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1. Introduction

Let B denote the open unit ball of the n-dimensional complex vector space C", 0B its
boundary, and let H(B) denote the space of all holomorphic functions on B. For 0 < p < o
and a > 0 we define the weighted Hardy space HY; (B) as follows:

H;(B) = {f € H(B) : sup(l —r)“J‘aBlf(ré)lp do(g) < 00}, (1.1)

O<r<1

where do is the normalized Lebesgue measure on 0B (see, also [1], as well as [2], for an
equivalent definition of the space). Note that for & = 0 the weighted Hardy space becomes
the Hardy space H” (B). We define the norm | - [| > on this space as follows:

171 = sup =) | fdl dot), (12)

oB
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With this norm HZ(B) is a Banach space when 1 < p < co. For a related space on the
unit polydisk; see [3]. In this paper, we investigate two types of operators acting between
weighted Hardy spaces.

Let ¢ be a holomorphic self-map of B and u € H(B). Then ¢ and u induce a weighted
composition operator uC, on H(B) which is defined by uC, f = u(f o¢). This type of operators
has been studied on various spaces of holomorphic functions in C”, by many authors; see, for
example, [4], recent papers [5-17], and the references therein.

Let g € H(D) and ¢ be a holomorphic self-map of the open unit disk D in the complex
plane. Products of integral and composition operators on H (D) were introduced by S. Li and
S. Stevi¢ in a private communication (see [18-21], as well as papers [22] and [23] for closely
related operators) as follows:

¢(z)
Colaf(2) = fo FQZ e, 13)
JsCof(2) = fof (9(0)g'()dg. (1.4)

In [24] the first author of this paper has extended the operator in (1.4) in the unit ball
settings as follows (see also [25, 26]). Assume ¢ € H(B), g(0) = 0, and ¢ is a holomorphic
self-map of B, then we define an operator on the unit ball as follows:

1
(NG = [ fe)50F, fenE), =k 15)

If n =1, then g € H(D) and g(0) = 0, so that g(z) = zgo(z), for some gy € H(D). By the
change of variable ¢ = tz, it follows that

1 At z
Pif@ = [ Fot)zaT - [ feo)m@d (16

Thus the operator (1.5) is a natural extension of operator J,C, in (1.4). For related operators
see [27-33] as well as the references therein.

In this paper we study the boundedness and compactness of the weighted composition
operators as well as the integral-type operator Pg , between different weighted Hardy spaces
on the unit ball.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation a < b means that there is a positive constant C
such that a < Cb. Moreover, if both a < b and b < a hold, then one says that a < b.

2. Weighted Composition Operators

This section is devoted to studying weighted composition operators between weighted
Hardy spaces. Weighted composition operators between different Hardy spaces on the unit
ball were previously studied in [15, 34], while the composition operators on the unit ball were
studied in [35, 36]. For the case of the unit disk see also [37].
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Before we formulate the main results in this section we quote several auxiliary results
which will be used in the proofs of these ones.

Lemma 2.1. Let 0 < p < oo and a > 0. Suppose that u € H(B) and ¢ is a holomorphic self-map of B.
Then for each f € H(B)

uCyfll 1 < lilgllill}f [4Co frll - (2.1)

where uCy, fr(z) = u(z) f (Rp(z)).

Proof. Fix r € (0,1). Fatou’s lemma shows that

(1- r)“j 1(rQ) f (9(r0)) P (@) < (1 - r)%lim in f u(rd) f (Rop(re)) P do(Q)
B R=1" ) 5p

= lim inf(1 - 1) f u(ro) f (Rp(r0)) Pdo@) (22
R—1- oB

< lim infl|uC, frl ;-

Hence we have the desired inequality. O

Recall that an f € H(B) has the homogeneous expansion

f(z) = i > ey, (2.3)

o

where y = (y1,...,¥n) is @ multi-index, |y| = y1 +--- + y, and z¥ = z"" ...z, For the
homogeneous expansion of f and any integer j > 1, let

Rf() =3 e, 2.4

k=0ly|=«

and K; = I - R; where If = f is the identity operator. Note that K; is compact operator on
HF (B) for eachj e N.

Lemma 2.2. If 1 < p < oo, then R; converges to 0 pointwise in the Hardy space H? (B) as j — co.
Proof. See [34, Corollary 3.4] . O

Lemma 2.2 and the uniform boundedness principle show that {R;} is an uniformly
bounded sequence in H? (IB).
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The following lemma is proved similar to [4, Lemma 3.16]. We omit its proof.

