) becomes

X = —raqzﬂxl - raq3i(2)x% +h.o.t.,

(4.18)
p=0.
Ifi® = 0 and i® #0, then Sys. (4.2) can be transformed into the following form:
%1 = —ragiux; - rag*i® x> + ho.t,
(4.19)

ji=0.

Thus we have the following results.

Theorem 4.1. Let p be small. Then consider what follows.

(i) Suppose that p = 0. Then if i® #0, the equilibrium (Y*, K*) is unstable, and if i® = 0
and i® #0, then the equilibrium (Y*, K*) is asymptotically stable for (T — 7*)i® > 0 and
unstable if (T - 7)i® < 0.

(ii) The equilibrium (Y*, K*) is asymptotically stable if (T—7*)p > 0 and unstable if (T—1*)p <
0.

(iii) At (Y*,K*,k*), Sys. (1.4) undergoes a transcritical bifurcation if i #0 and a pitchfork
bifurcation if i® = 0 and i®® #0.

5. Double-Zero Singularity

In this section, we assume that one of the conditions (H3) and (H6) holds and g(4%) > 0, or
equivalently, as

k=k*, =1, q>qo, g<q2> > 0. (5.1)

From Section 2, we can see that, at (0, 0), the characteristic equation of Sys. (2.5) has a double
root 0 and all other roots have negative real parts if k = k* and 7 = 7*. We treat (k,7) as a
bifurcation parameter near (k*, 7%).

By scaling t — t/7, Sys. (2.2) can be written as

dud;t(t) =ar(k —y)ui(t) — aprus(t) + aTiQ)u%(t)
+ Ti(3)u? (t) + O<|u1|4>,
(5.2)
% =tkui(t - 1) - (g + f)Tua(t) + Ti9ul(t - 1)

+ i3 (- 1) + (9(|u1|4>.
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Let C := C([-1,0],R*),C* := C([0,1], R*). Let py = k — k*, po = 7 — T*. Then on C we have

% =a ﬂ—YT*ul (0) = pr*u2(0) + 7° p1u1 (0)
q
By _ x:(2), .2
+ ;‘uzul(O) Ppouz (0) + 71 u7(0)
+iPp12(0) +i¥7u5(0) +i® pord (0) | + (9<|/4|2|u| + |;1||u|4>,
duz _ ﬂY * * *
T 7’[‘ ui(t—1) —qrius(t) — pruy(-1) (5.3)
) Py
+ T g (-1) + 7#2”1(—1) = qpau2(0) — Ppoun(-1)
+iP7 13 (1) +i® ppu? (-1)
+ i(3)7-*u‘;’(—1) + i(B)yzui’(—l) + (9<|‘u|2|u| + |‘u||u|4>,
dﬂl _ d‘uz _
PR T
The linearization of Sys. (5.3) at (0,0,0,0) is
duq (t a
”;t( ) _ %T*ul(O) — aprus(0),
du;t(t) =k"t*u1(-1) - qm*u2(0) — prruz(-1), (5.4)
d‘u1 _ dﬂz _
a7 Ty 70
Let
1n(0) = A6(0) + B6(O +1), (5.5)
where
%YT* —apr 0 0 0 0 00
e kK*t* -t 0 0
A= O 9 00 g p : (5.6)
0 0 00 0 0 00

0 0 00 0 0 00
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Define
0
Ly = f dn(0)p0), VYeeC. (5.7)
-1
Let C! = C'([-1,0], R*). Let X = (w1, up, 1, 2)" and F(X;) = (F!, F2,0,0)" where
Fl=a [T*ylul (0) + ﬂ%yzul (0) = Buauz (0) +iP7*u2(0) +i® 745 (0)

+ O (|1l + || ll*),

(5.8)
F? = 7" (-1) + %Yﬂzul(—l) — qpau2(0) = Brauz (1)
+iP7*12(0) +i® 73 (-1) + (9<|/1|2|u| + |/1||u|4).
Then Sys. (5.3) can be transformed into
X(t) = LX; + F(Xy). (5.9)

Let C* = C([0,1],R*). From (3.7), the bilinear inner product between C and C* can be
expressed by

