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We propose the modified g-Bernstein polynomials of degree n which are different g-Bernstein

polynomials of Phillips (1997). From these modified g-Bernstein polynomials of degree n, we
derive some recurrence formulae for the modified g-Bernstein polynomials.

1. Introduction

Let C[0,1] denote the set of continuous function on [0,1]. For f € CJ[0,1], Bernstein
introduced the following well-known linear positive operators in [1]:

Bu(f : x) o= ;f(%) (1)x -0 - éf(%)sk,nm, (1)

where ({) =n(n-1)---(n—k+1)/k!. Here B,(f : x) is called the Bernstein operator of order n
for f.For k,n € Z,, the Bernstein polynomial of degree n is defined by

Bun() = ()1 =", (1.2)
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where x € [0,1]. For example,

Boi(x) =1-x, Bia(x) =x, 13
Boa(x) = (1 - %)% Bia(x) = 2x(1 - x), Baa(x) = 22,.... '

Also, By n(x) =0, for k > n, because () = 0.
Some people have studied the Bernstein polynomials in the area of approximation
theory (see [2] through [3]). Note that for k € Z, and x € [0,1],

the(1-x)t y k x k (1 .X') n
L - (ry

1-x)"(n+1)---(n+k)

n+k
a Z CEN] !
(1.4)
_ < n k n-k t"
- 2((R)a-0m)5
= ZBk,n () —
n=k
Because Byo(x) = Bi1(x) = -+ = Bir-1(x) = 0, we obtain the generating function for B, (x)
as follows:
thp(l-0tyk  ®
FOt,x) = ———— = ZBkn<x) (1.5)
(see [4, 5]), where k € Z, and x € [0, 1]. Notice that
n k
X1 -x)"" ifn>k,
Bk,n(x) = k (16)
0 ifn<k,
forn, k € Z, (see [2]).
Let 0 < g < 1. Define the g-number of x by
1-g*
[x], = =g (1.7)

See [2] through [3] for details and related facts. Note that lim;_1[x], = x. In [6], Phillips
proposed a generalization of the classical Bernstein polynomials based on g-integers. In the
last decade some new generalizations of well-known positive linear operators, based on
g-integers were introduced and studied by several authors (see [1-13]). Recently, Simsek
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and Acikgoz have also studied the g-extension of Bernstein-type polynomials [5]. Their g-
Bernstein-type polynomials are given by

Yn(k;x:q)=<n> (-1)* klki Z<k+1— ><n;k>

(1-9)"" miz0j=
(1.8)

) <<—1>fq’+f“-x>5<m, R (x 1nq)’">

m!

where S(m, k) are the second-kind stirling number. In [5], we can find some interesting
formulae related to g-extension of Bernstein polynomials which are different g-Bernstein
polynomials of Phillips. In the conference of Jangjeon Mathematical Society which was held
in IRAN (on Feb.2010), Acikgoz and Arci has introduced several-type Bernstein polynomials
(see [2]). The Acikgoz paper [2] announced in the conference is actually what motivated us to
write this paper. In this paper, we considered the g-extension of Bernstein polynomials which
were introduced by Acikgoz at the conference of Jangjeon Mathematical Society on Feb. 2010.
First, we consider the g-extension of the generating function of Bernstein polynomials in (1.5).
Indeed, this generating function is also treated by Simsek and Acikgoz in a previous paper
(see [5]). From this g-extension of the generating function for the Bernstein polynomials, we
propose the modified g-Bernstein polynomials of degree n which are different g-Bernstein
polynomials of Phillips. By using the properties of the modified g-Bernstein polynomials, we
obtain some recurrence formulae for the modified g-Bernstein polynomials of degree n.

2. The Modified g-Bernstein Polynomials

For 0 < g <1, consider the g-extension of (1.5) as follows:

fke[l_x]'lt [x]k
k q
F®(t,x) = — 4

q tn+k (21)

where k,n € Z, and x € [0,1]. Note that limqalF,gk) (t,x) = F®(t,x). We define the modified
q-Bernstein polynomials as follows:

k
F(t,x) =

Z 2 (X, q) ;—n!, (2.2)

where k,n € Z, and x € [0,1].
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Remark. This generating function is also introduced by Simsek and Acikgoz in a previous
paper (see [5]).

By comparing the coefficients of (2.1) and (2.2), we obtain the following theorem.

Theorem 2.1. For k,n € Z, and x € [0,1],

B TSRS
Bin(x,q) = k I 1 (2.3)

0, ifn<k.

