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By applying minimax methods in critical point theory, we prove the existence of periodic solutions
for the following discrete Hamiltonian systems A%u(t — 1) + VF(t,u(t)) = 0, where t € Z, u € RN,
F:Z xRN — R, F(t,x) is continuously differentiable in x for every t € Z and is T-periodic in t; T
is a positive integer.

1. Introduction

Consider the following discrete Hamiltonian system:
A’u(t-1)+VF(tut) =0, teZ, (1.1)

where A is the forward difference operator defined by Au(t) = u(t + 1) — u(t), A%u(t) =
A(Au(t)), t€Z, ue RN, F: ZxRN — R, and F(t, x) is continuously differentiable in x for
every t € Z and is T-periodic in t; T is a positive integer.

Difference equations usually describe evolution of certain phenomena over the course
of time. For example, if a certain population has discrete generations, the size of the (t + 1) th
generation x(¢+1) is a function of the tth generation x (). In fact, difference equations provide
a natural description of many discrete models in real world. Since discrete models exist in
various fields of science and technology such as statistics, computer science, electrical circuit
analysis, biology, neural network, optimal control, and so on, it is of practical importance to
investigate the solutions of difference equations. For more details about difference equations,
we refer the readers to the books [1-3].
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In some recent papers [4-15], the authors studied the existence of periodic solutions
and subharmonic solutions of difference equations by applying critical point theory. These
papers show that the critical point theory is an effective method to the study of periodic
solutions for difference equations. In 2007, Xue and Tang [11] investigated the existence of
periodic solutions for (1.1) and obtained the main result.

Theorem A (see [11]). Suppose that F satisfies the following conditions:

(F1) there exists a positive constant T such that F(t + T, x) = F(t, x) for all (t,x) € Z x RN;
(F2) there are constants Ly >0, L, >0, and 0 < a < 1 such that

IVE(t,x)| < Li|x|" + Ly, V(¢ x) € Z[1,T] xRN, (1.2)

where Z[a,b] :=N[a,b] forevery a,b € Z with a < b;
(E3) |x|™2* ZL F(t,x) — +ooas |x| — +oo forallt € Z[1,T].

Then problem (1.1) has at least one periodic solution with period T.

Let

F(t,x) = f(t)|x|""* + (sin ? + 1>|x|3/2 + (h(t),x), (1.3)

where f : Z[1,T] = R, f(t+T) = f(t), h: Z[1,T] — RN, and h(t + T) = h(t). It is easy to see
that
l['/2 + [(8)]

7 34 3| . 2t
< — — _
|VF(t,x)|_4|f(t)||x| 5 [sin =% +1

(1.4)
< Z(|f(t)| +e)lx"* + a(e) + |n(t)|, V(t,x)€Z[1,T] xRY,

where € > 0 and a(¢) is a positive constant and is dependent on €. The above inequality shows
that there are functions not satisfying condition (F2). If we let Y1, f(t) =0, & = 3/4,T = 2,
then we have

T
x2S F(t,x) = 2 + (h(l) +h(2), |x|-3/2x) . (1.5)

t=1
But the above equality does not satisfy (F3). This example shows that it is valuable to further

improve conditions (F2) and (F3).
Before stating our main results, we first introduce some preliminaries.

2. Preliminaries

Let

HT:{u:Z—>RN|u(t+T)=u(t), teZ}. (2.1)
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Hr can be equipped with the inner product
T
(u,0) = > (u(t),o(t)), Vu,veHr, (2.2)
t=1

by which the norm on Hr can be reduced by

T 1/2
[l = <Zlu(t)lz> , VueHr, (2.3)

t=1

where (-,-) and | - | denote the usual inner product and the usual norm in RN. It is easy to see
that (Hr, (-,-)) is a finite-dimensional Hilbert space and linear homeomorphic to RNT. For
any r > 1, define

T 1/r
lJull, = <Z|u(f)lr> , VueHr. (2.4)
t=1

Obviously, ||u|| = ||u||2 and ||u|| is equivalent to ||u||,. Hence, there exist two positive constants
C1, Cy, which are independent on r, such that

Cillull, < lJull < Calull,, Vu € Hr. (2.5)