0
(19 = 909 0) + [ @+ DB, 610

for p € C and ¢ € C*. As in Section 4, the infinitesimal generator / : C! — BC associated
with £ is given by

-1<0<0,

@,
A =¢+Xo[Lp-¢0)] = {A(P(O) Bp(-1), 80 (5.11)

for ¢ € C! and its adjoint by

—(s, 0<s<l1,
Ay = (5.12)
p(OA+¢(1)B, s=0,

forg e C I* From Section 2, we know that 0 is an eigenvalue of &/ and «#* with multiplicity
4. Now we compute eigenvectors of «# and «#* associated with 0, respectively.

Next we obtain the bases for the center space P and its adjoint space P*, respectively.
Let #¢ = 0 for ¢ € C'. This means that

p) =0 for —1<0<0, Ap(0)+Bp(-1)=0 for O =0. (5.13)
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From this we obtain that ¢(6) = ¢° is a constant vector in R* satisfying

(A+B)g’ =0. (5.14)

This equation has three linearly independent solutions: a; = (gq,7,0, O)T, as = (0,0, 1,0)T,
ays =(0,0,0, 1)T. Let (p(l) be one of those. Suppose that #a, = (p(f fora, € C, namely,

a(0) =¢) for —1<0<0, Aay(0)+Bax(-1) =¢) for 6=0. (5.15)

This implies that there is a constant vector ¢ in R* such that a,(6) = ¢J60 + ¢ and

.E((p?@ + (pS) = ¢l (5.16)
Since
2(g30+¢3) = £(%0) + £(¢3) = Byl + (A + B)g, (5.17)
we have that
(A +B)gd = (I+B)¢’. (5.18)

It is easy to see that (5.18) has no solution if ‘P(1) is either as or ay. For (p(l) = ay, setting (pg =
(0,1,0,0)" in (5.18), we obtain

2
Y
_ 5.19
: q*+qp - apy’ (519

and hence a,(0) = (6q,1+y6,0, O)T. Thus we obtain bases aj, ay, as, a4 for the center space P.

0100
Let @ = (ay, as, as, as). Then we have that ® = ®] where | = g g g g
0000
Similarly, let #* ¢, = 0 for ¢, € C!*, that is,
—(s) =0 for0<s<1, ¢g(0)A+¢g(-1)B=0 fors=0, (5.20)

which means that ¢ (s) = ¢ is a constant vector ¢ € R* \ {0} satisfying

@3 (A+B) =0. (5.21)



18 Discrete Dynamics in Nature and Society

This equation has three linearly independent solutions: b, = (m(qg + p),-map,0,0), bs =
(0,0,1,0), by = (0,0,0,1). Asserting that (b, a,) = 1 gives

2(q” +9p - apy)
- 7 — PP+ a2y (5.22)

Let ¢ be one of by, bs, by. Suppose #*by = ¢, that is,

~bi(s) =¢) for0<s<1, bi(0)A+b(1)B=¢) fors=0, (5.23)

which implies that there is ¢! € R* such that by (s) = —¢)s + ¢} satisfying

2 (~g3s +47) = . (5.24)
Since
L <—q;gs + (,u?) ==L <qrgs> + L (qr?) = —¢)B + ¢l (A +B), (5.25)
we have
¢} (A +B) = ¢J(I +B). (5.26)

It is not hard to check that (5.26) has no solution if ) = bs or by. Letting ¢ = by, setting
qr? = (m,n2,0,0) in (5.26) and using (b1, a2) = 0, we can get n; and ny:

2(q +P)(q° - 3q4°B - 39** + ¢°P° + 3¢ a*p*y* - 3qa®Fy? + 2a° )

" 3(q* - 424> + 2py?)’
. (5.27)
_ 2ap(=q” +2qp + aPy) (4” + 4p —apy)”
3(q* - 2P + a2f2y2)°
Hence
bi(s) = ¢ — s = (-m(q + B)s + n1, maps + n,,0,0). (5.28)