For 0 < k < n, we have
[1-x],Bin-1(x,q) + [x],Bk-1,0-1(x, 9)

=[1—x]q(";l)[x]’;[l—x];*ﬂ[x] (b 1) et -y

(P [ IR R G ISR i
S IEHIEE

and the derivatives of the modified g-Bernstein polynomials of degree n are also polynomials

of degree n — 1, that is,

1 -1
%Bk,n (x,9) = (Z)k[x]’;‘l [1- x];—k %q’c + (Z) [x]g(n —k)[1- x];’—k—l (rnf)ql_x

- 2 (ks -y - () el o -y

(2.4)

qg-1
In
= (4" Bean(x,q) - 4" Bin (x, q)) q

(2.5)

Therefore, we obtain the following recurrence formulae.

Theorem 2.2 (recurrence formulae for By ,(x,q)). For k,n € Z, and for x € [0,1],

[1 - x]qu,Tl—l (xr Q) + [x]qu—l,n—l (xl q) = Bk,n (xr 5]),

(2.6)

d In
T Ben(x,4) = n(qBirn (x,4) — 4" B (x, q)) z.
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Let f be a continuous function on [0, 1]. Then the modified q-Bernstein operator of order

n for f is defined by
= k
Bua(f %) = S (%) Bua(g),
k=0
where 0 < x <1, n € Z,. We get from Theorem 2.1 and (2.7) that for f(x) = x,

R W [ IEHIE
= [x],(1- [1- ], [x], (g - )"

= £(1x1,) (1+ -] 1 -x1,) "

We also see from Theorem 2.1 that

Buq(1:x) = in,n (x,q)
k=0

—_ c n

-2(0)
A

n

[x]S[1 -] 7*
[x]5

(1+-g)lx],1-x],)

(2.7)

(2.8)

(2.9)

The modified g-Bernstein polynomials are symmetric polynomials in the following

sense:
n n
Bucin(1-x,) = ()" )1 = 21521} = B (x,9)

Therefore, we get the following theorem.

Theorem 2.3. For k,n € Z, and x € [0,1],

Bukn(1-x,q) = Biu(x,q),

Bug(1:x) = (1 +(1-q)[x],[1 - x]q)".

(2.10)

(2.11)
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For { € C, x € [0,1] and for n € Z,, consider

n! i; ([x] §>k L1, 46 (2.12)
C

E k! §n+1 4

where C is a circle around the origin and integration is in the positive direction. We see
from the definition of the modified g-Bernstein polynomials and the basic theory of complex
analysis including Laurent series that

f (098)" e e § Bin(x,0)8" di _zm-<M>, @13)
C

k! §n+1 m! §n+l n!

We get from (2.12) and (2.13) that

= Bya(x,9), (2.14)

n! f{; <[x]‘7€>ke[1x]§ d¢
C

20ri k! ol

(=1, €>k1 dg _ [xlg
§C e et T Z< f@m"“kdc)

(2.15)
WAEIHE R
=21 <W .
We also get from (2.12) and (2.15) that
(18)"
n! x 0,096 _ (n " 2.16
et T R () [ HIEE (2.16)

Therefore, we see from (2.14) and (2.16) that

Bion(x,q) = (Z) [0 - 2157 (2.17)
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Note that

n

(25 ) Bt + (2 ) B ()

_ (n-1)!
Ckln-k-1)!

(n-1)!

Py

[x]8[1 - x]7 7% + a q

= (11 -], + [x],) Biws (x.9) (2.18)

= (1+ [x1,(1-4") ) Bena (x,9)

= (1+ (1= )], 11 - 21, ) Beor (,9).

Therefore, we can write the modified g-Bernstein polynomials as a linear combination of
polynomials of higher order as follows.

Theorem 2.4. Fork,n € Z, and x € [0,1],

1-k k+1
(n;+ - _>Bk,n+1(X,CI) + <n:1>Bk+l,n+l (x,9) = <1 +(1-g)[x],[1 —x]q>Bk,n(x,q).
(2.19)

We easily see from (2.17) that for n,k € N,

() e () () e

n! —
T K-k [xlg1 - =15
= Bin(x,9).

(2.20)

Thus, the following corollary holds.

Corollary 2.5. Forn,k € Nand x € [0,1],

n-k+1 [x]q
( k ) <[1 - x]q>Bk-1/"(x"7> = Bin(x,q)- (2.21)
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Note from the definition of the modified g-Bernstein polynomials and the binomial
theorem that for k,n € Z,,

Bin(x,q) = (. ) [xI5[1 - x]y*

)
)
> 85 (n I k) (-1'q Ll (2.22)
(k}-: l> <k1-1F l> (=1)!g'0= [x]?k

SOy

Therefore, we showed that the following theorem holds.

