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1. Introduction and Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let C be a nonempty
subset of H. A mapping T : C — C is said to be Lipschitzian if there exists a positive constant
L such that

|Tx-Ty| <Llx-yl, VxyeC (1.1)

In this case, T is also said to be L-Lipschitzian. Throughout the paper, we assume that
every Lipschitzian mapping is L-Lipschitzian with L > 1. If L = 1, then T is known as
a nonexpansive mapping. We denote by F(T) the set of fixed points of T. There are many
methods for approximating the fixed points of a nonexpansive mapping. In 1953, Mann [1]
introduced the following iteration method:

X1 = nXn + (1= ay) Ty, (1.2)
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where the initial guess element xy € C is arbitrary, and {a,} is a real sequence in [0,1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results is proved by Qin and Su [2]. In an infinite-dimensional
Hilbert space, Mann iteration could conclude only weak convergence [3]. Attempts to modify
the Mann iteration method (1.2) so that strong convergence is guaranteed have recently
been made. Nakajo and Takahashi [4] proposed the following modification of Mann iteration
method(1.2):

xo € C chosen arbitrarily,
Yn = anXy + (1 - ay)Txy,

Co=(z€Ct lyuz]| < [lxu - 2

}, (1.3)
Qu={zeC:(xy—z,x0—x,) >0},
X1 = Pe,ng, (%0),
where Px denotes the metric projection from H onto a closed convex subset K of H. The
iterative method (1.3) is said to be hybrid method or CQ method. In recent years, the hybrid
method (1.3) has been modified by many authors for other nonlinear operators [2, 5-10].

In 2008, Nilsrakoo and Saejung [11] used the hybrid method to obtain a strong
convergence theorem for countable Lipschitzian mappings {T},},-, as follows.

Theorem NS. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
{Ty } oo be a sequence of Ly-Lipschitzian mappings from C into itself with L,, > 1 and let (\,;_oF (Ty)
be nonempty. Assume that {ay} is a sequence in [0,1) with limsup, , a, < 1. Let {x,} be a
sequence in C defined as follows:
xo € C chosen arbitrarily,
Yn = anXy + (1 - an)Tnxn/
Co={z€Ctflya—zIP <Jlxu -zl +6.), (14)
Qu={zeC:(xn—zx —x,) >0},

Xn1 = Pe,ng, (%0),
where
0, = (1-a,) (L2 -1)(diamC)* — 0, (1.5)

as n — oo. Let 377  sup{||Tp1z — Tuz|| : z € B} < oo for any bounded subset B of C, and
let T be a mapping of C into itself defined by Tz = lim,_, Tz, for all z € C and suppose that
F(T) = NpeoF (Ty), then {x,} converges strongly to Pr)xo.

Nilsrakoo and Saejung also apply the aforementioned result to obtain an applied result
for equilibrium problems.
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The purpose of this paper is to propose a modified hybrid method in mathematical
programming and to obtain some strong convergence theorems for common fixed points
of a countable family of Lipschitzian mappings. Finally, we apply our results to solve the
equilibrium and optimization problems. The results of this paper improved and extended
the Nilsrakoo and Saejung results in some respects.

Recall that given a closed convex subset K of a real Hilbert space H, the nearest point
projection Px from H onto K assigns to each x € H its nearest point denoted by Pxx in K
from x to K; that is, Pxx is the unique point in K with the property

||x - Pxx|| < llx-yll VyeK. (1.6)

The following lemma is well known.

Lemma 1.1. Let K be a closed convex subset of a real Hilbert space H. Given x € H and z € K.
Then z = Pxx if and only if there holds the relation:

(x-z,y-z)<0 Vyek (1.7)

Definition 1.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let
{T,},—o be a sequence of L,-Lipschitzian mappings from C into itself with L, > 1. {T,},2, is
said to satisfy the (SU) condition, if the following conditions hold:

(1) for any strong convergence sequence {x,} C C, the sequence {T,x,} is also strong
convergent;

(2) the common fixed points set (,-,F(T;) is nonempty;
(8) F(T) = N;2oF(T,), where T : C — C is defined by Tx = lim,,_,,T,,x, for all x € C,
F(T) denotes the fixed points set of T.