If we define ||ul|, = SUP,ez17] |u(t)|, it is easy to see that for any r > 1,

lullo < llull,, VYu€ Hr. (2.6)
For any u € Hr, let
1 T T
p(u) = =35 > | Aut) + S [F(t,u(t) - F(t,0)]. (27)
t=1 t=1

We can compute the Fréchet derivative of (2.7) as

Op(u)

B0 A%u(t-1) + VF(t,u(t)), teZ[1,T]. (2.8)

Hence, u is a critical point of ¢ on Hr if and only if
A’u(t-1) + VF(t,u(t)) =0, te€Z[1,T], ueRN. (2.9)

So, the critical points of ¢ are classical solutions of (1.1). The following lemmas are useful in
our proof.
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Lemma 2.1 (see [11]). As a subspace of Hr, Ny is defined by
Ny = {u € Hy | -A%u(t - 1) = Aeu(t) } (2.10)

where Ay = 2 —2coskw, w = 2x/T, k € Z[0,[T/2]], [] and denote the Gauss Function. Then
there hold

(i) Nk LN;, k#j, j € Z[0,[T/2]];

(ii) Hr = o'/ Ny,

Lemma 2.2 (see [11]). Define Hy := EB;.‘zon, H} = ol N ke Z[0, [T /2] — 1], then one has

j=k+17 %]
I 2
2|Au(®)]” < Mellully,  Vu € Hy; (2.11)
t=1
T ’ .
ZIAu®F 2 balluly, V€ H. (2.12)

3. Main Results and Proofs
Theorem 3.1. Suppose that F satisfies (F1) and the following conditions
(F2) therearep,q : Z[1,T] — R*, a € [0,1) such that

[VF(t,x)| < p(t)|x|* +q(t), Y(tx)€Z[1,T]xRY, (3.1)

where Z[a,b) := Z N [a, b] for every a,b € Z with a < b;
(F3)' lim infi— oo |x|>* XL F(t,x) > ((Mr/2) +201)/202) 30, p2(t) for all t € Z[1,T].

Then problem (1.1) has at least one periodic solution with period T.

Theorem 3.2. Suppose that F satisfies (F1) and (F2) with a = 1. Moreover, assume the following
conditions hold:

T

Spt) <)y, (3.2)

t=1

and

(F4) im infiy oo |x|2 X1 F(t, x) > ((Ar2+4 2+ X0 p()+0 2 (=3, p()) /20 (M-
S p(0)) iy pA() for all t € Z[1,T].

Then problem (1.1) has at least one periodic solution with period T.

Remark 3.3. Tt is easy to see that (F2)' is more general than (F2) and (F3)' is weaker than (F3).
Theorem 3.2 is a new result, which completes Theorem A when a = 1.
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For the sake of convenience, we denote

T 1/2 T T
= (sz(t)> ;o Ma=Dp(t),  Ms=>gq(0). (3.3)
=1 t=1 t=1

Proof of Theorem 3.1. First we prove that ¢ satisfies the (PS) condition. Suppose that a
consequence {u,} C Hr is such that —-C3 < ¢(u,) < Cs, where C3 > 0 and ¢'(u,) — 0 as
n — oo. Then for sufficiently large n,

=llull < (o' (un), 1) < [lull- (3.4)

From Lemma 2.1, we can write u as u = u + i € Hy@ HZ, where Hy = Ny, and H& =
T/Z IN k- From (F3)’, we can choose a; > 1/ .)Lz > (0 such that

A
hmmf|x|_2"‘ZF(t x) > < ”22]“1 + m)mf. (3.5)

t=1

From (F2)', (2.6), Holder inequality, and Young inequality, we have

Z(P(t u(t)) - F(t, 1))

t=1

I (VE(t,u+su(t)),u(t))ds

T 1
< Zl“ JO (VE(t, 5 + sii(t)), i(t))| ds

T 1
<y fo (p(O [ + sE(H)|" + g(0) (1) ds
=1

T i T B (3.6)
< Dp@ (" + @®1 ) amnl + Y q®Ee)
t=1 t=1
. 12 , 1 1/2
SIW‘(ZP%)) <Z|ﬁ(t)|2> + M|al|s + M|l
t=1 t=1
= Mfa||[il] + Ma|l@)|%" + M|l
1 o ~2 VA, oo ~a+l ~
< g P + Y MEE + Ml + M,
In a similar way, we have
r ~ ~ 111/\1 21— 2a a+1
Z(VF(t,un(t)),un(t))S || Unl|® + == M2 + Mo|[fin]| " + Ms][7i]]. (3.7)
t=1
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Letu, =u,+u, € Hod H&. From (2.12) and (3.7), we have

