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1. Introduction

In [1], Camouzis et al. studied the global character of the positive solutions of the difference
equation:

Oxp2+ Xn3
A+ Xpn-3

Xyl = 01,..., (1.1)

where 6, A are positive parameters and the initial values x_3, x_», x_1, Xy are positive real
numbers.

The mathematical modeling of a physical, physiological, or economical problem
very often leads to difference equations (for partial review of the theory of difference
equations and their applications see [2-12]). Moreover, a lot of difference equations with
periodic coefficients have been applied in mathematical models in biology (see [13-15]). In
addition, between others in [16-19], we can see some more difference equations with periodic
coefficients that have been studied.
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In this paper, we investigate the difference equation

2+ _
Xy = P2 X3 01, (12)
qn + Xp-3

where p,, g, n = 0,1,... are positive sequences of period 2 and the initial values x;, i =
-3,-2,-1,0 are positive numbers.

Our goal in this paper is to extend some results obtained in [1]. More precisely, we
study the existence of a unique positive periodic solution of (1.2) of prime period 2. In the
sequel, we investigate the boundedness, the persistence, and the convergence of the positive
solutions to the unique periodic solution of (1.2). Finally, we study the stability of the positive
periodic solution and the zero solution of (1.2).

If we set y, = Xon-1, 2y = X2y, it is easy to prove that (1.2) is equivalent to the following
system of difference equations:

Zpe1 + Yn— + Zy
ymlzwl zn+1=M, n=0,1,..., (1.3)
go + Yn q1+ Zn-1
where p;, gi, i = 0,1 are positive constants and the initial values y;, zi, i = —1,0 are positive

numbers. So in order to study (1.2) we investigate system (1.3).

2. Existence of the Unique Positive Equilibrium of System (1.3)

In the following proposition, we study the existence of the unique positive equilibrium of
system (1.3).

Proposition 2.1. Consider system (1.3) where p;,q;, i = 0,1 are positive constants and the initial
values y;, z;, i = —1,0 are positive numbers. Suppose that

qo—l < Po, ql—l <p1 (21)

are satisfied. Then system (1.3) possesses a unique positive equilibrium.

Proof. Let (y, z) be a positive equilibrium of system (1.3) then

Pzry o PYEE (2.2)
qoty qntz

Equations (2.2) imply that z is a solution of the equation
f@) = +2(q = 1)+ [(q1=1)" + pi(go = ]x+ (1 = 1) (o = Dpr ~ pop} =0. (23)
Suppose that

q>1 (2.4)
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Let A1, Ay, and A3 be the solutions of (2.3). Then from (2.1), (2.3), and (2.4) we take
)L1+.)L2+)L3=2(1—ql) <0,
MAods = =(q1 = 1) (qo — 1)p1 + pops > 0,

and so (2.3) has unique positive solution z. Then from (2.2) and (2.4) we have

2 _
_ A (g1 -1)z g
P1

z>1-q, v 0,

and so system (1.3) has a unique positive equilibrium.
Now suppose that

a1 <1, (q-1)(q0-1)>pipo.
If A, Ay, and A3 are the solutions of (2.3), then from (2.3) and (2.7) we take
)L1+)L2+)L3 22(1—6]1) >0,

Mdads = =(q1 = 1) (q0 - 1)p1 + pop? <0,

(2.5)

(2.6)

(2.7)

(2.8)

and so (2.3) has a negative solution, but also (2.3) has a solution in the interval (0,1 — g1),

since
£(0) = (g1 =1)(q0 = 1)p1 — popi >0,
f(1=a1) = -pop <0.
Moreover, (2.3) has a solution z in the interval (1 — g1, o), since

lim f(x) = oo,

X— 0

therefore, we get (2.6) and so system (1.3) has a unique positive equilibrium.
Finally, suppose that

m <1, (q-1)(q0-1) <pipo-
If A1, Ay, and A3 are the solutions of (2.3), then from (2.3) and (2.11), we take
)L1+)Lz+)t3 =2(1—q1) >0,

Mdads = =(q1 = 1) (g0 - 1)p1 + pop; > 0.