Then by, by, b3, by are bases of the center space P*. Let ¥ = (b, by, bs, b4)T. Then (¥, D) = I,
O=0Jand ¥ = -J¥.
Let u = ®x + y, namely,

u1(0) = gx1 + g6x2 + y1(0),
(5.29)
up(0) = yx1 + (1+y6)x2 + y2(0).
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Then Sys. (5.9) can be decomposed as

x=Jx+¥0)F(dx +y),

(5.30)
y=Aqy+ I -m)XoF(Ox +v).
Write x = (x1, x2, 41, 42). Then, on the center manifold, Sys. (5.30) becomes
X1 = (011#1 + azlllz)x1 + (1121/11 + azz#z)xz
+any " <i(2)q2x% + i(3)q3T*xf> + 17"
X [i(z)q2 (x1—x2)% + g% (x1 - xz)3] +h.o.t.,
% = (bupn + barpa)x1 + (brapin + boopin ) x2 (5.31)

+ma(q+p)T* (i(z) g x3 + i(3)q37*xi’) + mapt*
X [i(z)q2 (x1 = x2)* + ¥ (o) - x2)3] +h.o.t,
m=0, =0,
where
an = qr*(am +ny), arn =-a((q+p)y —qgk*)m + (-(2g + B)y + gk*)ny,
ap =—qm7’,  ap=—(lapm + ((q+p)(I-y) +qk*)n2), (5.32)
by = mg*at*, by = mgapy, by, = mgapr*, by = map(-(q+ p)y + qk*).

Next we use techniques of nonlinear transformations in [22] to transform Sys. (5.31)
into normal forms. If i? #0, then up to the second order, Sys. (5.31) can be written as

X, = (6111#1 + a21,u2)x1 + (a21ﬂ1 + a22#2)x2
+ anlr*i(z)qzx% + nzT*i(2)q2(x1 - xz)2 + h.o.t,,
%y = (biipn + barpa) x1 + (bropin + boopin ) x5 (5.33)

+ma(q +p) 7% g% % + mapri® ¢ (x; - x2)> + hoo.t,,

=0, fo =0.
This system can be transformed into the following normal form:

X1 =X+ h.O.t.,
(5.34)
. 2
Xp = p1X1 + paxo + a1x] + bixixo + hot,
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where
p1 = b + by, p2 = (an + b)) + (ax + bn)p,
(5.35)
a; = mgPar*i®, by = 2g*(map + an; + nz)T*i(z).
Since
8p1 E)p1
o | _ o Opr
o = B 9
a[/l1 aﬂz
(5.36)
= —qua}f(maﬂz +apni + (g + ﬂ)n2>r*
_ gyt (4 +ap - apy)
(@ -p+apyr)’
we have that (u1, u2) — (p1, p2) is regular and hence the transversality condition holds.
Ifi® = 0 and i®® #0, then up to the third order, Sys. (5.31) becomes
X1 = (1111//11 + amﬂz)xl + (a21li1 + azz#z)xz
+ cxan*i(3)q3T*x? + nzr*i(3)q37'* (x1 — x2)3 +h.o.t,
%y = (biipia + barpn) x1 + (bropin + boopin ) x2 (5.37)
+ma(q+ )T i% @1 % + mapri®gPr* (x - x2)° + hoot,
=0, f2 = 0.
This system can be transformed into the following normal form:
X1 =X+ h.O.t.,
(5.38)

Xy = p1X1 + paxo + azxf + bzx‘%xz +h.o.t,

where a, = mg*at*i®, by = 3¢° (map + any + ny)T*i®.

6. Bifurcation Diagrams

In this section, we will use the truncated systems (5.34) and (5.38) to obtain bifurcation
diagrams of Sys. (5.3).
First, we consider the truncated system of (5.34):

X1 = X2,
) 6.1)
Xy = p1X1 + PaXo +ajxy + b1x1x2,
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where a; and b, are in Section 5. Note that (a;,b;) — (—ay,—b1) under the transformation
(x1,x2) — (=x1,-x2). We may assume that i¥ > 0. After the change of coordinates

2
a P1 aj b
== (4-= — 5 t— | = 2
X1 = <§1 b >, X2 Sbf &, o T, (6.2)
we have (still using x1, x, for simplicity) that
X1 = X,
(6.3)