T T

D (A (b), Atiy (1) = D (Al (b), Ally (1)) 2 M [l

=1 t=1

T T
D (Auy(t), Adiy () = =(¢ (), Bin) + D, (VE(E, un(t)), tin(h))
t=1 t=1

1
2a1)q

al)q
2

~ ~ 12 — |12 ~ 1 ~
< | + l[22n]” + M ™ + Mol | + M|l

It follows from (3.8) and (3.9) that

aM

Mo~ —
il + Cs < S M3 P,

2

(3.8)

(3.9)

(3.10)

where Cy = minge[g+o0) { (@143 — 1) /2a111) 8% - M5! — (1+ M3)s}. The fact that a; > 1/12 > 0

implies that —co < C4 < 0. So it follows from (3.10) that

~ 112 — 2
i l1* < @y M3[i,|** — 2C4hs,

and so

in | < Va1 Milun|” + Cs,

(3.11)

(3.12)

where Cs > 0. It follows from the boundedness of ¢(u,), (2.11), (3.6), (3.11), and (3.12) that

T T
Cs 2 pu) = —%Z|Aun<t>|2 + S [F(tua(h) - F(t,0)]
=1 t=1

T

T T
- —%ZlAﬁnanz + 2 [F(tun(t) = F(t, )] + D [F (L, 1) = F(£,0)]
=1 t=1

t=1

1 ~ 1~ 0 VA, o, o ~ el ~
2 _E)‘[T/Z]“un” - ﬁ””n” - TM% U™ = M|Ti, " — Ma]|ii,||

T

+ Z[F(t/ﬁn) - F(t,O)]

t=1



Discrete Dynamics in Nature and Society 7

T
> (Fhm+ 57 ) (M ~2C0) + YIFG.T,) - Pt 0]
t=1

_Va
2

1 —
> <—§)L[T/2] a1M% - \/EM%> Iunlzu + )t[T/Z]CAL)tl +

M2[i,** = My (v/ar My [i,|* + Cs)* = My (v/ar M@, + Cs)

Cylq
NG

- My (2 (varMy) ™[ + 2°C5) - My Msv/anli|* - MsCs

M=

+ [F(t/ﬂn) - F(t,O)]

-
I
—_

1
|un|2u [|u | Z“ZF(t un) — < [T/2141 + \/7>M M1M3\ﬁ|un|

=t
Calq
NG

—M22"‘ (\/aMl)aHlﬂnw(a_l)] + )L[T/z] C4)L1 + - M3C5

T
- Mp2°CE = 3 F(t,0).

t=1

(3.13)

Inequalities (3.5) and (3.13) imply that {u,} is bounded. Hence, {ii,} is bounded by (3.12),
and then {u,} is bounded. Since Hr is finite dimensional, there exists a subsequence of {u,}
convergent in Hr. Thus, we conclude that (PS) condition is satisfied.

In order to use the saddle point theorem [16, Theorem 4.6], we only need to verify the
following conditions:

(I1) p(x) — 4w as |x| = oo in Hy;
(12) ¢(u) — -0 as |lu|l — oo in Hg.
In fact, from (F3)', we have
T

> F(t,x) — +oo as |x| — oo in Hy. (3.14)
t=1

. 2
For any x € H), since ST, |Ax| =0, we have

T
p(x) = DI[F(t,x) - F(t,0)]. (3.15)

t=1
It follows from (3.14) and the above inequality that
(p(x) — +oo  as |x| — oo in Hy. (3.16)

Thus (I1) is easy to verify.
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Next, for all u € Hy, from (F2)' and (2.6), we have

T
SUF(tu(t) - F(t,0)| =
t=1

T 1
S [ (VP su), uas
=170

T T
< Sp®u®) + Y gt |ut)] (3.17)
t=1 t=1

= =

1
2llulls” + Mallull

< Ml[u|| ™! + Mo||u|.