Lemma 2.3. If uC,, is bounded from HFE(B) into HZ(IB%), then

Iluc‘l’“e,H,f(IB)ﬁHZ(IB) < h}ﬂg‘f””Cwa||H§(IB)->H§(B)' (2.5)
where || - ||, g7 @) — HI(B) and || - |7 ) - HI(B) denote the essential norm and the operator norm,

respectively.

Lemma 2.4. Let 0 < p < g < oo. Suppose that p is a positive Borel measure on B which satisfies

H(B(G 1)) < Cit™P ({ € 3B, >0), (2.6)

for some positive constant Cy. Then there exists a positive constant Co which depends only on p, q,
and the dimension n such that

jﬁwcm <CGIfI%,, 2.7)

forany f € HP(B). Here B({,t) = {z € B : |1 - (z,{)| < t}.
Proof. See [38, page 13, Theorem ] or [34, Lemma2.1] . O

Let 0 < g < oo. For each r € (0,1), a holomorphic self-map ¢ of B and u € H(B), we
define a positive Borel measure ;, , on B by

r _ q
1 (E) f(%) o, (28)

for all Borel sets E of B. By the change of variables formula from measure theory, we can
verify

f 8 Ay = f u(ro)l(g © 9)(r§) do(d), (2.9)
B oB

for each nonnegative measurable function g in B.

Theorem 2.5. Let 0 < p < g < oo and a, > 0. Suppose that u € H(B) and ¢ is a holomorphic
self-map of B. Then uC,, : Hy (B) — Hg (B) is bounded if and only if

p L R
1- q d 0. 2.10
i)lég(iigl( ") jamlu(r§)| { |1- <(,o(r§),w>|2 } o)< (210
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Proof. For w € B we put

(a+n)/p
1 _ 2
[l } . (2.11)

N e

Then we see that f,, € HE(B) and moreover sup_ gl foll m < C. Bya straightforward
calculation, we have

||uC<pfw||qq=suP(1—r)ﬂf Iu(ré)lq{ 1-wf }q(a+n)/pdo(§)/ (2.12)
Hy oerat oB 1= (p(r), w)|

for all w € B. Hence if uC,, : HE(B) — Hg(]B%) is bounded, then u and ¢ satisfy the condition

1 |w|2 qla+n)/p
supsup (1 - r)ﬂfaﬁwrg)rf{ } do(g) < Cllqu“?quHgm) <

weB 0<r<1 |1- <(p(r§),w>|2
(2.13)
Next we assume
2 q(a+n)/p
i 1wl
M :=supsup (1-7) lu(rd)|? 5 do(¢) < co. (2.14)
weB 0<r<1 OB |1 - (p(re), w)|

Fix r € (0,1) and R € (0,1), respectively. For { € 0B and t,0 < t < tg = 1 - R, we put
w = (1 -t){ and wr = (1 - tg)¢. Since the function f,,(z), which is defined by (2.11) for this
w, satisfies

|fu(2)|7 > 479@m/p g=an/p(1 _ Ry™9%/P (2.15)

for all z € B(¢,t), we have

My (B(G, 1))

gla+n)/p (1 _ R)94/P q94,,"
e <4 (1 - R) L@,t>'f""z)' i 5 (2)

1- |w|2 g(a+n)/p
< 490w /p () _ Ry/p f |u(r§)|q{ 2] do@Q)  (2.16)
oB 1= (p(r0), w)]
(1-R)™/P

< 4q(a+n)/p
(1-r)

By the same argument, the function f,,,(z) gives the following estimate:

(1-R)™/P

Mitgi™/p. (2.17)
(1-r)f

e (B(G,2tR)) < gala+n)/p
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Now we need to prove that there exists a positive constant C such that

. (L=R)™"
Hiup(B(G 1) < CWM” P, (2.18)

for all { € 0B and t > 0. By the estimate (2.16), we see that the inequality (2.18) is true for all
t € (0,tr]. Thus we assume t > tg. By the same argument as in [36, pages 241-242, proof of
Theorem 1.1] , we see that the inequality (2.17) shows that there exists a positive constant C,
which depends only on the dimension 7 such that

(1-R)™/P

Aoy
-r

.”zrup(B(é, 1) < Cn<i> gala+n)/p
, W
a-R™r

— Cngq(u+n)/p
(1-r1)f

M{"tgla/p-1n (2.19)

(1-R)™/P

- mee,
=-r

< Cngq(an)/p

Hence for C = max{49@n/p, C,99@*m/P} we have the inequality in (2.18).
For f € HY(B) the dilate function fr belongs to the ball algebra, and so fr is in the
Hardy space H”(B). Hence Lemma 2.4 gives

