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Convergence theorems for approximation of common fixed points of a finite family of
asymptotically pseudocontractive mappings are proved in Banach spaces using an aver-
aging implicit iteration process.

1. Introduction

Let E be a real Banach space and let J denote the normalized duality mapping from E into
2E

∗
given by J(x) = { f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖ f ‖2}, where E∗ denotes the dual space

of E and 〈·,·〉 denotes the generalized duality pairing. If E∗ is strictly convex, then J is
single-valued. In the sequel, we will denote the single-valued duality mapping by j.

Let K be a nonempty subset of E. A mapping T : K → K is said to be asymptoti-
cally pseudocontractive (see, e.g., [3]) if there exists a sequence {an}∞n=1 ⊆ [1,∞) such that
limn→∞ an = 1 and

〈
Tnx−Tny, j(x− y)

〉≤ an‖x− y‖2, ∀n≥ 1, (1.1)

for all x, y ∈ K , j(x− y)∈ J(x− y). In Hilbert spaces H , a self-mapping T of a nonempty
subset K of H is asymptotically pseudocontractive if it satisfies the simpler inequality

∥∥Tnx−Tny
∥∥2 ≤ an‖x− y‖2 +

∥∥x− y− (Tnx−Tny
)∥∥2

, ∀n≥ 1 (1.2)

for all x, y ∈ K and for some sequence {an}∞n=1 ⊆ [1,∞) such that limn→∞ an = 1. The class
of asymptotically pseudocontractive mappings contains the important class of asymptot-
ically nonexpansive mappings (i.e., mappings T : K → K such that

∥∥Tnx−Tny
∥∥≤ an‖x− y‖, ∀n≥ 1, ∀x, y ∈ K , (1.3)

and for some sequence {an}∞n=1 ⊆ [1,∞) such that limn→∞ an = 1). T is called asymp-
totically quasi-nonexpansive if F(T) = {x ∈ K : Tx = x} �= ∅ and (1.3) is satisfied for all
x ∈ K and for all y ∈ F(T). If there exists L > 0 such that ‖Tnx−Tny‖ ≤ L‖x− y‖ for
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all n ≥ 1 and for all x, y ∈ K , then T is said to be uniformly L-Lipschitzian. A mapping
T : K → K is said to be semicompact (see, e.g., [4]) if for any sequence {xn}∞n=1 in K
such that limn→∞‖xn − Txn‖ = 0, there exists a subsequence {xnj}∞j=1 of {xn}∞n=1 such
that {xnj}∞j=1 converges strongly to some x∗ ∈ K .

In [5], Xu and Ori introduced an implicit iteration process and proved weak con-
vergence theorem for approximation of common fixed points of a finite family of non-
expansive mappings (i.e., a subclass of asymptotically nonexpansive mappings for which
‖Tx−Ty‖ ≤ ‖x− y‖ ∀x, y ∈ K).

In [4], Sun modified the implicit iteration process of Xu and Ori and applied the mod-
ified averaging iteration process for the approximation of fixed points of asymptotically
quasi-nonexpansive maps. If K is a nonempty closed convex subset of E, and {Ti}Ni=1 is N
asymptotically quasi-nonexpansive self-maps of K , then for x0 ∈ K and {αn}∞n=1 ⊆ (0,1),
the iteration process is generated as follows:

x1 = α1x0 +
(
1−α1

)
T1x1,

x2 = α2x1 +
(
1−α2

)
T2x2,

...

xN = αNxN−1 +
(
1−αN

)
TNxN ,

xN+1 = αN+1xN +
(
1−αN+1

)
T2

1xN+1,

xN+2 = αN+2xN+1 +
(
1−αN+2

)
T2

2xN+2,
...

x2N = α2Nx2N−1 +
(
1−α2N

)
T2
Nx2N ,

x2N+1 = α2N+1x2N +
(
1−α2N+1

)
T3

1x2N+1,
...

(1.4)

The iteration process can be expressed in a compact form as

xn = αnxn−1 +
(
1−αn

)
Tk
i xn, n≥ 1, (1.5)

where n= (k− 1)N + i, i∈ I = {1,2, . . . ,N}.
Assuming that the implicit iteration process is defined in K , Sun proved the following

theorem.