In Section 3 of this paper, we will give an important example of sequence of L,-
Lipschitzian mappings which satisfies the (SU) condition.

Lemma 1.3. Let C be a nonempty closed convex subset of a real Hilbert space H and let {T,},, be
a sequence of Ly-Lipschitzian mappings from C into itself with L,, > 1. If {T,},., satisfies the (SU)

condition. Then

(1) {L,} is bounded implies T is uniformly continuous on the C;
(2) limy,—, L, = L implies T is L-Lipschitzian;

(3) limy, . L, = 1 implies T is nonexpansive.

Proof. Observe that, for all x, y € C, we have

ITx = Ty|| = lim || Tux - Tuy|| < lim Lylx -yl (1.8)

The results (1)—(3) are easy to prove. O
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2. Main Results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,},-, be a
sequence of L,-Lipschitzian mappings from C into itself with L, — 1,as n — oo. Assume {T, },—,
satisfies the (SU) condition and {a,} is a sequence in [0,1) with limsup, _ _a, <1. Let {x,},-, be
a sequence in C defined as follows:

xo € C chosen arbitrarily,

Yn = auXy + (1 - an)Tnxn/

C, = {Z € Cn—lﬂQn—l : ”]/n _Z” < ”xn_z” +9n}/ n>1,

Co={z€C:|lyo—z| < ||x0-z| +60}, (2.1)
Qn={Zecn—lﬂQn—1:<xn_zlx0_xn>20}/ n>1,
Q0=C/

X1 = Pe,ng, (%0),
where
2
6= (1-2,) (L3 = 1) (supll - 2] )
zEA

A={yeFT): ||y - Prayxol < 1}

(2.2)

Then {x,} converges strongly to Pr(yxo, where Pk is the metric projection from H onto closed convex
subset K.

Proof. We first prove that C,, and Q, are closed and convex for each n > 0. From the definition
of C,, and Q,,, it is obvious that C,, is closed and Q,, is closed and convex for each n > 0. We
prove that C, is convex. Since ||y, — z|| < ||x, — z|| + 8, is equivalent to

2(xn =y 2) < [l2ull” = llyull” + 6, (2.3)

it follows that C, is convex. Next, we show that F(T) c C,, for alln > 0. For any p € F(T), we
have

lyn = pII* = Nlawxn + (1 = @) Tuxa = p||°
< ay||xn = p|* + (1= an) | T = p||?
= ay||xn = p|I* + (1= an) L[| 20 = | (2.4)
< lxw = plI* + (1= @) (L2 = 1) |20 = ||

< Iz =plI* + 6,
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so that p € C,, therefore, we have F(T) C C,, for all n > 0. Next, we show that F(T) C Q,,
for all n > 0. We prove this by induction. For n = 0, we have F(T) c C = Qp. Suppose that
F(T) c Qp, then F(T) c C, N Q, and there exists a unique element x,,; € C,, N Q, such that
Xn+1 = Pc,ng,Xo. By using Lemma 1.1, we have

(%ns1 = 2,%0 = Xns1) 20, (2.5)

forall z € C,, N Q. In particular,
<xn+1 —P,Xo— xn+1> >0, (2.6)

forall p € F(T). It follows from the definition of Q,.1 that F(T) C Q,.1. By using the principle
of induction, we claim that F(T) C Q,, for all n > 0. Therefore, we have F(T) C C, N Q,, for
all n > 0. Now the sequence {x,} is well defined.

It follows from the definition of Q, that x,, = Py, xo. Therefore, we have

[l2¢n = xo]| < |z = xoll, (2.7)

forall z € F(T) C Q. This implies that the {||lx, — x¢||} is bounded. On the other hand, from
Xn+1 = Pc,ng, X0 € Qu, we have

llo¢n = x0ll < [|2¢n41 = xoll, (2.8)

for all n > 0. Therefore, {||x, — xo||} is nondecreasing and bounded. So that lim,, _, o, ||x, — x|
exists.