X2 = V1 +VaX] + XT + SX1X,

where v; = —(b%/a?)(blpl —aipy), v = (b1/a%)(b1p1 —2a1p1) and s = sign a;b; = £1. Simple
calculation shows that s = sign(6) where

6= q6 - 3q4[52 - 2q3ﬁ3 + 3q2a2[52y2 + 2a3ﬂ3y3. (6.4)

Now take s = -1, namely 6 < 0. The complete bifurcation diagrams of Sys. (6.3) can be
found in [22]. Here, we just briefly list some results. For (v1,v,) small enough, consider the
following.

(i) Sys. (6.3) undergoes a fold bifurcation when (v1,v;) is on the curves

T ={(vi, ) :4v1 —v2=0, v, >0}, T~ ={(vi,m):4v1 —-v2=0, v, <0}. (6.5)
2 2

(ii) Sys. (6.3) undergoes a Hopf bifurcation when (v, 1) is on the half-line

H = {(v1,m):v1=0, » <0}, (6.6)

and the Hopf bifurcation gives rise to a stable limit cycle.

(iii) Sys. (6.3) undergoes a homoclinic loop bifurcation when (v1,1,) is on the curve

6
P= {(vl,vz) TV = —gvg, vy < 0}. (6.7)

Moreover, when (v1,,) is in the region between the curves H and P, Sys. (6.1) has a unique
stable periodic orbit.

For s = 1, under the transformation t — —f, x; — —xj, we can get Sys. (6.12) whose
parametric portrait remains as it was but the cycle becomes unstable. Applying the above
results and using the expressions of v1, v;, we obtain the following result regarding Sys. (5.3).
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Theorem 6.1. Suppose that i® > 0 and & < 0. For sufficiently small p1, pa, consider the following
(i) Sys. (5.3) undergoes a fold bifurcation in the half-lines

H2, a2 < 0}, T = {(#1/#2) T = - Py Ha, p2 > 0}- (6.8)

qr”

T.= {(#1/#2) t=- by

qr”

(ii) Sys. (5.3) undergoes a Hopf bifurcation on the curve

_y(2map? + 2apny + (q +2p)n2)
q(map + any + ny)7*

H-= {(yl,yz) D1 = Yo + O(y%), Yo > O}. (6.9)

(iii) Sys. (5.3) undergoes a saddle of homoclinic bifurcation on the curve

y(12maf? + 2apn; + (79 + 12f)n,)
5q(map + any + ny) T* #

P= {(#1,#2) = 2 +O<y§/2>, o > 0}. (6.10)

Moreover, if (1, ua) is in the region between the curves H and P, Sys. (5.3) has a unique stable
periodic orbit.

Next, we consider the truncated system of (5.38):

X1 = X2,
L (6.11)
Xy = p1X1 + paXxo + dxxy + blexz,

where a, b, are in Section 5. The bifurcation diagrams of this system are more complicated
and interesting. We must consider two cases.

Case 1 (i® > 0 so that a, > 0). We can assume b, < 0 which is equivalent to 6§ < 0 in (6.4).
Then Sys. (6.11) can be transformed as

X1 = X2,
(6.12)
Xy = £1X1 + £xXxp + x? - x%xz,
where
by \? b,
= (== =_Z),. 6.13
€1 <a2> P1, & uzpz ( )

The complete bifurcation diagrams of Sys. (6.12) can be found, for example, in [22-24]. For
b, > 0, under the transformation t — —f and x; — —x;, we can get Sys. (6.12). Here, we
briefly list some results: for small €1, €, as follows.



Discrete Dynamics in Nature and Society 23

(i) When (g1, £;) is in the line

T ={(e1,62) :61=0, &2 € R}, (6.14)

Sys. (6.12) undergoes a pitchfork bifurcation.