(2.9)

(2.10)

(2.11)

(2.12)
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We have lim, ., f(x) = oo, and since f(1 —g;) < 0, it is obvious that (2.3) has a solution z in
the interval (1 — g1, o0). From (2.3), we get

Fl(x) =32 +4x(q1 - 1) + (g1 - 1) +pr(qo - 1). (2.13)

If equation f'(x) = 0 has complex roots, then it is obvious that z is the unique solution
of (2.3). Therefore, we get (2.6), and so system (1.3) has a unique positive equilibrium.
Now, suppose that the roots of f'(x) =0

_2(1-q)-VD p :2(1—q1)+\/5

3 o 3 , D=(1-q)"+3p(1-q0), (2.14)

Hi

are real numbers.
Suppose that gy < 1, then it is obvious that

M1 < 1- q1 < U2, (215)

and so we have that (2.3) has a unique solution z € (1 — g1, o).
If go > 1, then it holds that

O<pmpi <pup <l —q, (2.16)

which implies that (2.3) has a unique solution z € (1 — g1, ).
Therefore, we can take (2.6) and so system (1.3) has a unique positive equilibrium.
This completes the proof of the proposition. O

3. Boundedness and Persistence of the Solutions of System (1.3)

In the following propositions we study the boundedness and the persistence of the positive
solutions of system (1.3). In the sequel we will use the following result which has proved in
[20].

Theorem 3.1. Assume that all roots of the polynomial

P =tN —si N1 -~ sy, (3.1)

where s1,S,...,5n > 0 have absolute value less than 1, and let y, be a nonnegative solution of the
inequality

YniN < S1YneN-1 + - + SNYn + Zn. (3.2)

Then, the following statements are true.

(i) If z,, is a nonnegative bounded sequence, then y, is also bounded.

(11) I,fhmn—>oo Zp = 0, then llmn_m)o yn = 0
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Proposition 3.2. One considers the system of difference equations (1.3) where p;, q;, i = 0,1 are

positive constants and the initial values y;,z;, i = —1,0 are positive numbers. Then the following
statements are true.
() If
BT >4, (33)
Pop1

then every solution of (1.3) is bounded.
(i) If

Go-1<po<qo, q-1<pi<q, (3.4)

then every solution of (1.3) is bounded and persists.

Proof. Let (yn, zn) be an arbitrary solution of (1.3).
(i) From (3.3), we get that one of the three following conditions holds:

4o

51, 3.5

0 (35)

q

1, 3.6

" (3.6)
Po=q=p, Pp1=q=4q (37)

We assume that (3.5) is satisfied. We prove that there exists a positive integer N such
that

Yn <1, zn<@, n>N. (3.8)

Po -

First, we show that if there exists a positive integer 7y such that

Zn, < Z—Z, (3.9)
then
Zupsap < Z—Z, p=01,.... (3.10)
In contradiction, we assume that
2y = P2 T Zmort o (3.11)

g1+ Zngr1 Po
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Using relations (1.3), (3.5), and (3.11), we get that

PoZny + Yny S qoq1

Yo e e Pop1”

and so relations (1.3) and (3.3) imply that

2
>—q0q1>@

z ’
P02P1 Po

Mo

which contradicts (3.9). So z,,13 < go/po and working inductively, we get (3.10).
If z_1 < go/po, then from the analogous relations (3.9) and (3.10), we get

Z,1+3P<Z—Z, pZO,l,....

Now, suppose that

0
zq2 q—,

Po

we prove that there exists a positive integer g such that

qo0
Z143q < p—
0

From (3.3), there exists a positive integer h such that

h
Pop1

If z, < qgo/po, then (3.16) is true for g = 1.
Now, suppose that

0
ZzZq—.

Po

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Then from (1.3), (3.5), and (3.18), we get y1 > qoq1/pop1 and so from (1.3), (3.3), and (3.5),

we have that

qlqo2 S q19o0

zZ_1> > .
P1Po P1Po

If z5 < qo/po, then (3.16) is true for g = 2.