Note again that x,, = Py, xo, hence for any positive integer m, we have x,.n € Qpim-1 C
Q, which implies that (X, — X5, X, — x9) > 0. Therefore, we have

||xn+m - xn”2 = ” (Xnem = x0) = (% — X0) “2
= ||xn+m - X()||2 - ”xn - x0||2 - 2<xn+m —Xn, Xn — x0> (29)
< [lsemem = x0l|” = [l = xo]|
From this inequality, we know that {x,} is a Cauchy sequence in C, so that there exists a point
p € C such that lim, _, ,x, = p.

Since x,11 € Cy, then |y, — xpa1||* < |0 = Xus1||* + 0, this together with 6, — 0, as
— oo, implies that lim,, _, v, = p. From limsup, ,_a, <1, we get

20 = Toxa | < ¥ = xa|| — O (2.10)

1-a,
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asn — oo. Since T is nonexpansive, therefore,

it = Toall < [l = Tt + [T~ T
<l = Txall + [ Toea = Tupll + [ Tup = Tpll + [ Tp - T | 1)

< [l%n = Taxall + Lallxn = pll + |1 Tup = Tp || + llp = 2]l — 0,

asn — oo. Then lim,_, ,x, =p € F(T).
Finally, we claim that p = py = Pr(r)xo. If not, we have ||xo — p|| > ||xo — po||. There must
exists a positive integer N, if n > N, then ||xg — x,|| > ||xo — pol|, which leads to

l1x0 = poll” = 10 = % + x4 = pol|®
(2.12)

= ||xo - x,,||2 + || —P0||2 +2(Xn = Po, X0 = X ).

It follows that (x, — po, Xo — X,) < 0 implies that po¢Q,, This is a contradiction, hence p = py.
This completes the proof. O

The following theorem directly follows from Theorem 2.1.

Theorem 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,},~, be a
sequence of nonexpansive mappings from C into itself. Assume {Ty},—, satisfies the (SU) condition
and {a,} is a sequence in [0,1) with limsup,, , a, < 1. Let {x,},>, be a sequence in C defined as
follows:

xo € C chosen arbitrarily,

Yn = AnXy + (1 - an)Tnxn/

C,= {Z € Cp an—l : ”yn _Z” < ”xn _Z”}/ nx>1,

Co={zeC:|lyo—z| <||x -z} (2.13)
Qn={Zecn—lﬂQn—l:<xn_zrx0_xn>20}1 n>1,
Qo =C,

Xn1 = Pe,ng, (%0)-

Then {x,} converges strongly to Prr)xo. Where Pk is the metric projection from H onto closed convex
subset K.
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3. Application for Equilibrium and Optimization

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction of
C x C into R, where R is the set of real numbers. The equilibrium problem for F: Cx C — R
is to find x € C such that

f(x,y) >0, VyeC (3.1)

The set of solutions of (3.1) is denoted by EP(F). Given a mapping T : C — H, let f(x,y) =
(Tx,y — x), for all x,y € C. Then, z € EP(f) if and only if (Tz,y — z) > 0, for all y € C, that
is, z is a solution of the variational inequality. Numerous problems in physics, optimization,
and economics reduce to find a solution of (3.1). Some methods have been proposed to solve
the equilibrium problem; see, for instance, [12-16].

For solving the equilibrium problem for a bifunction f : CxC — R, let us assume that
f satisfies the following conditions:

(Al) f(x,x) =0, forall x € C;
(A2) f is monotone, thatis, f(x,y) + f(y,x) <0, forall x,y € C;
(A3) foreach x,y,z € C,

limf(tz+ (1 -Hx,y) < fx, y); (32)

(A4) for each x € C, y — f(x,vy) is convex and lower semicontinuous.
We need the following lemmas for the proof of our main results.

