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This paper deals with the investigation of the following more general rational difference equation:
Yne1 = aYn/ (P +y Zf—io yfl_(zl.ﬂ)]_[fzoyn,(z,-m), n=0,1,2,..., where a, ,7,p € (0, o) with the initial
conditions xg, x_1,...,X-2k, X_2k-1 € (0, 0). We investigate the existence of the equilibrium points
of the considered equation and then study their local and global stability. Also, some results related
to the oscillation and the permanence of the considered equation have been presented.

1. Introduction

In this paper we investigate the global stability character and the oscillatory of the solutions
of the following difference equation:

Yy
kK P k
B+y Zico Vuisny L lizo¥n-(2is1)

Yn+l = ’ n=0,1,2,..., (1.1)

where a, f, y, p € (0,00) with the initial conditions xp, x_1,...,X_pk, Xx_-2k-1 € (0,00). Also
we study the permanence of (1.1). The importance of permanence for biological systems was
thoroughly reviewed by Huston and Schmidtt [1].

In general, there are a lot of interest in studying the global attractivity, boundedness
character, and periodicity of the solutions of nonlinear difference equations. In particular
there are many papers that deal with the rational difference equations and that is because
many researchers believe that the results about this type of difference equations are of
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paramount importance in their own right, and furthermore they believe that these results
offer prototype towards the development of the basic theory of the global behavior of
solutions of nonlinear difference equations of order greater than one.

Kulenovi¢ and Ladas [2] presented some known results and derived several new ones
on the global behavior of the difference equation x,.1 = (a+px,+yxu-1)/(A+Bx,+Cx,_1) and
of its special cases. Elabbasy et al. [3-5] established the solutions form and then investigated
the global stability and periodicity character of the obtained solutions of the following
difference equations:

bx, XXk dxy-1Xn-k

Xl = AXn =~ il = - , Xp=——————+a (1.2)
CXp — AXp-1 ﬂ + Y]_L.:Oxn,i

CXps—b ’

El-Metwally [6] gave some results about the global behavior of the solutions of the following
more general rational difference equations

10 I l,' S0 S1 Sj
. RSP SPIPPRE SR & SN S St y QY + A1 Y1+ F XY
n+l = ./ n+l = .
lo kL Li S0 .51 Sj + e+ B
X X X+ dX L X Poyn + Pryn— Peyn-t

(1.3)

Cinar [7-9] obtained the solutions form of the difference equations x,41 = x,-1/(1 + x,X,-1),
Xni1 = X1/ (=1 + x,x,-1) and x,,41 = ax,—1/ (1 + bx,x,,_1). Also, Cinar et al. [10] studied the
existence and the convergence for the solutions of the difference equation x,+1 = x,-3/ (-1 +
XpXn-1Xn-2Xn-3). Simsek et al. [11] obtained the solution of the difference equation x,.; =
Xn-3/(1 + x,-1). In [12] Yalcinkaya got the solution form of the difference equation x,.; =
Xn-2k+1) / (1 +Xn_kXpn-(2k41)). In [13] Stevic studied the difference equation x,.1 = x,-1/ (1+x,).
Other related results on rational difference equations can be found in [14-19].
Let I be some interval of real numbers and let

foIlM — T (1.4)

be a continuously differentiable function. Then for every set of initial conditions x_g,
X_k+1, ..., X0 € I, the difference equation

Xne1 = f(Xp, Xp-1,..., %nk), n=0,1,... (1.5)

has a unique solution {x,},. .

Definition 1.1 (permanence). The difference equation (1.5) is said to be permanent if there
exist numbers m and M with 0 < m < M < oo such that for any initial conditions
X—kyX—k+1,---,%X-1,X0 € (0,00) there exists a positive integer N which depends on the initial
conditions such that m < x, < M forall n > N.

Definition 1.2 (periodicity). A sequence {x,},._j is said to be periodic with period p if x,,,, =
x, forall n > —k.
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Definition 1.3 (semicycles). A positive semicycle of a sequence {x,},._, consists of a “string”
of terms {x;, X41,..., %} all greater than or equal to the equilibrium point x, with | > -k
and m < oo such that either I = -k or [ > —k and x;_.1 < X; and, either m = oo or m < o
and x,.1 < X. A negative semicycle of a sequence {x,},._; consists of a ”string” of terms
{x1, x141,..., %} all less than the equilibrium point x, with I > -k and m < oo such that:

either I = -k or | > —k and x;_; > x; and, either m = oo or m < oo and X,,,41 > X.