(3.19)
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Now, suppose that

25> Z—Z. (3.20)

Using (1.3), (3.3), (3.5), (3.20) and arguing as to prove (3.19) we get

2
z.> <M> : (3.21)
P1pPo

Working inductively, we get that

if Z_1430 > @, w=1,2,..., then z_> <M> . (3.22)
Po P1pPo

From (3.22) for w = h, we get z_1 > (q190 /plpo)h which contradicts (3.17). So z_1431 < go/po
which means that (3.16) holds for g = h.
Arguing as for z_;, we can prove that there exist positive integers k, I such that

2043k < @, Z1431 < &, (3.23)
po po

From (3.16) and (3.23), we get that there exists a positive integer r such that

zZp < —, n>r. (3.24)
Po

Finally, from (1.3) and (3.24), we get y,.» < 1 and so (3.8) is true for N =r + 2.
Similarly, we can prove that if (3.6) holds, then there exists a positive integer N such

that
H
z, <1, y.<—, n>N. (3.25)
p1
Finally, suppose that (3.7) hold. From (1.3) and (3.7), we have
n1—1 n— 1
Yns1 — 1= M/ Znsl — 1= M/ (326)
Pt+Yna g+ Zna
and so,
Ypa—1=—F—— 9 (1), (3.27)

P + Yn-14 +Zy-3
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From (3.27), we get

0<yni1—-1<yn2-1, or 02yp1-1>y,n-1, (3.28)

and so the subsequences y3,, Ysn+1, Ysn+2 €ither are bounded from below by 1 and decreasing
or bounded from above by 1 and increasing. Hence, y, is bounded and persists. Similarly,
we can prove that z, is bounded and persists. This completes the proof of part (i) of the
proposition.

(ii) In statement (i), we have already proved that if (3.7) hold, then every solution of
(1.3) is bounded and persists. So, from (3.4), it remains to show that if either

go-1<po<qo, q-1<pi<q, (3.29)
or
Go—1<po<qgo, q-1<pi<q, (3.30)

holds, then the solution (y,, z,) persists. From (3.3), (3.8), (3.25), (3.29), and (3.30), we get
that

Yn < %, Z, < @, n> N. (3.31)
1

We consider the positive number m such that

m < min {yn, zZn, YN+1, 2N+, Po+ 1= qo,p1 + 1 — q1 ). (3.32)
Moreover, if
].’J()Z + y Ply +Zz
,z) = ——, ,Z) = —, 3.33
fy2a =" 8wa =T (333)

then it is easy to see that for the functions (3.33), f is increasing with respect to y for any z,
z < go/po and g is increasing with respect to z for any y, v < g1/p1.
Therefore, from (1.3), (3.31), and (3.32) we have

+1)m +1)m
YN+2 > M >m, ZN+2 > M >m, (334)
Jo+m qt+m
and working inductively, we take
YN+s>MmM, znss2>m, s=0,1,.... (3.35)

Therefore, (y,, z,) persists and using statement (i), then (y,, z,) is bounded and persists. This
completes the proof of the proposition. O
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Proposition 3.3. One considers the system of difference equations (1.3) where p;, q;, i = 0,1 are
positive constants, and the initial values y;, z;, i = —1,0 are positive numbers. Then, the following
statements are true.

(i) If

% <1, (3.36)
0F1

then every solution of (1.3) persists.
(ii) If
Go<po<qgo+1, n<p<qi+l, (3.37)

then every solution of (1.3) is bounded and persists.
Proof. Let (yn, zn) be an arbitrary solution of (1.3).

(i) From (3.36), we have

qo

— <1, 3.38

" (3.38)
or

n

— <1 3.39

” (3.39)

Arguing as in the proof of statement (i) of Proposition 3.2, we can easily prove that if
(3.38) holds, then there exists a positive integer M such that

Yn>1, z,> Z—Z, n>M, (3.40)

and if (3.39) holds, then there exists a positive integer M such that

zn>1, yn> Z—l, n> M. (3.41)
1

(ii) From Proposition 3.2, we have that if (3.7) holds, then every solution of (1.3) is
bounded and persists. So, from (3.37), it remains to show that if either

Go<po<qo+1, G <pi<q1+1, (3.42)
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or
Ggo<po<qo+1, G <pr<qi+1, (3.43)

holds, then the solution (y,, z,) is bounded and persists.