_ R)a/p
cA-R)

[ e, < T Milfalll (220)

for some positive constant C’' and all R € (0,1). This implies that
5 q , . » a’p
A= Juc,futro) "o < comla-rr [ [FROIOG] T, @an
B B

and so we have

IIuC(prII}’{g <C'CMIfIl}yp (2.22)

forall R € (0,1). By Lemma 2.1 we have
IuCy I}, < CCIfIL,

2 qla+n)/p (2.23)
capsp-0f[ oo N
supsup (1-7) LBIu(rg)l {|1_ (0, o(g)

This completes the proof. O
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The following proposition is proved in a standard way; see, for example, the proofs of
the corresponding results in [4, 32, 33, 39]. Hence we omit its proof.

Proposition 2.6. Let 0 < p,q < oo and a, p > 0. Suppose that u € H(B) and ¢ is a holomorphic self-
map of B which induce the bounded operator uC, : HE(B) — HZ (B). Then uC, : HE(B) — HZ(IB%)

is compact if and only if for every bounded sequence { f; }]. oy in H, P (B) which converges to 0 uniformly

on compact subsets of B, {uC, f; }]. oy converges to 0 in HZ (B).

In the proof of Theorem 2.8, we need the following lemma.

Lemma 2.7. Let 1 < p < oo, a > 0, and fy, be the family of test functions defined in (2.11). Then
fuw — Oweakly in Hy (B) as |w| — 1.

Proof. The family { fu},,c5 is bounded in Hy (B) and f,, — 0 uniformly on compact subsets
of B as |w| — 17. By the definitions of the space H!(B) and the norm || - || n?, we see that

HY (B) is a subspace of the weighted Bergman space AL (B) and
Ifly < Clapmlifly (feHI®)), (2.24)

for some positive constant C(a, p, n) which depends on «,p, and n. This inequality implies
that the family {fe}, s is also bounded in A% (B). Note also that the family converges to 0
uniformly on compact subsets of B as |w| — 1. Hence f,, — 0weakly in Al (B) as |w| — 1°.

In order to prove that f,, — 0 weakly in HE(B) as |[w| — 17, we take an arbitrary
bounded linear functional A on HY (B). By the Hahn-Banach theorem, A can be extended to
a bounded linear functional A on A, (B) so that /N\( fw) = A(fw) for all w € B. Since f, — 0
weakly in Al(B) as |[w| — 17, we have A(fw) = IN\(fw) — Oas|w| — 17,andso f,, — 0
weakly in HE(B) as |w| — 1°. O

Theorem 2.8. Let 1 < p < q < oo and a,p > 0. Suppose that u € H(B) and ¢ is a holomorphic
self-map of B such that uC, : Hy (B) — Hg (B) is bounded. Then the qth power of the essential norm

||uC(,,||e,H5 (B) - HI(®) is comparable to

; 1- |w|2 qla+n)/p
1i 1- q d . .
imsupsup (1) [ ) { TEp—r: } o(©) (225)

Hence uC, : Hy(B) — HZ(IBE) is compact if and only if

p 1- |w|2 q(atn)/p
li - 1 d =0. .
Jim sup (1= [ jutre) {Il— W(TC)’WHQ} o@)=0.  (226)
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Proof. To prove a lower estimate

1 |w|2 g(a+n)/p
uC,||’ > lim supsu 1—rﬂf u(re)|? _ do(2),
|| (P”e,HE(B)HHZ(]B) |w|_)1_p0<r£)1( ) a]B| ( §)| {|1_<(P(r§)lw>|2} (C)
(2.27)

we consider the test functions f,, defined in (2.11). The family { f,,},,. is bounded in H! (B),
say by L, and f,, — 0 uniformly on compact subsets of B as |w| — 1. Thus by Lemma 2.7
we have that f,, — 0 weakly in H}(B) as |[w| — 17, so that ||Jwa||HZ — Oas|w| — 1 for

every compact operator X : HE(B) — HZ(IB). Hence

L||uC, - JC“HE(IB)eHZ(JB) > lim sup||(qu, - J()fw”HZ
|lw|— 1~
2.28
> lim sup||[uC, f., (2.28)

Il -
feo| = 1- i

q

This inequality and (2.12) give the lower estimate for ||qu,||E HP(B)— HI(B)"
7’ a l}

Next we prove an upper estimate. Take f € Hf (B) with | f|| pr < 1.Fixe > 0and put