Definition 1.4 (oscillation). A sequence {x,},._, is called nonoscillatory about the point x if
there is exists N > —k such that either x, > x for all n > N or x, < x for all n > N. Otherwise
{xn )5 _ is called oscillatory about x.

Recall that the linearized equation of (1.5) about the equilibrium X is the linear
difference equation

K __ _
Vst = Zaf(x, x,.j.,x) s 16)

2. Dynamics of (1.1)

The change of variables y, = (/)" %™ x, reduces (1.1) to the following difference
equation

Xy

kK _p k
1+ 3o xn—(2i+1)Hi=0x"—(2i+1)

Xn+l = , n= 0/ 1/21‘ sy (21)

where r = a/p.

In this section we study the local stability character and the global stability of the
equilibrium points of the solutions of (2.1). Also we give some results about the oscillation
and the permanence of (2.1).

Recall that the equilibrium point of (2.1) are given by

x= x (22)
1+ (k+1)F '

Then (2.1) has the equilibrium points x = 0 and whenever r > 1, (2.1) possesses the unique
equilibrium point ¥ = ((r — 1)/ (k + 1))/ #**+1),

The following theorem deals with the local stability of the equilibrium point X = 0 of
(2.1).

Theorem 2.1. The following statements are true:
(i) if r < 1, then the equilibrium point x = 0 of (2.1) is locally asymptotically stable,
(ii) if r > 1, then the equilibrium point x = 0 of (2.1) is a saddle point.

Proof. The linearized equation of (2.1) about x = 0 is u,+1 — ru,, = 0. Then the associated
eigenvalues are A = 0 and A = r. Then the proof is complete. O
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Theorem 2.2. Assume that r < 1, then the equilibrium point x = 0 of (2.1) is globally asymptotically
stable.

Proof. Let {x,},. 5.1 be asolution of (2.1). It was shown by Theorem 2.1 that the equilibrium
point x = 0 of (2.1) is locally asymptotically stable. So, it is suffices to show that

lim x,, = 0. (2.3)
n— oo
Now it follows from (2.1) that
rXp
Xni1 = p+l p+l p+l
T+, 1 Xn-5" " Xn-ok+1 + Xn-1X, 3" Xn-2k+1 +*+* + Xn1Xn3 " X oy g
24
<rxy 24)
< Xy
Then the sequence {x,},., is decreasing and this completes the proof. O

Theorem 2.3. Assume that r > 1. Then every solution of (2.1) is either oscillatory or tends to the
equilibrium point X = ((r — 1)/ (k + 1))/ #+k+D),

Proof. Let {x,} ;. o1 be asolution of (2.1). Without loss of generality assume that {x,} ;. 5.4
is a nonoscillatory solution of (2.1), then it suffices to show that lim, ., x,, = X. Assume that
X, > x for n > ny (the case where x,, < x for n > ng is similar and will be omitted). It follows
from (2.1) that

X,

Xn+l = il

p+1
X—2k-1

+ p+1
n1Xn-3"" " Xn-2k-1+ Xpn-1X,, 3" Xp2k-1+ "+ Xp1Xp-3"-"
r
<xp\| —— ) = x4,
<1 + (k +1)x" ! >

Hence {x,} is monotonic for n > ny + 2k + 1, therefore it has a limit. Let lim, ,x, = g,
and for the sake of contradiction, assume that g > x. Then by taking the limit of both side
of (2.1), we obtain u = ru/(1 + (k + 1)pP**1), which contradicts the hypothesis that x =

(r=1)/(k + 1))P*D js the only positive solution of (2.2). O

1+x
(2.5)

Theorem 2.4. Assume that {x,},. o, is a solution of (2.1) which is strictly oscillatory about the
positive equilibrium point x = ((r —1)/(k + 1))1/("’+k+1) of (2.1). Then the extreme point in any
semicycle occurs in one of the first 2(k + 1) terms of the semicycle.
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Proof. Assume that {x,},. ,._; is a strictly oscillatory solution of (2.1). Let N > 2k + 2
and let {xn,xN+1,...,XMm) be a positive semicycle followed by the negative semicycle
{xn, XMi1, - -+, x0m }- Now it follows from (2.1) that