Theorem 1.1. Let E be a Banach space and let K be a nonempty closed convex subset of E.
Let {Ti}Ni=1 be N asymptotically quasi-nonexpansive self-maps of K (i.e., ‖Tn

i x− pi‖ ≤ [1 +
uin]‖x− pi‖ for all n≥ 1, for all x ∈ K , and for all pi ∈ F(Ti), i∈ I). Let F =∩N

i=1F(Ti) �=
∅ and let

∑∞
n=1uin <∞ for all i ∈ I . Let x0 ∈ K , s ∈ (0,1), and {αn}∞n=1 ⊂ (s,1− s). Then

the implicit iteration process (1.5) converges strongly to a common fixed point of the family
{Ti}Ni=1 if and only if liminfn→∞d(xn,F)= 0, where d(xn,F)= inf p∈F ‖xn− p‖.

Theorem 1.2. Let E be a real uniformly convex Banach space and K a nonempty closed
convex bounded subset of E. Let {Ti}Ni=1 be N uniformly Lipschitzian asymptotically quasi-
nonexpansive self-maps of K such that

∑∞
n=1uin <∞ for all i ∈ I . Let F = ∩N

i=1F(Ti) �= ∅
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and let one member of the family {Ti}Ni=1 be semicompact. Let x0 ∈ K and let s and {αn}∞n=1

be as in Theorem 1.1. Then the iteration process (1.5) converges strongly to a common fixed
point of the family {Ti}Ni=1.

Observe that if T : K → K is a uniformly L-Lipschitzian asymptotically pseudocon-
tractive map with sequence {an}∞n=1 ⊆ [1,∞) such that limn→∞ an = 1, then for every fixed
u∈ K and t ∈ (L/(1 +L),1), the operator St,n : K → K defined for all x ∈ K by

St,nx = tu+ (1− t)Tnx (1.6)

satisfies

∥∥St,nx− St,ny
∥∥≤ (1− t)L‖x− y‖, ∀x, y ∈ K. (1.7)

Since (1− t)L ∈ (0,1), it follows that St,n is a contraction map and hence has a unique
fixed point xt,n in K . This implies that there exists a unique xt,n ∈ K such that

xt,n = tu+ (1− t)Tnxt,n. (1.8)

Thus the implicit iteration process (1.5) is defined in K for the family {Ti}Ni=1 of N uni-
formly Li-Lipschitzian asymptotically pseudocontractive self-mappings of a nonempty
convex subset K of a Banach space provided that αn ∈ (α,1) for all n ≥ 1, where α =
L/(1 +L) and L=max1≤i≤N{Li}.

It is our purpose in this paper to first extend Theorem 1.1 to the class of uniformly L-
Lipschitzian asymptotically pseudocontractive mappings. The condition

∑∞
n=1(ain− 1) <

∞ for all i ∈ I = {1,2, . . . ,N} which is equivalent to the condition
∑∞

n=1uin <∞ for all
i∈ I assumed in Theorems 1.1 and 1.2 is not imposed in our theorem. We do not want to
make the general assumption that the iteration process is defined. If one assumes that the
iteration process is always defined, our result will hold for even the more general class of
asymptotically hemicontractive maps (i.e., mappings for which F(T) �= ∅ and (1.1) holds
for all x ∈ K and y ∈ F(T)). If E = H , a Hilbert space, we obtain a strong convergence
theorem similar to Theorem 1.2 for the class of uniformly L-Lipschitzian asymptotically
pseudocontractive maps.

In the sequel we will need the following lemma.

Lemma 1.3 [1, page 80]. Let {an}∞n=1, {bn}∞n=1, and {δn}∞n=1 be sequences of nonnegative
real numbers satisfying the inequality

an+1 ≤
(
1 + δn

)
an + bn, n≥ 1. (1.9)

If
∑∞

n=1 δn <∞ and
∑∞

n=1 bn <∞, then limn→∞ an exists. If in addition {an}∞n=1 has a subse-
quence which converges strongly to zero, then limn→∞ an = 0.

