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We focus on a system of a rational m-order difference equation x,,,; = (X, 1 )/(A+ VYVt Voes1)> Vi1 = YVoe) /(B +

XXy Xy > M =0,1,.., where A, B, xp, x_,...

positive solution for the system.

1. Introduction

In 2011, Kurbanli et al. [1] studied the behavior of positive
solutions of the system of rational difference equations

Xn-1
X =,
e YnXn-1 +1
@
yn—l
Yurl T
" xnyn—l +1

where the initial conditions are arbitrary nonnegative real
numbers.

In the same year, Kurbanli [2] studied the behavior of
solutions of the system of rational difference equations

x — n—1
e YnXn-1~ 1
Yn-1
Vo1 = ———, Q)
" XnVn-1— 1
Zn-1
Zp1 =
" YnZn-1 — 1

> Xma > Yoo V1o + -+

s Vome1 € (0,00). We investigate the dynamical behavior of

where the initial conditions are arbitrary real numbers.
Moreover, Kurbanli [3] studied the behavior of the solutions
of the difference equation system

X

x — n—1 ,
e YnXn-1~ 1
_ yn—l
Yn+1 X Yot — 1 (3)
1
Zpe1 = .z >
n*n

where xg,X_1, Yo, V_1,20-2.; € R such that y,x_, #1,
Xoy_1 #1land y,z, # 1.

In [4], Liu et al. gave more results of the solution of the
system (2) including a new and simple expression of z,, and
the asymptotical behavior of the solution.

In [5], Stevi¢ showed that the system of difference equa-

tions

Xy = el o D
+ > -+ >
? bynxn—l +c * ﬁxnyn—l +y (4)
n=0,1,...,

can be solved.

In 2012, Gu and Ding [6] derived two canonical state
space forms from multiple-input multiple-output systems
described by difference equations.



The system of two nonlinear difference equations

X
xn+1=A+ yn’ yn+1=A+ n’
xn—p ynfq (5)
n=0,1,...,

was studied by Papaschinopoulos and Schinas [7], where

p-q€N.
Moreover, the system of rational difference equations

S
a+cy,” "™ b+dx, ©6)

Xn+1 =

n=0,1,...,

was studied by Clark et al. [8, 9], where a, b, c,d € (0, c0) and
Xo» Yo € [0,00).

Liu et al. [10] studied the behavior of a system of rational
difference equations

Xn-1 -1
Xne1 = . 1 Yne1 = I N
YnXn-1~ XnVn-1~
7)
Z, = n=0,1,...
n+1 > » Ly >
XnZn-1

where the initial conditions are nonzero real numbers.

In 2012, Zhang et al. [11] studied the solutions, stability
character, and asymptotic behavior of the system of a rational
third-order difference equation

Xn-2 Yn—2

Xntl = 5 Int1 = 5 - o
" A+ YnVn-1Vn-2 " B+ XnXn-1%Xn—2 (8)

n=0,1,...,

where A, B, x4, X_1, X_3, Yo» Y_1> V—» € (0,00).

In this paper, we studied the solutions, stability character,
and asymptotic behavior of the system of a rational m-order
difference equation

X

X _ n—m+1
n+l = ’

A+ YnVn-1""" Yn-m+1

y )
—m+1
Yne1 = i , n=0,1,...,

B+ X%, 1 Xy

where A, B, X0, X_15- s X_pi1> Yor V15 - > Vo1 € (0,00).

2. Preliminaries

Letm € Nandlet f: I' x I' —> L andg: I'x I — I,
be continuously differentiable functions, where I, and I,, are
intervals in R.