(ii) Sys. (6.12) undergoes a stable Hopf bifurcation for the trivial equilibrium point on
the half-line

Hy = {(e1,€2) : &2=0, &1 <0}; (6.15)

(iii) On the curve

1
C-= {(gl,gz) 2= -zen+ o<|gl|3/2), £ < o}, (6.16)

Sys. (6.12) undergoes a heteroclinic bifurcation. Moreover, if (€1, £2) is in the region between
the curves H; and C then Sys. (6.12) has a unique stable periodic orbit.

Applying the above results and using the expressions of pi, p», €1, €2, we obtain the
following theorem regarding Sys. (5.3).

Theorem 6.2. Suppose that i® = 0,i® > 0and 6 < 0. For sufficiently small py, py, the following
are given.

(i) Sys. (5.3) undergoes a pitchfork bifurcation in the line

le {(‘ul,ﬂz) Zﬂlz—ﬁy Ha, ﬂzER}. (617)

qr’

(ii) Sys. (5.3) undergoes a stable Hopf bifurcation in the half-line

Y12
T (map + any + ny)

ﬁl = {(‘1,[1,/42) W= Ho, K2 > 0} (618)

(iii) Sys. (5.3) undergoes a branch of homoclinic bifurcation on the curve

y(B3map? + 3apn; + (5q + 3f)ny)
2g(map + any + ny)*

C= {(#1,#2) = ‘u2+(9<|y2|3/2>, o > o}. (6.19)

Moreover, if (u1, up) is in the region between the curves Hj and C, Sys. (5.3) has a unique stable
periodic orbit.
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Case 2 (i® < 0 so that a, < 0). We assume b, < 0, namely 6 > 0. After rescaling, then Sys.
(6.11) can be transformed as

X1 =X,
(6.20)
Xp = £1X1 + £xXp — xf - X%XQ,
where
b1 \? b,
= (= =), 6.21
€1 <a1) P1, & a1p2 ( )

For b, > 0, under the transformationt — —t,x; — —x;, we can get Sys. (6.20). The complete
bifurcation diagrams of this system can be found, for example, in [22-24]. Here, we briefly
list some results: for small 1, &, as follows.

(i) When (g1, £) is in the line

Ty = {(e1,62) : €1 =0, &2 €R}, (6.22)

Sys. (6.20) undergoes a pitchfork bifurcation.
(ii) When (g1, £;) is in the half-line

H, = {(e1,€) : &2 = &1, &1 >0}, (6.23)

Sys. (6.20) undergoes a stable Hopf bifurcation at E;, and the bifurcation is
subcritical.

(iii) When (&1, &2) is on the curve
4
C= {(51,82) e = et (9<|61|3/2>, € > 0} , (6.24)

Sys. (6.20) has a unique homoclinic orbit connecting E; and E; and two homoclinic
orbits simultaneously at Ey. Moreover, if (1, €;) is in the region between the curves
H> and C’, Sys. (6.20) has three limit periodic orbits: a “large” one and two “small”
ones.

(iv) When (&1, &7) is on the curve
Cy= {(51,52) tey=cer+ (9<|£1|3/2>, £ > 0}, (6.25)

where ¢ = 0.752, Sys. (6.20) undergoes a double limit cycle bifurcation. Moreover, if
(€1, &2) is in the region between the curves C' and Cy, then Sys. (6.20) has two large
limit cycles: the outer one which is stable and the inner one which is unstable, and
these two cycles collide on Cy.
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Applying the above results and using the expressions of pi, p», €1, €2, we obtain the
following theorem regarding Sys. (5.3).

Theorem 6.3. Suppose that i¥) = 0,i® < 0and 6 > 0. For sufficiently small p1, pa, considered the
following.

(i) Sys. (5.3) undergoes a pitchfork bifurcation in the line

Py

qr*’

T, = {(#L,MZ) TH1 = W2 € R}. (6.26)

(ii) Sys. (5.3) undergoes a branch of stable Hopf bifurcation on the curve

Yy (B3maf? + 3apny + (q + 3p)n2)
2g(map + any + ny)T*

HZ = {(#1,#2) THp = — H2, U2 < O} (627)

(iii) Sys. (5.3) has two small homoclinic orbits simultaneously at (Y*,K*) and a large
homoclinic orbit on the curve

y(12map? + 12apn; + (5q + 12p)n,)
7q(map + any +ny) T* K

C-= {(ﬂl,#z) = - 2+ <9<|#2|3/2)r pa < 0}- (6.28)

Moreover, if (p1, a) is in the region between the curves Hy and C, then Sys. (5.3) has
three limit periodic orbits: a “large” one and two “small” ones.