By (2.7), (2.12), and (3.17), we obtain

T T
90 = -3 S Idu)f + 3 IF(u(h) - F(t,0)]
=1 =t (3.18)

1
< = dallull® + Mol + Myjul.

Since A1 > 0and « € [0,1), we have ¢(u) — —ooas ||lu|| — oo in H. The proof of Theorem 3.1
is complete. O

Proof of Theorem 3.2. By (3.2) and (F4), we can choose an a, € R such that

msLso (3.19)
S}
T
o 1 1 1 ap Vax
liminflx| 23 F(t S+ 5=+ 5M M >20
im inflx| ; (,3C)>[<2 N 2)11—M2+ 2 ] ! (320

It follows from (F2)' with a = 1, (2.6), Holder inequality, and Young inequality that

T

SU(E(tult)) - F(t,0)

t=1

T 1
> f (VF(t,u + sti(t)), (t))ds
t=1 70

T 1
< 3 [ (v a s, a)ids
t=1 70
T 1 T 1
<3 [ v+ saopeids « 3 [ awolds
t=1 70 t=1 70

T 1 T
- Spo (Il + 3l ia o] + X))
t=1 t=1
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T vz, vz T T
<l <Zp2<t>> <Z|ﬁ<t>l2> + 5l 28 + il 2q(t)
t=1 t=1 t=1

t=1

i~y Moo ~
= Mufa il + =2 il + Ml

1 M ~ an _ ~
< (g + 52 Wl + 2 MG + Mol
(3.21)
In a similar way, we have
o ~ 1 Mo\ - 2 4G, - ~
D (VE(t,un(t)), tin(t)) < 50 T il + o Miful” + Msfita]]. (3.22)
t=1 2
From (3.8) and (3.22), we have
T
MlliEnl® < 3 (Aun(t), Adin(t))
t=1
T
= (' (un), Ty + D (VE(t, (1)), T (8)) (3.23)
t=1
~ 1 M - a _ ~
<Nl + (5 + 52 )l + MG + Ml
It follow from (3.23) that
1 ~ 2 Ay \ o— 2
5 (1 = M) [l + Ce < = Mifitnl’, (3.24)

where Cg = minge(o,+o0) { (M a2 — 1)/2a5)s?> = (1 + M3)s}. The fact that a, > 1/1; > 0 implies
that —oo < Cg < 0. So it follows from (3.24) that

_2Ce
A - le

az

21= |2
—Mle Uy |

i, < .
lall” < 5 (3.25)

and so

~ a —
litall <4/ _2M2 M [tt] + C, (3.26)
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where Cy7 > 0. It follows from the boundedness of ¢(u,), (2.11), (3.21), (3.25), and (3.26) that

T T
Cs 2 p(w) = 3 S |Aun(OF + SIF(E ua(t) - F(1,0)]
t=1 t=1

T T T
= S SUNTLOF + DF(twa(t) ~ F( )] + Y IF( ) - F(1,0)]
t=1 t=1 t=1

1 ~ M Vaz oo
> 5wl - (e + 52 Yl = Y2 MG - Mal|

2y
+ SUF(, ) - F(,0)]
t=1

1 1 M, - 2(:6 )
>—( =\ — 4+ =2 M ;
- (2 [T/2]+21/a2+ 2 ><J\1 | | M2

_ @Mﬂanﬁ—mrj(

T
as _ —
1 _M2M1|un| +C7> +§[F(t,un) F(t,0)]

T
= 2| 2 = 1 > 22 2
= [u,] [|un| > F(t,i) ( Afr/21 + 2\ﬁ + 5 Mo )q_M2M1

t=1

a _ 1 C
2M2M1M3|un| 1] + < [T/2] + —— N + M2> m _6

T
- M3C; - D F(t,0).
" (3.27)

Inequalities (3.20) and (3.27) imply that {u,} is bounded. Hence, {ii,} is bounded by (3.26),
and then {u,} is bounded. Since Hr is finite dimensional, there exists a subsequence of {u,}
convergent in Hr. Thus, we conclude that (PS) condition is satisfied.

