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We will consider the existence of multiple positive periodic solutions for a class of abstract
difference equations by using the well-known fixed point theorem (due to Krasnoselskii).

In the past several years, the existence of periodic solutions for first-order functional
differential equations

y'(H) =-aby(t) + f(ty(t-7(1)) 1)

has been extensively investigated (see [1-3], and the references therein). In [4-6], the
existence of periodic positive solutions for difference equations

Xn+1 = AnXpn + -)Lhnf(xn—r(n)) (2)

has been considered. To the best of our knowledge, however, little has been done for the
abstract difference equations (see [7-9]). In this note, we will consider this problem. To this
end, let X be a real Banach space and let K C X be a cone, then a Banach space X with a
partial ordering < induced by a cone K is called an ordered Banach space. On the other hand,
we will denote the identity operator defined on X by I.

In [7-9], the authors considered the existence of periodic solutions for the abstract
equation

Xn+l = Anxn + Fn(xn)- (3)
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In this note, we will consider the equation

Xn+l = Anxn + -/\Fn (xn—‘r(n))/ nez,

(4)

where {A,},,c7 is a T-periodic sequence of bounded linear operator defined on X and satisfies
(T A - 1) ATTEL A -T) = A, forn € Z, (TTHA AL ~T)x € K and (TTF0 A7 - n'xe
K for any x € K, Axx € K and A;lx € Kforanyx € K (k=0,1,...,T-1), {t(n)},cz is
an integer valued T-periodic sequence, and {F,},c, is a T-periodic sequence of bounded

functions from X to K, and A is a positive constant.
If (4) has a T-periodic solution in X, then we have

n n-1 n
HAglerl - HAilxn = HAil (AP" (x”_T(")))'
k=0 k=0 k=0

Summing the above equation from nton + T — 1, we have

k=0 s=n k=0

That is,
n+T-1
X, =) Z G(n,s)Fs(xs-r(s)), ne€Z,
s=n
where

T-1 1
G(n,s) = <HA;1 - 1> T4
k=0 k=n

If (7) has a T-periodic solution in X, then we have

0 on+T s

T-1 1
xn+1-xn=<1‘[A;1—1> S T4 OF(rer)
k=0

s=n+1 k=n+1

- <ﬁA? -1 >1H+ZH T 1A OF (2o rco)

k=0 s=n  k=n

n-1 n+T-1 ntT-1 s
mﬁ( HA,:_I% S T T (A ()
k=n

(5)

(6)

(7)

(8)
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T-1 -1 T-1 n+T-1
= <<1_[A;1 — I> A, <HA;1 _ I> - I> Z G(n, S) (.)LFS (xS_T(S)))
k=0 k=0

S=n

+ @if\il -1 > _1< ﬁ Al =T > (AFn (¥nr(m) )

k=n+1
= AuXp — X + AFy (Xp—r(n) ).
)

This equation is equivalent to (4). Thus, we have the following result.

Theorem 1. Assume that Ay, Ai,...,Ar.1 and (Hi;éA;l — I) are invertible and

- -1 1A= - . .
AVAL A = AJATN AL (no€ Z). Then {xp)uey; (xa € X) is a T-periodic
solution of (4) if and only if it is a T-periodic solution of (7).

We now assume that0 < N < ||G(n,8)[| < M <+wforne Zandn<s<n+T-1and

that 0 = N/M. To obtain our main results, we firstly give a lemma. The proof of that lemma
can be found in [10].

Lemma 1. Let E be a Banach space, and let P C E be a cone. Assume Q1,Qy are bounded open subsets

of E such that 0 € Q; C Q1 C Q. Suppose that T : PN (Qy \ Qi) — P is a completely continuous
operator such that

(1) | Tul| £ ||u|| for u € PN oy and ||Tu|| > ||u|| for u € P N 0L, or that
(2) ITul| = ||u|| for u e PN oy and ||Tu|| < ||ul| for u e P N oQ;.

Then T has a fixed point in P 0 (Qy \ Q1).
For the sake of convenience, the conditions needed for our criteria are listed as follows.

(Hy) F, € C(X,X), and there exists {ux} C X with |lux]| — 0 such that F,(ux) > 0
(up =2 0)forn=1,2,...,Tandk=1,2,....