FXN+2k+1

XN+2k+2 = XN = pil pil pil XN
1+ X o XN+2k-2" " XN + XN+2kX N ppe_p” " " XN + - + XNu2k Xy

IN

.
XN+#2ktl\ ————————— = ) ~ XN
i <1+(k+1)§1’+"+1>

XN+2k+1 — XN

(2.6)
_ TFXN+2k _x
- p+l p+l N
L+ X 0p 1 XN+2k-3" " XN-1 + "+ + XN42k-1" " Xy
< r
SNk ————————— ) XN
1+ (k +1)xP+r+
= XN+2k = XN S XN42k-1 = XN S S XN — XN S xn —xn = 0.
Then xn > Xnuok+1) forall N > 2(k +1).
Similarly, we see from (2.1) that
TXM+2k+1
XM+2k+2 = XM = prl p+1 pl ™
1+ 2 o XMa2k=2" " XM + XM+2k X p oo XM 00+ XMa2k" Xy
S r
XMkl ————————— | — XM
1+ (k + 1)xPHrH
= XM+2k+1 — XM
_ X M+2k X
- p+l p+l M
1+ 20 o XM+2k-3"* XM-1 + o+ XMa2k-17 " Xy g
>x r X
XMk g ) ~ XM
1+ (k + )xPHrHt
= XMa2k = XM < XM42k-1 = XM 2 *++ 2 Xpe1 — Xpm > Xy — Xy = 0.
(2.7)
Therefore xpri2(k+1) = X for all M > 2(k + 1). The proof is so complete. ]

Theorem 2.5. Equation (2.1) is permanent.

Proof. Let {xy};. _5x+q be a solution of (2.1). There are two cases to consider:
(1) {xn}_oks1 is @ nonoscillatory solution of (2.1). Then it follows from Theorem 2.3
that

limx, =%, (2.8)

n—oo
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that is there is a sufficiently large positive integer N such that |x, — x| < € for all n > N and
for some € > 0. So, X — € < x, < X + ¢, this means that there are two positive real numbers, say
C and D, such that

C<x,<D. (2.9)

(i) {x0)% oy, is strictly oscillatory about ¥ = ((r — 1)/ (k + 1))/ #?*+D),

Now let {xs41, X512, ..., x:} be a positive semicycle followed by the negative semicycle
(%41, Xes2, ..., 2y ). If xy and x are the extreme values in these positive and negative
semicycle, respectively, with the smallest possible indices V and W, then by Theorem 2.4
we see that V —s <2(k+1) and W —u < 2(k + 1). Now for any positive indices y and L with
u < L, it follows from (2.1) forn =y, u+1,...,L -1 that

_ r
X1, = X[-1 +1

T+ xp g x +xp X x +o X[ X g X
L2XL-4" " XL2k-2 + X[2X] 4" XL-2k-2 L2XL-4"" "X 5 o

r Xr-2

1+xp+1...x + .o+ x “_xP"'l 1+xp+1...x + .o+ x ...xp+1
L-3 L-2k-3 L-3 L-2k-3 L-2 L-2k-2 L-2 L-2k-2

¢ 1

k P k
n=1 1+ Zi:O xL_(2i+1)_,1Hi:OxL—(2i+1)—7l

L-1 1
= x,ri - p
n=r \ 1+ 20 XZ_(2i+1)Hi=0xr1—(2i+1)
(2.10)
Therefor for V = L and s = 4 we obtain
V-1 1
Xy = XSTV_S H . > k
n=s 1+ Zi:O xq_(2i+1)Hi:0xn—(2i+1) (2.11)

< §r2k+1 = H.
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Again whenever W = L and p = t, we see that

w-1 1

k P k
=t \ 1+ 2izo xq_(2i+1)ni:0x1ﬁ(2i+1)

W-1 1
> xr'Vt ( >
+ \ 1+ (k+1)Hp+k+1

= (2.12)
__ W,t( 1 )W—t—l
=Xr
1+ (k +1)Hp+k+1
1 2k+1
> E( ) =G.
1+ (k +1)Hp+k+1
Thatis, G < x, < H. It follows from (i) and (ii) that
min{C, G} < x, < max{D, H}. (2.13)
Then the proof is complete. O
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