Theorem 2.6. Fork,n € Z, and x € [0,1],

Biu(x,q) = i (,](> <7Jl> (1)) g0 [x]]. (2.23)

j=k

It is possible to write [x]’q‘ as a linear combination of the modified g-Bernstein
polynomials by using the degree evaluation formulae and mathematical induction. We easily
see from the property of the modified g-Bernstein polynomials that

g(%)%(w) - Z(Z _ 1) [x]5[1 - x]5

_ (= <7l - 1) (][ = ] (2.24)

and that

k=2 k=2
n-2

_ <n I; 2) [x]Z+2 [1- x]Zfsz (2.25)
k=0
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Continuing this process, we obtain
()
j

)y o Bin(x,) =[xl ([x], + 1 _x]q)”’j, (2.26)
]

k=j

for j € N. Therefore, we obtain the following theorem.

Theorem 2.7. Forn,j € Z, and x € [0,1],

n k .
! =) EL; Biu(x,q) = [x]}. (2.27)
<[1 x]g+ [ > k=j \J

For k € N, the Bernoulli polynomial of order k is defined by

t N\~ t t
(ef—l) ¢ ‘<ef—1>x"'x<ef

TV
k-times

o _ Napl,
1)6 _nZ:OB" ()71 (2.28)

and Bﬁlk) = Bilk) (0) are called the nth Bernoulli numbers of order k. It is well known that the
second kind stirling number is defined by

(e_l) Zs k);—n, (2.29)

for k € N. We note from (2.2) that

k
[1-x],t k
(Lxlyt) e RUHGENAIA . [
a k! et €

K! —1
- [xl} <§05<m, k)—_> @Bff‘) (1-x1,) f;) 230)
[x]ki 1 B ([1 - x]q>S(l —n, k)l ‘
14| & (1= n)! I
We have from (2.2) and (2.30) that
Bii(x,q) = [x]§§< Tll > B® ([1 — x] q)sa -n,k), (2.31)

and Bio(x,q) = Bx1(x,q) =+ = Bx-1(x,q) =
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Remark. The Equations (2.30) and (2.31) are already known by Simsek and Acikgoz in a
previous paper [5, page 7].

Let A be the shift difference operator defined by Af(x) = f(x +1) — f(x). We see from
the iterative method that

870 = 3 () 1 0 2.32)

for n € N. We get from (2.29) and (2.32) that
i S k) [ i(k) (1)l
&l kAN

k n
EOes e
" !

) Akon I

- ol
~ k! n

n=0

By comparing the coefficients on both sides above, we have

knn
S(n, k) = AT?' (2.34)

for n, k € Z,. Thus, we get from (2.31) and (2.34) that

! kpl-n
Bii(x,q) = [x]g 3, (,ll) B (11-x],) S (2.35)
n=0 .

Let (Eh)(x) = h(x + 1) be the shift operator. Then the g-difference operator is defined by
Az =T (E - qf1>, (2.36)
where [ is an identity operator(see [7] through [11]). For f € C[0,1] and n € N, we have

ISIOEDY <Z> (-1)*q2) f(n-k), (2.37)

k=0 q

where (), is the Gaussian binomial coefficient defined by

<x> _ [x]q[x—l]q---[x—k+1]q. (2.38)
q

k [k],!
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Let F,;(t) be the generating function of the g-extension of the second kind stirling number
as follows:

-5

=~

4 lgt —
Fy(t) = [, 2 < )qq 2l ZS(n,k q)—. (2.39)
We have from (2.39) that
—( ) k ) q—(’p )
S(nk:q) = -1)q j k—'":—A 0", 2.40

where [k] ! = [k], [k - 1], - [2],[1],- It is not difficult to see that

(]! = Zaf (x ) [K],1S(n,k : ). (2.41)

See also [7] through [11] for details and related facts for above. Then, we get from (2.41) and
Theorem 2.7 that

i n (5
Zq“ﬁ)@ [k1,!S(i.k - q) = . > <i>Bkm<x’q>- (242)
\ ()

k=0 ([1—x]q [x] >nlk=]

Therefore, this completes the proof of the following theorem.

Theorem 2.8. Forn,j € Z. and x € [0,1],

k
! n_jZEf?)Bkn(x q) = Zq( )< ) [k1,!S(j. k= q)- (2.43)
([1—x]q+[x]q> 5 () q
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