Throughout the remaining part of this paper, {Ti}Ni=1 is a finite family of uniformly
Li-Lipschitzian asymptotically pseudocontractive self-maps of a nonempty closed convex
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subset K of a Banach space so that

〈
Tn
i x−Tn

i y, j(x− y)
〉≤ ain‖x− y‖2, ∀n≥ 1, ∀i∈ I = {1,2, . . . ,N}, ∀x, y ∈ K ,

(1.10)

and for some sequences {ain}∞n=1, i∈ I , with limn→∞ ain = 1, for all i∈ I ; ‖Tn
i x−Tn

i y‖ ≤
Li‖x − y‖ for all n ≥ 1, for all i ∈ I , for all x, y ∈ K , and for some Li > 0, i ∈ I . L =
max1≤i≤N{Li}.
Theorem 1.4. Let E be a real Banach space and K a nonempty closed convex subset of E.
Let {Ti}Ni=1 be N uniformly Li-Lipschitzian asymptotically pseudocontractive self-maps of
K such that F = ∩N

i=1F(Ti) �= ∅. Let x0 ∈ K and let {αn}∞n=1 be a real sequence in (α,1)
satisfying the condition

∑∞
n=1(1− αn) <∞, where α = (1 + L)/(2 + L) (so that 2α− 1 > 0).

Then the implicit iteration sequence {xn}∞n=1 generated by (1.5) exists in K and converges
strongly to a common fixed point of the family {Ti}Ni=1 if and only if liminfn→∞d(xn,F)= 0,
where d(xn,F)= inf p∈F ‖xn− p‖.

Proof. We will use the well-known inequality

‖x+ y‖2 ≤ ‖x‖2 + 2
〈
y, j(x+ y)

〉
(1.11)

which holds for all x, y ∈ E and for all j(x− y)∈ J(x− y) and which was first proved in
[2].

Let p ∈ F, then using (1.1), (1.5), and (1.11), we obtain

∥∥xn− p
∥∥2 = ∥∥αn(xn−1− p

)
+
(
1−αn

)(
Tk
i xn− p

)∥∥2

≤ α2
n

∥∥xn−1− p
∥∥2

+ 2
(
1−αn

)〈
Tk
i xn− p, j

(
xn− p

)〉
≤ α2

n

∥∥xn−1− p
∥∥2

+ 2
(
1−αn

)
aik
∥∥xn− p

∥∥2
.

(1.12)

Observe that since limk→∞ aik = 1 for all i ∈ I , then there exists N0 such that for all
k > N0/N + 1 (i.e., for all n≥N0), we have aik ≤ 1 + (2α− 1)/4(1−α) for all i∈ I . Conse-
quently, for all k > N0/N + 1 (for all n≥N0), we have 1− 2(1−αn)aik ≥ (1/2)(2α− 1) > 0.

Let a = max1≤i≤N{supk≥1{a1k}, supk≥1{a2k}, . . . , supk≥1{aNk}}. Then for all k > N0/
N + 1 (for all n≥N0), it follows from the last inequality in (1.12) that

∥∥xn− p
∥∥2 ≤

[
α2
n(

1− 2
(
1−αn

)
aik
)]∥∥xn−1− p

∥∥2

=
[

1 +
2
(
1−αn

)(
aik − 1

)
(
1− 2

(
1−αn

)
aik
) +

(
1−αn

)2(
1− 2

(
1−αn

)
aik
)
]∥∥xn−1− p

∥∥2

≤
[

1 + 4a[2α− 1]−1(1−αn
)

+ 2[2α− 1]−1(1−αn
)2
]∥∥xn−1− p

∥∥2

= [1 + σn
]∥∥xn−1− p

∥∥2
,

(1.13)

where σn = 4a[2α− 1]−1(1− αn) + 2[2α− 1]−1(1− αn)2. Since
∑∞

n=1 σn <∞, it follows
from the last equality in (1.13) and Lemma 1.3 that limn→∞‖xn− p‖ exists so that there



M. O. Osilike and B. G. Akuchu 85

exists M > 0 such that ‖xn− p‖ ≤M for all n≥ 1. Consequently, we obtain from the last
equality in (1.13) that

∥∥xn− p
∥∥≤ [1 + σn

]1/2∥∥xn−1− p
∥∥≤ [1 + σn

]∥∥xn−1− p
∥∥≤ ∥∥xn−1− p

∥∥+Mσn. (1.14)

It follows from (1.14) that

d
(
xn,F

)≤ [1 + σn
]
d
(
xn−1,F

)
, (1.15)

so that it again follows from Lemma 1.3 that limn→∞d(xn,F) exists.
If {xn}∞n=1 converges strongly to a common fixed point p of the family {Ti}Ni=1, then

limn→∞‖xn− p‖ = 0. Since

0≤ d
(
xn,F

)≤ ∥∥xn− p
∥∥, (1.16)

we have liminf d(xn,F)= 0.
Conversely suppose liminfn→∞d(xn,F) = 0, then we have limn→∞d(xn,F) = 0. Thus

for arbitrary ε > 0, there exists a positive integer N1 such that

d
(
xn,F

)
<
ε
4

, ∀n≥N1. (1.17)