From (3.36), (3.40), (3.41), (3.42), and (3.43), we get that

Yn > ﬂ, Zp > @, n> M. (3.44)
P1 Po
Suppose that
po#qo+1 or prFq+1l (3.45)

From (1.3) and (3.44), we have

Zmae1 > 1, YM+3 > 1. (3.46)

We have for the functions (3.33) that f is decreasing with respect to y for any z, z > qo/po
and g is decreasing with respect to z for any y, y > g1/pi1. Therefore, relations (1.3), (3.44),
and (3.46) imply that

ZM+3 S g+ 1 (347)
and so from (1.3) and (3.46),
pPop1 Po
<—— +—+1 3.48
R R [TV A (TR TS ) o
Working inductively, we can prove that
Pop1 Po 1, n>M. (3.49)

s S T ———Yma t T +
2 G D)@+ ) @ ) (@ 1)

Then from (3.42), (3.43), (3.45), and Theorem 3.1, y, is bounded. Similarly, we take that z, is
bounded. Therefore, from (3.44), the solution (y,, z,) is bounded and persists.
Now, suppose that

Po=qo+1, pr=q1+1 (3.50)
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We claim that v, is bounded. For the sake of contradiction, we assume that 1, is not bounded.
Then, there exists a subsequence n; such that

lim v, = oo, (3.51)
Yne1 > max {y;j, j < ni}. (3.52)

Moreover, from (1.3) and (3.50), we get

+1
Yot < 0 41, (3.53)
and so from (3.51),
lim z,,_1 = 0. (3.54)
1— 00
Moreover, from (1.3) and (3.50),
+1
Zma< Py o+, (3.55)
and so from (3.54),
lim v, = oo. (3.56)
1— 0
Working inductively, we can prove that
lim y,41-3s =00, lim z,_135=00, s=0,1,.... (3.57)
1— 00 1— 00

We claim that y,,_¢ is a bounded sequence. Suppose on the contrary that there exists an
unbounded subsequence of v,,_s and without loss of generality, we may suppose that

lim y,,_¢ = oo. (3.58)
Arguing as above, we can easily prove that
lim vy, 9 = lim y,,_1» = co. (3.59)

Also, since from (1.3),

_ (@0 +1)((zn-s)/ (yn-s)) +1 _ (q0+1)zn-s
qo/ Yn—s +1 Yn—8

+1, (3.60)

n,-—6
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from (3.58), we have that lim;_, o ( z4,-8/ Yn,—8) = o0 and so eventually,

Zni-8 > Yn;-8- (361)
From (1.3), (3.50), and (3.61), we have
(90 + 1)Zn1 + Ynima
]/n,-+1 =
q0 + yni—l
1
< B+ Zp—1 +1
qo0
Qo+ 1/ (q1+D)Yn—2+Zns 1
= 70 J1 + Zn + (3.62)
1 1 1
<1+q0+ +qo+ i Yni—2
qo qo q1

<---<A+Byp-s

<A+ Bz,

where

A:1+q0+1+q0+1q1+1+<q0+1>2q1+1

qo qo T qo q1
2 2 3 2
+<q0+1> <q1+1> +<q0+1> <q1+1>, (363)
qo q qo q
3 3
B = q0+1 q1+1
qo a )

Therefore, using (1.3) and (3.50), we get

1)y, - -
(g1 + 1) Yn-9 + 2z, 10>, (3.64)

1 <A+B
Ynint < q1 + Zn;-10

and since from (3.57) and (3.59), we have that y,,_9 — o, z,-10 — o0 asi — oo, we can
easily prove that eventually,