(Hp) F, € C(X,X) and F,(u) >0 foru>0andn=1,2,...,T.
(Ly) limyy—ol|Fn@)||/||ull = o forn=1,2,...,T.

(L2) Limyy - oo ||Fn(w)||/|ull = o0 forn=1,2,...,T.

(Lz) limy—ol|Fn()||/]lull =0forn=1,2,...,T.

(Lg) limyy o [|Fn )| /l|lull =0 forn=1,2,...,T.

(Ls) limyp—ol|Fn()|l/lull =1 forn=1,2,...,Tand 0 < I < co.
(Le) limyy - oo [|Fn()||/llull = Lforn =1,2,...,Tand 0 < L < oo.

Now let Y be the set of all T-periodic sequences in X, endowed with the usual linear
structure and the norm

Jull = max [l (10)
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Then Y is a Banach space with cone
Q= {u: (e} €Y 1 up > 0, gl > ollull, neZ}. (11)

Define a mapping H : Y — Y by

n+T-1

(Hu), =1 >, G(n,5)(Fs(ts-r(s))), neZ (12)

Then it is easily seen that H is completely continuous on (bounded) subset of Q, and for
u€,

n+T-1
[(Hu), | <4 D 1Gm,9)| - [|Fs (s
S=n (13)
n+T-1
<AM 3 | Fe(ttsro) |
s=n
so that
n+T-1
[(Hu),| = AN Z | Fs (ts—r(s)) || = oll Hull (14)
That is, HQ is contained in Q.
Lemma 2. Assume that there exist two positive numbers a and b such that a#b,
< —
0<||x\|£I;o<n<T 1”F ()l .)LA, (15)
>
ob<|x|b,0€n<T— 1” Fa@)ll B’ (16)
where
n+T-1
A= [max Z IG(n, s)||, (17)
n+T-1
B= min > [|G(n,s)]. (18)

0<n<T-1 po

Then there exists u € Q which is a fixed point of H and satisfies min{a, b} < ||u|| < max{a, b}.
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Proof. Let Q; = {w € Q| ||w|| < ¢}. Assume that a < b, then, for any u € Q which satisfies
||u]| = a, in view of (15), we have

n+T-1

I(Hu), |l < {A > ||G<n,s>||} <t —a (19)

Thatis, |[Hu|| < |lu|| for u € 0Q,. For any u € Q which satisfies ||u|| = b, we have

n+T-1 b b
> —_— = .— =bh.
|(Hu),|| > {)» Sgn ||G(n,5)||} BB =t (20)

That is, we have ||Hul|| > ||u|| for u € 0Qp. In view of Theorem 1, there exists u € Q, which
satisfies a < |[u|| < b such that Hu = u. If a > b, (19) is replaced by ||(Hu),|| > b in view of
(16) and (20) is replaced by ||[(Hu),,|| < a in view of (15). The same conclusion is proved. The
proof is complete. O

Theorem 2. Suppose (Hi), (L1), and (Ly) hold. Then for any A € (0, \*), (4) has at least two positive
periodic solutions, where

1 r
= —su . 21
A r>(I)) Maxo<|u<r,0<n<T-1| Fn (1) | 2D

we see further that lim, _,oq(r) = lim,_ ,g(r) = 0. Thus, there exists ry > 0 such that q(rg) =
max,-oq(r) = A*. For any A € (0,1"), by the intermediate value theorem, there exist a; €
(0,79) and a, € (ro, o) such that g(a1) = g(a2) = A. Thus, we have ||[F,(u)| < ai1/(LA)
for ||lu|| € [0,a1] and n = 0,1,2,...,T — 1, and ||F,(w)| < a>/(LA) for ||u]| € [0,a,] and
n =20,1,2,...,T — 1. On the other hand, in view of (L;) and (L;), we see that there exist
b1 € (0,a1) and by € (ay, o) such that ||[F,(u)||/||ull = 1/(AoB) for ||u|| € (0,b1] U [ba0, ).
Thatis, ||F,(u)|| = b1/ (AB) for ||u|| € [bio,b1] and ||F,,(u)|| = b2/ (AB) for ||lu|| € [b2o, b2]). An
application of Lemma 2 leads to two distinct solutions of (4). O

Proof. In view of (H;), we can let g(r) = r/(Amaxo<ju|<r,0<n<r-1||Fa(@)])). By (L1) and (L),

Theorem 3. Suppose (Hz), (L3), and (Ly) hold. Then for any A > \**, (4) has at least two positive
periodic solutions, where

1 r
= —inf— , 22
B r>0 ming,<|u)<r,0cn<t-1 || Fn (1) ]| )

)t**

and B is defined by (18).