For any (xg, ¥o) (X_1, Y_1)s -+ o> (X_pi1> Voet) € L X 1,
the system of difference equations

Xyl = f(xn’xn—l"'"xn—m+1’yn’yn—1""’yn—m+l)’
Yn+1 = g(xn’ Xn-1>++ > Xp—m+1> Yo V-1 - "yn—m+l)’
n=0,1,...,

(10)

(6]

has a unique solution {(x,,, y,)},> .41
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Definition 1. A point (X, y) € I, x I, is called an equilibrium
point of the system (10) if x = f(x,%,...,X,¥,%,...,y) and
V=9%% ... 0 s V)

Definition 2. The linearized system of the system (10) about
the equilibrium (x,y) is the system of linear difference
equations

X,

n+l =

a_)_a“-)_a_)_s“-)_
+f(xx %,y y)yni)’

(11)
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+ Yn-i |-
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Definition 3. An equilibrium point (%, y) of the system (10)
is said to be stable relative to I, x I, if for every € > 0,
there exists § > 0 such that for any (xg, ¥5), (x_1, ¥_1)>- >
(X_ps1> Yoma1) € I x I, with

0 0
max{ > -z ) |J’i—7|}<5- (12)

i=—m+1 i=—m+1

One has max{|x,, — x|, |y, - ¥|} <eforalln > -m + 1.

Definition 4. An equilibrium point (X,y) of the system
(10) is called an attractor relative to I, x I y if for all
(x0> ¥o)» (X_> Y1)+ o> (X_ps1s Yopmer) € Lo X I, one has
lim, _, x, =xandlim, _, ¥, = 7.

Definition 5. An equilibrium point (x, y) of the system (10) is
said to be asymptotically stable relative to I, x I,, if it is stable,
and it is also an attractor.

Definition 6. An equilibrium point (X, ¥) of the system (10) is
said to be unstable if it is not stable.

Theorem 7 (see [12]). Let X(n+ 1) = F(X(n)),n = 0,1,...,
be a system of difference equations and let X be the equilibrium
point of the system. If all eigenvalues of the Jacobian matrix
evaluated at X lie inside the open unit disk, then X is asymp-
totically stable. If one of them has a modulus greater than one,
then X is unstable.

Theorem 8 (see [13]). Let X(n+ 1) = F(X(n)),n = 0,1,...,
be a system of difference equations and let X be the equilibrium
point of the system. Assume that the characteristic polynomial
of the system about X is ag\" + a) A" ' +---+a, A +a, where
a; € R for alli and ay > 0. Then all roots of the characteristic
equation lie inside the open unit disk if and only if A, > 0 for
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all positive integer k < n, where Ay is the principal minor of
order k of the n x n matrix

a, a; as 0
ao a2 a4 e 0
An_ 0 a, as --- 0 (13)
000 a,
3. Results
We note that

(i) if A < 1and B < 1 then the system (9) has equilibrium
(0,0) and (¥1 - B, ¥/1 - A);
(ii) if A = 1and B < 1 then the system (9) has equilibrium
(0,0) and (X1 - B,0);
(iii) if A < 1and B = 1 then the system (9) has equilibrium
(0,0) and (0, ¥1 — A);
(iv) if A > 1 and B > 1 then (0, 0) is the unique equilib-
rium point of the system (9).

Theorem 9. Let (x,, y,) be positive solution of the system (9).
For all nonnegative integer k, one has

(X
1;::1’ n=mk+1;
x
=2 n=mk+2
0<x, < 4 A
X
ATZI, n=mk+m,
) (14)
);11::1’ n=mk+1;
yﬁ'”*z, n=mk+?2;
0<}’ < Bk+1
<y, <
%, n=mk + m.

Proof. Obviously, they are true for k = 0. Suppose that they
are true for k = [. Then

Xm+1)-m+1 1 1 (X 1
Xm(ls1)41 < % = 3K S 5 A;r: , n=m(+1)+1
Xme)-me2 _ 1 1 (X 2
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X 1 1/ x
(1+1) 0
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(15)
Ym(@+1)-m+1 1 1 Vom+1
Y@+ S % = phmin S g B;TI o o n=m(+1)+1
Ym(+1)-m+2 1 1 Vom+2
y, = Va2 < % = pimn2 S g Bﬁ , n=4m+1)+2
n
Yma+n) 1 L7 Y
ym(l+1)+m = mB = Eymhm < E (Bl+1 ’ n= m(l + 1) +m.

Thus, they are true for k =1 + 1.
By the mathematical induction, this proof is completed.
O

Corollary 10. Let (x,, y,) be positive solution of the system
(9). If A > 1 and B > 1, then the sequence {(x,,, y,,)} converges
exponentially to the equilibrium point (0, 0).