Yni+l < Yni-9, (365)

which contradicts to (3.52).
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Therefore, y,,¢ is a bounded sequence. From (1.3), (3.50), and (3.57), we get

_ @+ Dynotznr (@ +1)(Yn6/Zn7) +1
q1 + Zn—7 G/ zn—7 +1

Zn;-5

i

—1, i— oo. (3.66)

Similarly, from (1.3), (3.50) and (3.57) and (3.66) follows,

(qo + 1)Z"i—5 T Yn-5 _ (qo + 1) (Z"i—5/yni—5) +1 N
qo + Yn;—5 qo/ Yn—s + 1

Yni—3 = 1, i— oo. (3.67)

Now, we prove that

liminfy,, 4 > 1. (3.68)

1—

Otherwise, and without loss of generality, we may suppose that lim; o, y,,—1 < 1. So, relations
(1.3), (3.50), and (3.67) imply that

(qo + 1)lim,-_>oo Zp;—3 t+ lim,-_m Yn;-3

li ] = <1, )
iggoy i-1 qo + lim;_, o, Yu,—3 - (369)
and so
. qo
1 5 < . .7
P Fnied S qo+1 (3.70)

Moreover, from (1.3), (3.44), and (3.50), we get eventually

_ @A Dynestzas (@ + )@/ (@4 D) +2ns

Zn;-3 = 1/ (371)
q1 t Zu;—5 q1 + Zu;—5
and so from (3.66), lim;_, , z,,,—3 > 1 which contradicts to (3.70).
Hence, (3.68) is true.
Similarly, we can prove that
liminfz, 3 > 1. (3.72)
1— 00
Therefore, from (3.68) and (3.72), we have eventually
Yn1 > 1+ Kk, Zn—3>1+m, (3.73)

where k, m are positive real numbers.
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Hence, from (1.3), (3.50), and (3.73) we have

Qo+ 1) [((q1 + D) Yni2 + Zn,3) / (q1 + Zn-3)] + Ynia

Tl,’+1 -
+ Ynym
o Yt (3.74)
(q0+1)(q1 +1) LBrl
(@ +1+m)(q+l+k) /"™ '
Then from (3.57), we can prove that eventually
Yni+1l < Yni-2, (375)

which contradicts to (3.52).

Therefore, y, is a bounded sequence. Moreover, from (1.3), (3.50), we take that z, is
bounded. Therefore, the solution (v,, z,) is bounded and persists. This completes the proof
of the proposition. O

4. Attractivity of the Positive Equilibrium of System (1.3)

In the following propositions, we study the convergency of the solutions of system (1.3) to its
positive equilibrium.

Proposition 4.1. One considers the system of difference equations (1.3) where p;,q;, i = 0,1 are
positive constants, and the initial values y;, z;, i = —1,0 are positive numbers. If either (3.29) or
(3.30) hold, then every solution of (1.3) tents to the positive equilibrium of (1.3).

Proof. Let (yn, zn) be an arbitrary solution of (1.3). From Proposition 3.2, there exist

Ly = limsup y,, L, = limsup z,, Iy = liminfy,, I, = iminf z,,
n—oo n—oo

n—oo n—oo (41)
0< Ll,Lz,h,lz < oo.

From (1.3), (3.31), and the monotony of functions (3.33), we have

< poLz + Ly L < pili + L L > pol2 + 11 > pih + 1

4 7 - 7 = 7 4:2
q0+L1 2= 6]1+L2 ! []Q+11 2 Q1+12 ( )

and hence

Li?+Li(q0-1) —poL2 <0, L+ La(q1 —1) =1Ly 0, 13)
112+l1(q0—1) _POZZ >0, 122+12(q1 —1) _Plll >0.
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The third inequality of (4.3), implies that

1—go+1/(1—-a0)*+4pyl
|5 LT \/ (1= 40) Poz’

1= 2

and so from the last inequality of (4.3), we have

2122 + 212 (q1 - 1) + (qo — 1)]:71 > P1 \/ (1 - q0)2 + 4p012.