In the following, we prove that ¢ satisfies (I1) and (I12). In fact, from (F4), we have

T
> F(t,x) — +o as  |x| — oo in Hy. (3.28)
t=1

It follows from (3.27) and 31, |Ax[? = 0 that
T
¢(x) = D [F(t,x) - F(t,0)] — +o0 as |x| — oo in Hj. (3.29)

Thus (I1) is easy to verify.
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Next, for all u € Hy, from (F2)' with & = 1 and (2.6), we have

T 1
j (VF(t,su(t)),u(t))ds
=170

t=1

Z(F(t u(t)) - F(t, 0))’

1L :
< 5 2 pO®OF + Yq(6)u(o)
t=1 t=1

(3.30)
1
< S Maljulle, + Msull,,
1
< 5 Mal|ull” + Ms|ul.
By (2.7), (2.12), and (3.30), we obtain
1 T ) T
() = =35 > | Aut)f + X [F(t,u(h) - F(t,0)]
=1 = (3.31)

<——)t ] L ||u|| + Ma|ul|.

Since A1 > M,, we have ¢(u) — -oo as |lu|| — oo in H(J)‘ The proof of Theorem 3.2 is
complete. 0

4. Examples
In this section, we give two examples to illustrate our results.

Example 4.1. Let

F(t, x) :sinz |x|7/* + <sm ZT +1>|x|3/2+(h(t) x), (4.1)

where h: Z[1,T] — RN and h(t + T) = h(t). It is easy to see that

71 . 2t 2t
WVE® )] < 2 [sin 221/ + 2 [sin 2ZE 1| |72 + o)
4 21T
7 2ot “.2)
_4< sin = +s>|x|3/4+a(g)+|h(t)| V(t x) € Z[1,T] x RV,

where € > 0 and a(¢) is a positive constant and is dependent on ¢. It is easy to see that F(t, x)
satisfies (F1). From (4.2), we can let p, g, and a be

P = 5(

=1 W

sin % + s>, q(t) = a(e) + |h(1)|, a=—, (4.3)
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which shows that (F2)' is satisfied. Moreover, if we let T = 2, then we have

T
lim 1nf |x|_2“ZF(t, x) =2,

x| —

(4.4)
Mrg+20 &, 147 & /| . 2ot 247,
M= A2 =4, 2—/\%; p(t) = 128 ( smT‘ + > = 128¢
If we let €2 < 256/147, then we obtain
147 Ar/2) + 20 &
1 flx| S F =2 g=" 2 4,
1m1n |x|” ; (t,x)=2>— 128 2)% gllp (1), (4.5)

which shows that (F3)” holds. Then from Theorem 3.1, problem (1.1) has at least one periodic
solution with period T.

Example 4.2. Let

2ot

F(t,x) = <sm - + 1>|x| + sm<2 >|x|3/2 + (h(t),x), (4.6)

where h: Z[1,T] — RY and h(t + T) = h(t). It is easy to see that F(t, x) satisfies (F1) and

2t 1 2
IVE(t, x)| < = sm% + o |x] + 3 sin 27|12 4 |ne)|
(4.7)
1 2t 1 N
_2 SDT+2 +¢€ )|x|+b(e) +|h(t)], V(t,x)€Z[1l,T] xR,

where € > 0 and b(e) is a positive constant and is dependent on ¢. The above shows that (F2)’
holds with &« = 1 and

p(t) = <

LetT =2, then Ay =0, Ay = Ai7/2] = 4. Observe that

sin 2t + = !
T 2

+ 6), q(t) = b(e) + |h(t)]. (4.8)

|x|_2ZP(t x) = |x|_2Z< <si @+%)|x|2+sin<%)|x|3/2+(h(t),x)>

1 T
=7t <Zh(t),|x|-2x>.
t=1

(4.9)
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On the other hand, we have

T T
Z Z 1 1 1
tzlp 1§< "2 E>_§+£,
(4.10)
T T 2 2
1 1 1/1
2
Ep(t):§—<s = >:—<—+e>
oy =4 2 2\2
We can choose ¢ sufficiently small such that 3/, p(t) < 4 and
T 2
1 27-2 /1
-2 _1, - (1
fim inflx|" thlF(t’x) 17 T6(7—¢) (2 " g>
(4.11)

N2+ S0 02 (- Zhp0) 7
20 <)t1 -Zlap) >

ZP (t),

which shows that (F4) holds. Then from Theorem 3.2, problem (1.1) has at least one periodic
solution with period T.
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