Theorem 11. Let A > 1 and B > 1. Then the equilibrium point
(0,0) of the system (9) is asymptotically stable.

Proof. The linearized system of the system (9) about the
equilibrium (0, 0) is

®,,, =D, (16)

where

yn—m+1



4
1
0 0 - O — 0 0 - 0 0
A
1 0 - o 0 0 0 -0 0
0 1 o 0 0 -~ 0 0
D= 00 1 0 0 0 0 O (1)
00 0O 0 0 0 0 O 3
00 0O 0 1 0 O O0 O
00 0O 0 0 1 0 0 O
0000000 1 0
17)
The characteristic equation of the system (16) is
1 1
<Am——><Am——>=0. 18)
A B
Thus, |A| < 1. By Theorem 7, the equilibrium point (0, 0) is
asymptotically stable. O

Theorem 12. Let A < 1 and B < 1. Then both the equilibrium
points (0,0) and (X1 - B, ¥1 - A) of the system (9) are

unstable.

Proof. We note by the characteristic equation (18) that |A| >
1 and then, by Theorem 7, the equilibrium point (0,0) is
unstable.

Next, we consider the equilibrium point (*/1 - B,
X/1 — A). The linearized system of the system (9) about the
equilibrium (¥/1 - B, ¥/1 - A) is

(Dn+1 = G(Dn’ (19)

where

n

Xn-1

Xp-2

— —m+1
D = n-m ,

yn—m+1
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0 0 0 o o a o
1 0 0 0 0 O 0 0
01 0 0 0 O 0 0
G- 0 0 1 0 0 0 0 0O
| BB B B 0O 0 0 01 [
0 0 0 0 1 0 0 00
00 0 0 0 1 0 00
0 0 0 0 00 0 1O
(20)
in which
a=-%(1- A" (1-B),
(21)
g=-%a-4a)1-pm".
The characteristic polynomial of the system (19) is
m .
1-af - (iapr™") - 21"
i=1
(22)

-1
_ (i(xﬁAZm—(Hl)) + /\2m.

1

3

i

We note the characteristic polynomial a,A*™ + a, A*" " +
©+ 4y, A+ ay, that g, = 0. Thus, we obtain that not
all of Ay > 0,k = 1,2,...,2m. By Theorems 7 and 8, the

equilibrium point (¥/1 — B, ¥/1 — A) is unstable. O
Theorem 13. Let A,B < 1 and Q; = (0, ¥1 - B) x ({1 - A,

), Q, = (¥1-B,00) x (0, /1 - A). Assume that {(x,,
Ylhoo ey Satisfies the system (9). Then

(i) if{(xn’ yn)}gz—mﬂ < Q1’ then {(xn’ yn)}zz—mﬂ < Ql;
(ii) lf{(xn’ yn)}gz—mﬂ < QZ’ then {(xn’ yn)}fzz—mﬂ < QZ'

Proof. (i) Assume that {(x,, y,)}"
ief0,1,....m—1}

Q,. Then, for any

=—m+1 <

Xi—m+1 Xi—m+1

Fin A+ Y Vi1 Viemn ) A+ ( {1 - A)m - K

y _ Yi—m+1 Yi-m+1 =y
= = Vi1
T OBA XXX B+ ( {1 - B)m o

(23)

Then (x1, ¥1), (X35 ¥2)s « o5 (X5 V) € Q4.
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Next, we suppose that (xi, ¥i)> (Xe_1> Vic1)> - - > (Xk_pmr1>

Viems1) € Q; where k is a positive integer. Then

P Xk-m+1 < Xk—m+1 =x;
1= = Tk-m+l>
A Ve A+ (RT-A)" "
Yi-m+1 Yi-m+1
Vi1 = > = Vi el
T BN X B+ ( {1 - B)m "

(24)

Then (xk+1’yk+1) €.
By the mathematical induction, {(x,,, ¥,)}ro_,..; € Q.

(ii) This is similar to the proof of (i). ]
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