Hence, we get

2
(21" + 2L (g~ 1) + (@0 = 1)p1) 2 (P (1= q0)” + 4pola) |

or

L +2L% (g1 - 1) + b [(91-1)* +p1(q0 - 1)] +p1(q1 = 1) (90— 1) - popr® > 0.

The first inequality of (4.3), implies that

1- qo + \/(1 = qo)Z + 4p0L2
2 4

0<L1§

and so from second inequality of (4.3), we get

20,2 + 2Ly (g1 = 1) + (go - Dpr < pl\/(l —q0)* +4poL,.
Using (4.3), we have
Ly >5 >1-gq, Ly>L>1-q.
Therefore, from (4.5) and (4.10), we get

2L% +2Lo(q1 = 1) + (go — D)p1 = 2La(La + g1 = 1) + (g0 — D1

> 2122 + 212 (Q1 - 1) + (6]0 - 1)p1
> 0.

Using (4.9) and (4.11), we have

Ly® + 2L, (q1 = 1) + La[(q1 = 1)* + pa(qo = D] + p1(q1 = 1) (40~ 1) = popr* < 0.

15

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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In Proposition 2.1, we proved that (2.3) has a unique positive solution z, z € (1 — g1, o). We
can write

f(x)=(x-z)(x*+ax+b), abeR, (4.13)

where f(x) is defined in (2.3) and x? + ax + b > 0 for any x > 1 — g;. Then from (4.7), (4.12),
and (4.13), we have

(Ly-z)(L3+al,+b) <0, (la-z)(5+al+b)>0. (4.14)
Therefore, from (4.10) and (4.14),
L, <z< D,
which implies that
Ly=h =z (4.15)

In addition, using (4.15), the first and the third inequalities of (4.3), we have

L7+ (q0-1)Li <IF + (q0 - 1)L, (4.16)

and so (4.10) implies that
Ly =1. (4.17)
This completes the proof of the proposition. O

Proposition 4.2. One considers the system of difference equations (1.3) where p;, q;, i = 0,1 are
positive constants, and the initial values y;, z;, i = —1,0 are positive numbers. If either (3.42) or
(3.43) hold, then every solution of (1.3) tents to the positive equilibrium of (1.3).

Proof. Let (yu, z,) be an arbitrary solution of (1.3). From Proposition 3.3, there exist L;, I;,
i =1,2 such that (4.1) are satisfied.
From (1.3), the monotony of functions (3.33) and (3.44), we have

poL» +11, L < pili+1 > polo + Ly > pilh + Ly

Ll < = ’ ’ ’
q0+11 q1+12 q0+L1 q1+L2

(4.18)

and hence

Lily + Ligo < poLr + 11, Lily + ligo > polo + Ly,
(4.19)
Lol + Logy < p1ly + 1y, Lol + g1 > pilh + Ly,
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which implies that
(T+q0)(Li—h) <po(Lr—1), (IT+q)(Ly - L) <pi(Li—h). (4.20)
Therefore,
[(1+40) (1 +q1) = pops] (L1 — 1) <0. (4.21)

First suppose that (3.45) holds. Then from (3.42) or (3.43), and (3.45), we get L1 —I; < 0, which
means that

Ly =1. (4.22)
Using (4.20), it is obvious that
Ly = 1. (4.23)

So if (3.45) holds, the proof is completed.
Now, suppose that (3.50) hold. Then from (4.20), we have

Ly-l, =L -1. (4.24)
Moreover, from (4.24), it follows that
(go+1)lb+ Ly —lhiqo = (go+1)La + 1 — L1go. (4.25)
In addition, from (3.50), the first and the second inequalities of (4.19), we get
(go+ 1)+ Ly = ligo < Lily < (qo + 1)Ly + 1 — L1 qo. (4.26)
Therefore, from (4.25) and (4.26), we have

L= (q0+1)L2 +11

. " (4.27)
We may assume that there exists a positive integer n; such that
ilirg Yni-j = A}, ilirg Zn-j = B, ih—>n;> Yms1 = L. (4.28)
Moreover, from (1.3), (3.50), and (4.28), we get
ACLDL ALY (4.29)

q0+A1
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Since f(x,y) = ((go+1)x+y)/(qo+y) is decreasing with respect to y, for any x > (qo/(go+1)),
if By < L or l; < Ay, then from (3.44), and (3.50), we get