; 1- |w|2 g(a+n)/p
M, =i 1- q d . 2.29
= lim supsup (1-1) LB'”W)' { TEp—rs } o(©) (2.29)

Then we can choose Ry € (0, 1) such that

5 1 |w]? qla+n)/p
1- 1 d M +¢, 2.30
5115( r) fmlu(ré)l { I ((p(rg),w>|2} o) <M +¢ (2.30)

for w € B with |w| > Ry. Fix r € (0,1) and R € (R, 1). By the same argument as in the proof
of inequality (2.20) in Theorem 2.5, we obtain that

_ R)4#/p
[ i)@'z < C%ml + )R gl 231)

where the positive constant C is independent of 7, R and a positive integer j. Since f is in
the ball algebra, Lemma 2.2 gives

Rl = NRy S < SUPIR 5y Ll (2.32)
j>
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Combining this with (2.31), we have

q/p
(1- r)f‘jmmcq,(R;fR)(r@)l"da(@ <cre|a- R)“faBIfR@) Pdo(©)

(2.33)
<C'(M; + )1,
and so we have
1uCy (Rjfr) 7y < C'(Ma + )IIfI- (234)
Letting R — 17, by Lemma 2.1, we obtain
[uCyR; fII} s < C'(My +&)IfII],,- (2.35)
p a

Since ¢ > 0 is arbitrary, this estimate and Lemma 2.3 imply

q . . na
||uC(P”e,H§(IB%)—>HZ(IB%) S h?l)glf”uc‘l”R]”Hf,’(]Bs)eHg(IB%)

1- |w|2 g(a+n)/p
< C'lim supsup (1 - r)ﬂ’[ |u(r§)|q{ 5 } do(¢),
[w]—1- 0<r<l B |1-(p(r¢), w)|

(2.36)

which completes the proof. O

Remark 2.9. In the above proof, we used Lemma 2.2. This lemma required the assumption 1 <

p < oo. Hence we cannot have an upper estimate for [[uCyll, ;» g HI(®) inthecase0<p < 1.

However, Proposition 2.6 shows that the compactness of uC, : Hy(B) — Hg (B) (0O<p<g<
o0) is equivalent to

; 1- |w|2 q(a+n)/p
li - q d =0. .
lelinl‘gj:g(l ") fanslu(rgﬂ { |1- <(p(r§),w>|2 } o9 =0 (237

3. Integral-Type Operators

Here we study the boundedness and compactness of the integral-type operators Pg between
weighted Hardy spaces on the unit ball.

For f € H(B) with the Taylor expansion f(z) = 3,,50ay2", let Rf(z) = 3, 50lylayz"
be the radial derivative of f.
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The following lemma was proved in [24] (see also [25]).

Lemma 3.1. Assume that ¢ is a holomorphic self-map of B, ¢ € H(B) and g(0) = 0. Then for every
f € H(B) one holds

R[P5 ()] (2) = £ (p(2))3(2)- (3.1)

A positive continuous function w on the interval [0, 1) is called normal [40] if there is
ab6€[0,1)and aand b, 0 < a < b such that

% is decreasing on [§,1) and }13} (160_(:))11 =0,

w(r) w(r) o
5 s increasing on [6,1) and lim ;=0

(1-7) r=1(1-r)

If it is said that a function w : B — [0, o0) is normal, it is also assume that it is radial.

Lemma 3.2. Assume that 0 < q < oo, m is a positive integer and w is normal. Then for every
f € H(B)

Osuplw(r)Mq(f,r) = |fO)] + 0supl(l -1 "w(r)My(R"f,1), (3.3)
where
1/q
M = ([ 1reorae®) ", Ma(hr) = suplf ol (3.4
OB ¢edB

Proof. The proof of the lemma in the case 1 < g < oo can be found in [27, Theorem 2]. However,
due to an overlook, the proof for the case g € (0,1) has a gap. Hence we will give a correct
proof here in the case.

We may assume that f(0) = 0, otherwise we can consider the functions h(z) = f(z) -
£f(0). Also we may assume that 6 = 0, to avoid some minor technical difficulties.

By [27, Lemma 1], for each fixed g € (0,1], there is a positive constant C depending
only on g and the dimension # such that

r 1/q
M,(f,r) < g(fo (r - HT MRS, t)dt> , (3.5)

forevery r € (0,1) and f € H(B) such that f(0) = 0.
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From (3.5) and the fact that w is normal, we have

1/q
supw(r)M,(f,r) < Csupw(r)= (I (r-tHT 1Mq(iﬁf t)dt)

0<r<1 0<r<1

IN

1/
Csup (1-7)° -(J( _pye1 O MI(Rf, t)dt> !