Proof. Let p(r) = r/(Bmingr<ju<rocn<t-1[|Fn(w)]]). Clearly, p € C((0, 00),(0, 00)). From (Ls)
and (L4), we see that lim,_,op(r) = lim,_,,p(r) = oo. Thus, there exists rp > 0 such that
p(ro) = minop(r) = A**. For any A > 1**, there exist b; € (0,79) and b, € (rp, o0) such that
p(b1) = p(by) = X. Thus we have ||F,(u)|| > b1/ (AB) for ||u|| € [ob1,b1] and n=0,1,...,T -1,
and ||F,(u)|| > by/(AB) for ||u|| € [oby,bp] andn =0,1,...,T-1. On the other hand, in view of

(L3), we see that there exists a; € (0, b;) such that |F,(u)]|/||u]] < 1/(LA) for ||u|]| € (0,a;] and
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n=0,1,...,T - 1. Thus we have |[F,(u)|| < a1/(AA) for 0 < ||u|| < @y and n =0,1,...,T - 1.
In view of (L), we see that there exists a € (by, o0) such that ||F,(w)||/|lu|| < 1/(LA) for
lull € (a,00) and n =0,1,...,T—1. Let & = maxox|u||<a,0<n<T-1||Fr (1) ||. Then we have ||F,, (u)]| <
a/(AA) for ||lul| € [0,a2] and n =0,1,...,T — 1, where a, > a and a, > A6A. An application
of Lemma 2 leads to two distinct solutions of (4). O

Theorem 4. Assume that (Hy), (Ls), and (Le) hold. Then, for each A satisfying

1 1
1 23
oBL <Al (23)
or
1 1
1 24
oBl <1< ar (24)

equation (4) has a positive periodic solution.

Proof. Suppose (23) holds. Let € > 0 such that

1
mﬁlﬁm. (25)

Note that I > 0, then there exists H; > 0 such that ||F,(u)|| < (I + &)||lu|| for 0 < ||u|| < H; and
n=0,1,...,T—1.So, for u € Q with ||u|]| = H;, we have

n+T-1

I(Hu),ll < A0 +€) 3 1Gm, )] - [|us—rs |

s=n

n+T-1 26
S A+ ) full Z 1G(m, s)l 0

SAAL+ ) lull < [laell-

Next, since L > 0, there exists a H, > 0 such that ||[F,(w)|| > (L - ¢)||ul for |lul > H, and
n=0,1,...,T - 1. Let H, = max{2H;, H,}. Then for u € Q with ||u|| = Ha,

n+T-1

[(Hu),| = ML - €) Z IG(, )| - [[tts—rs) |

naT-1 27
> ML - €)o||ul Z 1G(n, s)|| )

> ML - €)oBlul| = [[ul|.

In view of Lemma 1, we see that (4) has a positive periodic solution.
The other case is similarly proved. O
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Our Theorems 1-4 generalize the main results from [5, 6].

If T = 2, X is a Hilbert space, Ay, A1, and AalAzl — I are invertible self-conjugate
operator defined on X, AoA1, (A A" = I)Ao, (Aj' A" — I)A; are self-conjugate operator
defined on X, then Ay, A; satisfy conditions of this paper.

As an example, let both {A,} and {\),} be real bounded sequence, {y,} and {y),} are
also real bounded sequence, where

1 1
A /\'n 0/ EVRA -)‘, 0/

e TS F @)
0, A =0, 0, A =0.

(n)
{en} is complete orthonormal set of space I : e, = {0, ...,0, ? ,0,...0} (mn=1,2,...). Let

on = Zén)tnen/ Aix = Zén)t;en (29)
n=1 n=1

for any x = 3,7, énen, then Ap and A; are both self-conjugate operator, and satisfy all of
above conditions.
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