1)L, +1
L @*DL+h

4.30
P (4.30)
which contradicts to (4.27). So,
By =Ly, Iy = Ay (4.31)
Using the same argument, we can prove that
Az =1Ly, B; =1,
B; =1y, Az =Ly,
By = L, Ag=1,
(4.32)
Ag=1, Bs = L,
Bs = Ly, As =1,
As =1Ly, Bs =1y,
and so Ly = I; = A. Also, from (4.24), we have L, = I, = B. Therefore,
lim y, = A, lim z, =B, (4.33)
n— oo n— oo
where obviously A = B = 2. This completes the proof of the proposition. O

Proposition 4.3. One considers the system of difference equations (1.3) where p;, qi, i = 0,1 are
positive constants, and the initial values y;, z;, i = —1,0 are positive numbers. If relations (3.7) hold,
then every solution of (1.3) tents to the positive equilibrium (1,1) of (1.3).

Proof. Let (yu,z,) be an arbitrary solution of (1.3). From the proof of Proposition 3.2, the
subsequences Ysu, Ysn+l, Yan+2, Z3n, Zan+1, and zzu4o are monotone and y,, z, are bounded
and persist. So, there exist positive numbers Ly, L,, L3, M;, M, and M3 such that

Ly = lim y3,, L, = lim ys3,41, Lz = lim ys3,40,
n—oo n—oo n—oo
(4.34)
M1 = lim Z3n, Mz = lim Z3n+1, M3 = lim Z3n+2,
n—oo n—oo n—oo
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and from (1.3) and (3.7), we get

L L
L= PMetle o qlat Mo
p+ L2 q+ M2
pM3 + L3 qu + M3
— =1 - 4,
L, oLy M, T+ My (4.35)
M+ L L,+M
Ly = P1—+1’ Ms; = g2+ M1
pt L1 q+ M1
Then, we have
L1P+L1L2 ZPM2+L2, M1q+M1M2 = qL3 +M2,
sz + L2L3 = pM3 + L3, M2q + M2M3 = qL1 + M3, (436)
L3p + L1L3 = le + L1, M3q + M3M1 = qu + Ml,
and hence,
(Li-Ma)p=Ly(1-L1),  (Mi-Ls)qg=Ms(1-M),
(L2 - M3)p = L3(1 - Lz), (M2 - L1>q = M3(1 - Mz), (437)
(L3—M1)p=L1(1—L3), (M3—L2>q=M1(1—M3).
Therefore, we take
lLa-n) = iMoo
—L2 —L1)=— 3 2= 7
p q
Lo = M - 1)
—L3 —L2) =~ 1 3~ s
p q
L -1 = Imp vy - 1)
—Li(1-L3)=-Mo(My-1).
p q
So,
if Ly >1 (resp., L1 <1), then M, <1 (resp., M, >1),
if L, >1 (resp., L, <1), then M3<1 (resp., M3 >1), (4.38)

if L3 > 1 (resp., L3 <1), then M; <1 (resp., M; >1).

Therefore, if L1 > 1, M, < 1 (resp., L1 <1, My > 1), we have L1 — M» > 0 (resp., L; —
M, < 0) and so from (4.37), Ly < 1 (resp., Ly > 1). Hence, L; = 1 and from (4.37), M» = 1.
Similarly, we can prove that L, =1, Ls =1, M; =1, M3 = 1. This completes the proof of the
proposition. O
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5. Stability of System (1.3)

In this section we find conditions so that the positive equilibrium (y,z) and the zero
equilibrium of (1.3) are stable.

Proposition 5.1. Consider system (1.3) where p;, qi, i = 0,1 are positive constants and the initial
values y;, zi, i = —1,0 are positive numbers. Then, the following statements are true.