(iv) Sys. (5.3) undergoes a branch of a double limit cycle bifurcation on the curve

y(3cmap® + 3capni + (q +3cf)ny)
(-1+3c)g(map + any + ny)T*

Ca= {(#1,#2) L= o+ O(|a?), #z<0}/ (6.29)

where the constant ¢ = 0.752. Moreover, if (41, u2) is in the region between the curves El
and Cgq, Sys. (5.3) has two large different limit cycles. The outer one is stable, the inner one
is unstable, and these two cycles collide on Cg.

7. Numerical Simulations

In this section, we give some examples to verify the theoretical results obtained in Section 6.
For simplicity, we assume that (0,0) is one of the equilibrium points.

Example 7.1. This example demonstrates the result of Theorem 6.1. Let a = 1, f = 0.8, y =
0.5625, g = 0.9. Then k* = 1.0625, 7* = 2.66667. Take

I(s) = tanh(ks) +0.1s%. (7.1)
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Figure 1: A stable limit cycle is generated when (1, 2) is in the region between H and P.

Then (0,0) is the trivial equilibrium point and i® = 0.1 > 0 and 6 = -0.800442 < 0. Simple
calculation shows that

H = (1, p2) : jr = ~0.079918ps, > > 0},

P = {(p1,p2) : pr = —0.03688522, pz > 0}.

(7.2)

Take p1 = —0.00058, pp = 0.01. Then k = k* + p3 = 1.06192, 7 = 7 + pp = 2.67777, and (p1, p2)
is in the region between H and P. According to Theorem 6.1, Sys. (5.3) has a unique stable
periodic orbit (see Figure 1).

Example 7.2. This example supports the result of Theorem 6.2. Leta = 1, f = 0.8, y = 0.5625,
q =0.9. Then k* = 1.0625, 7* = 2.66667, and 6 = —0.800442 < 0. Take

I(s) = ks +0.001s°. (7.3)

Then i® =0, i® = 0.001 < 0, and hence, the condition of Theorem 6.2 is satisfied. After using
the algorithm in Section 6, we have
Hy = { (1, p2) : 1 = —0.295082p5, p > 0},

_ (7.4)
C = { (1, p2) : pr = ~0.456455p1 + O (43'?), 2 >0}

Take p; = —0.000035, pp = 0.0001, and hence (y1, 42) is in the region between H; and C.
Figure 2 shows that there is a limit cycle which is stable according to Theorem 6.2.
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Figure 2: A stable periodic orbit is generated when (u1, 2) is located in the region between H and P.
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(a) (b) (©

Figure 3: Three limit (two small and one large) cycles are generated when (41, i) is in the region between
Ez and 61.

Example 7.3. This example verifies the result of Theorem 6.3. Let a = 1, = 0.5, y = 0.5625,
q = 0.8. Then k* = 0.914063, 7* = 3.37222 and 6 = 0.0233 > 0. Take

I(s) = ks —0.001s°, (7.5)

and hence, I"(0) = 0, I"(0) < 0. Thus the condition of Theorem 6.3 holds. Simple calculation
shows

Hy = { (1, p2) : 1 = —0.7243534, pp <0},
C= {(#1,#2) 1 ==0.99011p, + ‘9<|#2|3/2>r pa < 0}, (7.6)

Ca={ () = -1.09167p1> + O (|12 ), p2 < 0}.
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Figure 4: Two large limit cycles are generated when (1, i) is in the region between C and C,.

If we take p; = 0.0000861, pp = —0.0001, then (p1, p2) is in the region between H, and E/, and
hence there are two small limit cycles and a large limit cycle (Figure 3). If we take y; = 0.0001,

uz = —0.0001, then (p1, p2) is in the region between EI and C,, and hence, there are two large
limit cycles (Figure 4).
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