0<r<1 (1-1)"

IN

(r-t)7! 1
Csup(1-r)? < Wdt) sup (1 - Hw(t) My (RS, )

0<r<1 (1 0<t<1

1 (1_u)q—1 1/q
Csup (1 —r)“< Omdu> sup (1 - Hw(t) M, (Rf,t).

0<r<1 0<t<1
(3.6)
By [40, page 291, Lemma 6] there exists a positive constant C such that
1 -1
(1-u)? C
du < , 3.7
Jot s o o
for every r € (0,1). Combining this with (3.6), we have
1 1/q
sup w(r)My (f,7) < Csup(1=1)" (—r ) sup(1 = Do) My (31,1
0<r<1 0<r<1 (I-7) 0<t<1
(3.8)
= Csup(1 - Hw(t)My(Rf,t).
0<t<1
The reverse inequality is proved by the following inequality:
(1-r)M,(%Rf,7) <CM, < f, 1%) (3.9)

and the fact that w(r) < w(1 + r/2) for w normal (see [27]). Hence, we obtain the result for
the case m = 1.

For m > 2 it should be only noticed that (1 — r)"w(r) is still normal, that 8" f(0) = 0
for every integer m > 1, and use the method of induction. O

Theorem 3.3. Let 0 < p < g < oo and a, p > 0. Suppose that g € H(B) with g(0) = 0and ¢ isa
holomorphic self-map of B. Then P,f : HY(B) — HZ (B) is bounded if and only if

p - f "
—r)bt q d 0. .
iig(?i}:l(l ") faﬁlg(r§)| { |1- ((p(rg),w>|2 } o0 < (310
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Proof. Take f € Hp(B) with | f||;» < 1. Since the function (1 - r)"/9 for f >0and 0 < q < oo is
normal, Lemma 3.2 gives

sup (1-r)P1M, (ng,r) = |P5f(0)| + sup (1-r) P+ p, (m[ng],r). (3.11)

O<r<1 O<r<1

The assumption g(0) = 0 implies P§ f(0) = 0, and Lemma 3.1 shows R[P; f] = gC, f. Hence
we obtain

sup (1 - r)ﬂMZ (ng, r> = sup (1- r)ﬂ+qMZ (8Cyf,1), (3.12)
O<r<1 O<r<1
and so we obtain ||P(§ f ||1[,7 = 1gCy f ||1qqq . This implies that the boundedness of Pg : HY (B) —
p Prq

HZ(IB%) is equivalent to the boundedness of gC, : HE(B) — HZ +q(IB%). So Theorem 2.5 shows
that the condition

5 1- |w|2 qg(a+n)/p
1—r)PH 1 d 3.13
i;igosgli( ") JaBlg(r§)| { |1- <(p(r§),w>|2 } o) < (5:13)

is a necessary and sufficient condition for the boundedness of P(f : HY(B) — Hg (B). This
completes the proof. O

The next proposition is proved similar to Proposition 2.6.

Proposition 3.4. Let 0 < p,q < oo, and a, 3 > 0. Suppose that g € H(B) with g(0) = 0 and ¢
is a holomorphic self-map of B which induce the bounded operator Pg : HY(B) — HZ(]B%). Then

P(f : HY(B) — HZ (B) is compact if and only if for every bounded sequence { f; }]. o in HY, (B) which
converges to 0 uniformly on compact subsets of B, {Pg fi }jEN converges to 0 in Hg (B).

Theorem 3.5. Let 0 < p < g < oo and a,f > 0. Suppose that g € H(B) with g(0) = 0 and ¢
is a holomorphic self-map of B which induce the bounded operator Pg : HY(B) — HZ(]B%). Then

P(f : HY(B) — HZ (B) is compact if and only if

s 1- |wf? qla+n)/p
li 1—r)Pr 1 do(g) = 0. 3.14
|wa1*§351( ") Iaﬁ|g(7§)| { |1- <(p(r§),w>|2 } o) (3.14)

Proof. First we assume that condition (3.14) holds. Take a bounded sequence { f; }]. e HE (B)
which converges to 0 uniformly on compact subsets of B. Theorem 2.8 and the remark in

Section 2 show that gC,, : H, P(B) — Hg+q (B) is compact. Thus Proposition 2.6 implies that

lim [18C,yfill g =0 (3.15)
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From (3.15) and since ||P£fj||?{g = ||ng,f]||q 1 we have that ||ng]||Hq — 0asj — oo. By