@) If
go—1<po < qo, q-1<pi<qu, Go+q1 +pop1 +qoq1 <1, (5.1)

then the unique positive equilibrium (y, z) of (1.3) is globally asymptotically stable.
(ii) If

do+q1 +popr +1 < qoqn, (5.2)

then the zero equilibrium of (1.3) is locally asymptotically stable.

Proof. (i) Since (y, z) is the unique positive positive equilibrium of (1.3), we have

=poz+y Z=p1y+Z

, . (5.3)
qoty Ntz
Then from (5.1) and (5.3), we get
cdzrYy DY TE (5.4)
qot+y qtz
Without loss of generality we assume that z < y. Then from (5.4), it results that
<MY (5.5)
Go+y
which means that
y <L (5.6)
Moreover, from (5.4) and (5.6), we get
2<BrZ g (5.7)
n +z
In addition, from (5.3), we have
y> 2 z (5.8)

s Z> a
q0+y q1+Z
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and so
y>1-qo, z>1-q. (5.9)

Then the linearized system of (1.3) about the positive equilibrium (y, z) is

Zps1 = AZn/ (510)
where
0 0 1 0
0 0 0
T~ Poz  _Po 0 0 o
n-1
A= (110 n y)Z Go+y , Z, = w, . (511)
q1—pi1y p1 0 (2

(p+2)" @+z

The characteristic equation of A is

e < Q-poz , @ —P1y> 2o @opd)@opy) o sy
(@+y)" (@+2)’/  @ry)@+2) (q+y)(a+2)

According to Remark 1.3.1 of [7], all the roots of (5.12) are of modulus less than 1 if and only
if

wopz 4oy p1po a0~ POZ)Z(Ch - Plz) -1 (5.13)
@+y)" (@+2)°| @+)@+2) | (+y) (g +2)
From (5.3), we get
Ggo-pz=1-H+q), q-py=01-2)(z+q) (5.14)
Then from (5.6), (5.7), and (5.14), inequality (5.13) is equivalent to
1-y 1-z P1pPo N 1-y)1-2) (5.15)

+ + .
g+y q+z (Q+y)(q+z) (Q+y)(q+2)

Using (5.9), inequality (5.15) holds if (5.1) are satisfied. Using Propositions 4.1 and 4.3, we
have that the unique positive equilibrium (y, z) of (1.3) is globally asymptotically stable.

(ii) Arguing as above, we can prove that the linearized system of (1.3) about the zero
equilibrium is

Zpi1 = AZy, (516)
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where
0 0 10
0 0 01 W1
1 Po o)
= — = 00 = n-1
A= o . Zn . (5.17)
0 1 m 0 Un
q q
The characteristic equation of A is
1 1 1
Je <—+—>AZ—MA+—=O. (5.18)
g G Joqr  qoqn
Using [7, Remark 1.3.1], all the roots of (5.18) are of modulus less than 1 if and only if relation
(5.2) holds. This completes the proof of the proposition. O

6. Conclusion

In this paper, in order to investigate (1.2), we study the equivalent system (1.3). Summarizing
the results of Sections 2, 3, 4, we get the following statements, concerning (1.2).

(i) If (2.1) hold, then (1.2) has a unique positive periodic solution of period 2.

(ii) If either (3.4) or (3.37) holds, then every positive solution of (1.2) is bounded and
persists and tends to the unique positive periodic solution.

(iii) If (5.1) hold, then the unique periodic solution of (1.2) is globally asymptotically
stable and if (5.2) holds, then the zero solution of (1.2) is locally asymptotically
stable.

Open Problem

Consider the difference equation (1.2) where p,, g,, n = 0,1,... are positive sequences of
period 2, and the initial values x;, i = —3,-2, -1, 0 are positive numbers. Prove that

(i) if
q0—1<POSq0+1, q1—1<p1Sq1+1 (61)
are satisfied, then every positive solution of (1.2) is bounded and persists;

(ii) if relations (6.1) are satisfied, then every positive solution of (1.2) tends to the
unique positive equilibrium (y, z) of (1.2) asn — oo.
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