Furthermore,
∑∞

n=1 σn < ∞ implies that there exists a positive integer N2 such that∑∞
j=n σj < ε/4M for all n≥N2. Choose N =max{N0,N1,N2}.
Then d(xN ,F)≤ ε/4 and

∑∞
j=N σj < ε/4M. It follows from (1.14) that for all n,m≥N

and for all p ∈ F, we have

∥∥xn− xm
∥∥≤ ∥∥xn− p

∥∥+
∥∥xm− p

∥∥
≤ ∥∥xN − p

∥∥+M
n∑

j=N+1

σj +
∥∥xN − p

∥∥+M
m∑

j=N+1

σj

≤ 2
∥∥xN − p

∥∥+ 2M
∞∑
j=N

σj .

(1.18)

Taking infinimum over all p ∈ F, we obtain

∥∥xn− xm
∥∥≤ 2d

(
xN ,F

)
+ 2M

∞∑
j=N

σj < ε. (1.19)

Thus {xn}∞n=1 is Cauchy. Suppose limn→∞ xn = u. Then u∈ K since K is closed. Further-
more, since F(Ti) is closed for all i∈ I , we have that F is closed. Since limn→∞d(xn,F)= 0,
we have that u∈ F. �

Remark 1.5. Prototype for the iteration parameter {αn} in Theorem 1.4 is αn = α+n2(1−
α)/(n2 + 1) n≥ 1.
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Theorem 1.6. Let H be a real Hilbert space and let K be a nonempty closed convex subset of
H . Let {Ti}Ni=1 be N uniformly Li-Lipschitzian asymptotically pseudocontractive self-maps of
K such that F =∩N

i=1F(Ti) �= ∅ and
∑∞

n=1(ain− 1) <∞ for all i∈ I . Let one member of the
family {Ti}Ni=1 be semicompact. Let x0 ∈ K and let {αn}∞n=1 be a sequence in (0,1) such that
0 < α ≤ αn ≤ β < 1 for all n ≥ 1, where α = L/(1 + L). Then the implicit iteration sequence
{xn}∞n=1 generated by (1.5) exists in K and converges strongly to a common fixed point of the
family {Ti}Ni=1.

Proof. We will use the well-known identity

∥∥tx+ (1− t)y
∥∥2 = t‖x‖2 + (1− t)‖y‖2− t(1− t)‖x− y‖2 (1.20)

which holds in Hilbert spaces H for all x, y ∈H and for all t ∈ [0,1]. Let p ∈ F, then using
(1.2) and (1.20), we obtain

∥∥xn− p
∥∥2 = ∥∥αn(xn−1− p

)
+
(
1−αn

)(
Tk
i xn− p

)∥∥2

= αn
∥∥xn−1− p

∥∥2
+
(
1−αn

)∥∥Tk
i xn− p

∥∥2−αn
(
1−αn

)∥∥xn−1−Tk
i xn
∥∥2

≤ αn
∥∥xn−1− p

∥∥2
+
(
1−αn

)[
aik
∥∥xn− p

∥∥2
+
∥∥xn−Tk

i xn
∥∥2
]

−αn
(
1−αn

)∥∥xn−1−Tk
i xn
∥∥2

= αn
∥∥xn−1− p

∥∥2
+
(
1−αn

)
aik
∥∥xn− p

∥∥2−αn
(
1−αn

)2∥∥xn−1−Tk
i xn
∥∥2
.

(1.21)

Observe that since limk→∞ aik = 1 for all i ∈ I , then there exists N0 such that for all k >
N0/N + 1 (i.e., for all n ≥ N0), we have aik ≤ 1 + α2/(1− α) for all i ∈ I . Consequently,
for all k > N0/N + 1 (for all n ≥ N0), we have 1− (1− αn)aik ≥ α(1− α) > 0. Thus for all
k > N0/N + 1 (for all n≥N0), it follows from (1.21) that

∥∥xn− p
∥∥2 ≤

[
αn(

1− (1−αn
)
aik
)]∥∥xn−1− p

∥∥2−αn
(
1−αn

)2∥∥xn−1−Tk
i xn
∥∥2

=
[

1 +

(
1−αn

)(
aik − 1

)
(
1− (1−αn

)
aik
)
]∥∥xn−1− p

∥∥2−αn
(
1−αn

)2∥∥xn−1−Tk
i xn
∥∥2

≤ [1 +
[
α(1−α)