Proposition 3.4, we see that P(f : HY (B) — H i (B) is compact.
To prove the necessity of the Condition in (3.14), we consider the family of test
functions f,, which is defined by (2.11). Hence we have

9 _ q
||Pffw||HZ < ”gc(pfw”Hg
q

; 1- |w|2 q(a+n)/p (316)
= 1-r)P* 1 do(g),
sup(1=r1{ |50 {Il— <<p<r§>,w>|2} o(®)

for all w € B. Since {fw},p is @ bounded sequence in H.(B) and f,, — 0 uniformly on
compact subsets of B as |w| — 17, the compactness of P(ff and Proposition 3.4 show that

||P£fw||Lq — 0 as |w| — 17. This fact along with (3.16) implies the condition in (3.14),
p
finishing the proof of the theorem. O

Theorem 3.6. Let 1 < p < g < oo and a, p > 0. Suppose that g € H(B) with g(0) = 0and ¢ isa
holomorphic self~-map of B which induce the bounded operator Pg : HY(B) — HZ(]B). Then the qth

power of the essential norm of Pg is comparable to

B 1- |w|2 qla+n)/p
! L= ! do (). 3.17
ﬁg}jﬂpgs};( r) LB|8(r§)| { 1= (p(r0), ) } a(¢) (3.17)

Proof. To prove a lower estimate, we take an arbitrary compact operator X : Hj(B) —
HZ(IB%). Since Lemma 2.7 implies that the family of functions f,, defined by (2.11) converges

to 0 weakly in H} (B) as |w| — 17, we obtain

CIBS = Ll sy 2 im stp (1P fullyy = fulyg ) 2 lim supllPSful . (318)

[w] =1

Combining this with (3.16), we have

11— |w|2 q(a+n)/p
C||ps > lim supsu (1—r)ﬂ+qf re)|” do(Q),
I ”eH”(IB) HY(B) |w|elfp0<r51 axaa'g( 0| |1—(<p(r§),w>|2 ©)
(3.19)

which is a lower estimate.
By some modification of Lemma 2.3 and the application of Lemmas 3.1 and 3.2, we get

||Pg|| <hm inf sup ||PgR f||

P
e B = = e
(3.20)

< C lim inf sup [|gC,R; f||

=g, p<l
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As in the proof of Theorem 2.8, we obtain

lim inf sup [|gCyR; f|| s C lim supsup (1 - r)F*

= flp<t w1~ 0<r<1

[ G o2
X f Ig(ré)l"{ . } do(¢),
oB 1= (p(rd), w)]
and so we have an upper estimate for ||Pg||q o HE(B) — H(B) O
4. The Case P; : H*(B) — H{ (B)
When p = o0 and a > 0, we define the weighted-type space HY (B) as follows:
HZ(B) = {feH(IB%) sup (1-7)"My(f, r)<oo} (4.1)
O<r<1

It is easy to see that f € HZ(B) if and only if sup,_; (1 —|z|)*|f(2)| < oo, so we define the
norm || f|| e on HE? (B) by this supremum.
Furthermore we consider the subspace H;},(B) defined by

HZ(B) = { £ € H(®): lim (11" Mo (f,1) =0}, @2)

Theorem 4.1. Let a, p > 0. Suppose that g € H(B) with g(0) = 0 and ¢ is a holomorphic self-map
of B. Then Pg :HP(B) (or HY, (B)) — HE" (B) is bounded if and only if

1~z g (=)
sup =
s (1-o(2)])

(4.3)

In this case, the operator norm ||P(§ | is comparable to the above supremum.

HZ(B) (or HZ(B))— HE (B)
Proof. By the definition of the space HP (B), f € HY (B) satisfies the growth condition

|f@)| < A=[wh) ™I fly, (weB), (4.4)

so it follows from Lemma 3.1 and Lemma 3.2 that

1_ ﬂ+1
IPEFl,,. = sup(L - 2" |gCo f(D)] < [ lysup e P18 (45)
P z€eB

i (1-]p(2)])"

for every f € HY (B).
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Hence we obtain

1- p+1
< Coup LD Iz@]

”P‘I‘?”HQo B) (or HX,(B)) —Hy(B) — &
(B) (or H(B)) —Hy( s (1=1p(2)])

Now we prove the reverse inequality. For w € B, we put

1
w(z) = ————=%-
Jol® = 0wy
Note that f,, € Hy;,(B) for each w € B and moreover sup,, g/l fwll = < 1.
When ¢(z) #0, we have

S S - _ p+1
||P‘P||H‘fO(B)—>HE°(IB) 2 ”Ptpft(zp(z)/|(p(z)|)”HE° - i};g(l |w|) |gC<Pft(tp(z)/|tp(z)|)(w)

2 (1 - |Z|)ﬂ+1 |g(z) | |ft((p(z)/|q)(z)|) (‘P(Z))|

_ -1z s (=)]
(1-tlp=)])"*

forallt € (0,1). Letting t — 17 in (4.8), we have

(1-12D"8(2)|

8
”P(p ||HZOO(R)4,H§0(]B) - (1 _ |(p(Z) |)4x

For the constant function 1 € H},(B) we obtain

IPS 10 = sup(1 - [w])P![gCy1(w) | = (1 - |2])*|g(2)].
B

weB

Inequality (4.10) shows that the estimate in (4.9) also holds when ¢(z) = 0.

Hence, from (4.9) we obtain

(1- 12D g()]
S| > Csu a
I [ “Ha'D(IB%)aHﬁ (B) ze]g 1- |‘P(Z)|)

7

which along with the obvious inequality

1Py > [|P§

||H2°(B)—>H,§° (B) ”HZ’O(IB) — Hy (B)

completes the proof of the theorem.

15

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

O

For the compactness of Pg : Hy(B) (or H(B)) — HE" (B), we can also prove the

following proposition which is similar to Proposition 2.6.
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Proposition 4.2. Let a,p > 0. Suppose that g € H(B) with g(0) = 0 and ¢ is a holomorphic
self-map of B which induce the bounded operator P(f : H¥(B) (or HF(B)) — H;" (B). Then

Pg tHy(B) (or H(B)) — HE" (B) is compact if and only if for every bounded sequence { f; }].eN
in HP(B) (or H,(B)) which converges to O uniformly on compact subsets of B, { P(f fj}].eN
converges to 0 in H[‘;" (B).

Theorem 4.3. Let a,f > 0. Suppose that g € H(B) with g(0) = 0 and ¢ is a holomorphic self-
map of B such that P(f : HP(B) (or H(B)) — HE" (B) is bounded. Then the essential norm

||P<§|| is comparable to

e,H¥(B) (or HZ,(B))— H;” (B)

1- |z |g(z)|

T g ) 19
In particular, Plf :Hy(B) (or HZ(B)) — HE" (B) is compact if and only if
e F 1 (4.14)
pa|-1- (1= [p@)])"
Proof. First we consider the family { .}, where
fulz) = — L1l (4.15)

(1-(z,w))*"

We can easily check that f,, € H{(B), || fuwlly. < 1forallw € B and f,, — 0 uniformly on
compact subsets of B as [w| — 1. Hence [40, page 296, Theorem 2] implies that f,, — 0
weakly in H7,(B) as |w| — 17

If |lpllc < 1, then as in the proof of [26, Theorem 3] it can be seen that the operator
Pf :Hy(B) (or H,(B)) — HE" (B) is compact, so that

IPS | 0. (4.16)

e HF () (or HEy(B))— Hy(B) =

On the other hand, the limit in (4.13) is vacuously equal to zero, from which the result follows
in this case. If [[¢|| , = 1, then take a sequence {(p(zj)}].eN in B with [p(z;)] — lasj — o
and put Fj(z) = fy(z;)(z) for each j € N. Then {I—“]-}].eN is a bounded sequence in H,(B)
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and {F ~}] oy converges to 0 weakly in H7} (B), as j — oo. Hence for every compact operator
K H,(B) — H°°(]B3) we have || XF; ”H°° — 0asj — oo.So we have

||P£ | > hm sup||PgF - KF;j ||

HZ,(B)— H (B)

> lim sup||PgF ||

j—oe

_ _ p+1
hr]nj;lpiup (1= o)™ [g(@)| |Fj(p(w))] (4.17)

> lim sup (1- |z |g(z)) [|Fj (0 ()]

J—®

1 = |z:[)P*! .
> L jim sup( |2]) Ig(zu])l
2 j—oo (1-le(z)])

for all compact operators £ : H{(B) — H ©(B). Taking the infimum over the set of all
compact operators X : H,(B) — H°°(IB§) we obtam

(- 1z s G|

||Pg|| = () H > C lim sup (4.18)
AHD@E=HEE = T (- e(z) )"
. . . . . g g
Combining this with the estimate || P; ||e/H§c (8) — Hy (B) > || Py ||e/H;,?0 (8) = Hy (B we have
(1-[2)™"|g(2)]
PN, pyoo ) ooy = Clim s : (4.19)
¢ lle, Hz (B) — H (B) |(p(z)|—>l‘ 1 [p@))"