]−1(
1−αn

)(
aik − 1

)]∥∥xn−1− p
∥∥2

−αn
(
1−αn

)2∥∥xn−1−Tk
i xn
∥∥2

≤ [1 +
[
α(1−α)

]−1(
aik − 1

)]∥∥xn−1− p
∥∥2−α(1−β)2

∥∥xn−1−Tk
i xn
∥∥2

= [1 + σik
]∥∥xn−1− p

∥∥2−α(1−β)2
∥∥xn−1−Tk

i xn
∥∥2

,

(1.22)

where σik = [α(1− α)]−1(aik − 1). Since
∑∞

k=1 σik <∞, it follows from the last equality in
(1.22) and Lemma 1.3 that limn→∞‖xn− p‖ exists. Furthermore, there exists D > 0 such
that ‖xn− p‖ ≤D for all n≥ 1. Thus from the last equality in (1.22), we obtain

∥∥xn− p
∥∥2 ≤ ∥∥xn−1− p

∥∥2−α(1−β)2
∥∥xn−1−Tk

i xn
∥∥2

+D2σik, (1.23)
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from which it follows that limn→∞‖xn−1 − Tk
i xn‖ = 0. Thus limn→∞‖xn−1 − Tk

nxn‖ = 0.
Furthermore, ∥∥xn−Tk

nxn
∥∥= αn

∥∥xn−1−Tk
nxn
∥∥−→ 0 as n−→∞,∥∥xn− xn−1

∥∥= (1−αn
)∥∥xn−1−Tk

nxn
∥∥−→ 0 as n−→∞.

(1.24)

Thus limn→∞‖xn− xn+i‖ = 0 for all i∈ I . For all n > N , we have Tn = Tn−N so that∥∥xn−1−Tnxn
∥∥≤ ∥∥xn−1−Tk

nxn
∥∥+

∥∥Tk
nxn−Tnxn

∥∥
≤ ∥∥xn−1−Tk

nxn
∥∥+L

∥∥Tk−1
n xn− xn

∥∥
≤ ∥∥xn−1−Tk

nxn
∥∥+L

[∥∥Tk−1
n xn−Tk−1

n−Nxn−N
∥∥+

∥∥Tk−1
n−Nxn−N − x(n−N)−1

∥∥
+
∥∥x(n−N)−1− xn

∥∥]
≤ ∥∥xn−1−Tk

nxn
∥∥+L2

∥∥xn− xn−N
∥∥+L

∥∥x(n−N)−1−Tk−1
n−Nxn−N

∥∥
+L
∥∥xn− x(n−N)−1

∥∥−→ 0 as n−→∞.
(1.25)

Hence,
∥∥xn−Tnxn

∥∥≤ ∥∥xn− xn−1
∥∥+

∥∥xn−1−Tnxn
∥∥−→ 0 as n−→∞. (1.26)

Consequently, for all i∈ I , we have∥∥xn−Tn+ixn
∥∥≤ ∥∥xn− xn+i

∥∥+
∥∥xn+i−Tn+ixn+i

∥∥+L
∥∥xn+i− xn

∥∥
= (1 +L)

∥∥xn+i− xn
∥∥+

∥∥xn+i−Tn+ixn+i
∥∥−→ 0 as n−→∞.

(1.27)

It follows that limn→∞‖xn−Tixn‖ = 0 for all i∈ I . Since one member of {Ti}Ni=1 is semi-
compact, then there exists a subsequence {xnj}∞j=1 of the sequence {xn}∞n=1 such that
{xnj}∞j=1 converges strongly to u. Since K is closed, u∈ K , and furthermore,

∥∥u−Tiu
∥∥= lim

j→∞
∥∥xnj −Tixnj

∥∥= 0 ∀i∈ I. (1.28)

Thus u∈ F. Since {xnj}∞j=1 converges strongly to u and limn→∞‖xn−u‖ exists, it follows
from Lemma 1.3 that {xn}∞n=1 converges strongly to u. �

Remark 1.7. Prototype for the iteration parameter {αn} in Theorem 1.6 is αn = α+n(1−
α)/2(n+ 1) n≥ 1, for which 0 < α < α+ (1−α)/4≤ αn < α+ (1−α)/2 < 1.
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