Next we prove an upper estimate. Assume that {r;},cy C (0,1) is a sequence which
increasingly converges to 1. For this {r;},cy, we define the operators defined by

P, f(z) = J g(tz)f (rz(p(tZ)) — (4.20)

As in the proof of [26, Theorem 3], Proposition 4.2 shows that P;

1
compact for each | € N.
Put

5, o He(B) — HT(B) is

1- p+1
M, :=1lim sup( 1D |g(z)|

- (4.21)
|tp(z)|—>1‘ (1 - |(P(Z)|)



18 Discrete Dynamics in Nature and Society

and fix € > 0. Then we can choose R € (0, 1) such that

1 -1z g(2)]

M , 422
o ~v2re (422

if R < |p(z)| < 1. Take f € HZ(B) with ||f[|;- < 1 and an integer I € N. By Lemma 3.1 and
Lemma 3.2, we have

P f - wflle = sup(l |z

R[Pif](2) - =[P, £ )]

= sup(1- 2P (@) |f (9(2) - f(rg(2))]

. (4.23)
= sup (1-1z)™|g@)||f(9(2) - f (np(2))]
|p(z)|<R
+ sup (=12 |g@)[f(9(2) - f(rig(2)) .
R<p(z)|<1
By using the mean value theorem and the asymptotic relation
sup(1 - |z|)‘”1|Vf(z)|Asup(1 1z R f(z)], (4.24)
z€eB
we obtain
sup |f(p(2)) - f(ng(2))| < sup (1-m)|p(z)|sup|Vf(w)]
lo(z)|<R lo(z)|<R [w|<R
(1-m)R a+l
< ———sup(1l - |w Vfi(w
(1—R)a+1we§( )|V f(w)]
Ca- )R (4.25)
7] a+1
- 1-|w Rf(w
~ 1 R),,,+1 ( [w]) ™[R f (w)]
(1 TI)R
= gy M e
Since the boundedness of P : HP (B) — H (B) implies that Pile H (B), we see
sup(1 - |z])"![g(2)| < oo, (4.26)
zeB

and so we have

sup sup (1-12)"[(2)]|f(9(2) - f(np(2))] < —’)mupu 12" 5(2)].
lIfllrze <1 lg(2)|<R (1-R)

(4.27)
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On the other hand, the monotonicity of M (f,r) shows
|f(np)] < A= 1eE@ D) N fallge < (=10 D)1 fll - (4.28)

Thus we have

1- p+1
sup  sup (1- |Z|)ﬂ+1|g(z)||f(<p(z)) Flrpz)| <2 sup (1-1zh"|g(2)|
£l <1 Refp(2) <1 R<|(P(Z i (1= le)])"

<2(M; +¢).
(4.29)

From (4.23), (4.27), (4.29), and the compactness of Pmp, we obtain

||Pg|| < ||Pg rI‘P||H°°(]B)—>H°°(IB)

r (4.30)
(—l)ﬁlsup(l —|z])P* |g(2)| +2(M; +é).
(1 - R) z€B

e, Hy (B) » HF (B) =

<C

Letting ] — oo and ¢ — 0, we have

1-1z1)"|g(2)
1P 1 sy < 20im sup=— 2)]
|(p(z)|—>1‘ ( - |(P(Z |)

(4.31)

This completes the proof. O

When P,f :HZ(B) (or HY,(B)) — HE" (B) is bounded, we see that g € p+1o(B)' By
a standard argument as in the proof of [26, Corollary 3], we have

. 1-1z)Pgz)] . (1-1z)""|g(2)]
1 = 432
{7 R R P 2
and so
p+1
IPS] ~ Tim sup L1 |g(z)|. (4.33)

e,Hf(B)(Or H;,QO(B))_)HEU(B) \z\—>1‘ (1 - |‘P(Z |)

Hence we obtain the following characterization for the compactness of the operator Py :
Hy(B) (or HF,(B)) — Hg,(B).
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Corollary 4.4. Let a, f > 0. Suppose that g € H(B) with g(0) = 0 and ¢ is a holomorphic self~map of
B such that Pf :HZ(B) (or HR,(B)) — HE?’O (B) is bounded. Then Pg :Hy(B) (or HR(B)) —
Hg, (B) is compact if and only if

I P {1
=T (1= e@)])

(4.34)
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