Lemma 3.1 (see [11-13]). Let C be a nonempty closed convex subset of H and let f be a bifunction
of C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

f(z,y)+%(y—z,z—x)20, Yy e C. (3.3)

Lemma 3.2 (see [11-13]). Assume that f : C x C — R satisfies (A1)—(A4). For r > 0 and x € H,
define a mapping T, : H — C as follows:

Tr(x):{zeC:f(z,y)+%(y—z,z—x)ZO,VyeC}, (3.4)

forall z € H. Then, the following hold:

(1) T, is single-valued;
(2) T, is firmly nonexpansive, that is, for any x,y € H,

|| Tx - Try”2 <(T,x-T,y,x-y); (3.5)
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(3) F(T;) =EP(f);
(4) EP(f) is closed and convex.

Remark 3.3. T, is also nonexpansive, for all r > 0.

Now, we prove the following lemma which is very important for the main results of
this section.

Lemma 3.4. Let C be a nonempty closed convex subset of H and let f be a bifunction of C x C into
R satisfying (A1)—(A4). Let {r,} be a positive real sequence such that limy,_, ,7, = v > 0. Then the
sequence {T,,} satisfies the (SU) condition.

Proof. (1) Let {x,} be a convergent sequence in C. Let z, = T}, x,, for all n, then
1
f(zn,y)+;<y—zn,zn—xn>20, VyecC, (3.6)
1
f(zn+m/ ]/) + ;<]/ ~ Zn+ms Zntm ~ xn+m> >0, VyeC (3.7)
Putting v = z,,p, in (3.6) and y = z,, in (3.7), we have

1
f(znr Zn+m) + ;<2n+m — Zn,Zn — xn> >0, Vy eC,

) (3.8)
f(zn+m/ Zn) + ;<Zn ~ Znt+ms Zntm xn+m> > 0/ V]/ eC
So, from (A2) we have
<Zn+m — 2, Zn = Xn _ Zn+m ~ xn+m> >0, (3.9)
Tn Tn+m
and hence
r
<zn+m —Zn, Zn — X — —— (Zpem — xn+m)> >0. (3.10)
Trntm
Thus, we have
r
<Zn+m ~Zn,Zn — Zn+m t Znem — Xn — h (Zn+m - xn+m)> 2 O/ (311)
Tn+m
which implies that
2 Tn
”Zn+m - Zn” < <Zn+m ~ Zn, Zpn+m — Xn — (Zn+m - xn+m)>
Tnem
(3.12)

n n
= Zntm —Zn, (1 - Zn+m t+ (xn+m - xn) .
Tn+m Tnem
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Therefore, we get

| Zsm = Zall < 1= =2 ||| Zmem]| + || 2 Xem — 2ul]. (3.13)
Tnim
On the other hand, for any p € EP(f), from z, = T}, x,, we have
2w =PIl = 1T xn = pll < ll2a - plI, (3.14)

so that {z,} is bounded. Since lim, _, 7, = ¥ > 0, this together with (3.13) implies that the
{z,} is a Cauchy sequence. Hence T}, x, = z, is convergent.
(2) By using Lemma 3.2, we know that

ﬁF(Trn) = EP(f) £ . (3.15)
n=0

(3) From (1) we know that, lim,_, ., T, x exists, for all x € C. So, we can define a
mapping T from C into itself by

Tx=1limT,x, YxeC. (3.16)

n—oo

It is obvious that the T is nonexpansive. It is easy to see that
EP(f) = (\F(T,,) C F(T). (3.17)
n=1

On the other hand, let w € F(T), w, = T,,w, we have
1
f(wn,y) + ;(y —wy,w, —w) >0, VyeC. (3.18)
By (A2) we know
1
;(y —wy,wy —w) > f(y,wy,), VyeC. (3.19)

Since w, — Tw = w and from (A4), we have f(y,w) < 0, for all y € C. Then, for t € (0,1]
andy € C,
0=f(ty+ (A -tHw, ty+ (1 -Hw)
<tf(ty+ (A -Hw,y)+ A -t)f(ty + (1 - Hw,w) (3.20)
<tf(ty+ (1 -Hw,y).
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Therefore, we have

f(ty+ (1 -tw,y) >0. (3.21)
Letting t | 0 and using (A3), we get

fw,y)>0, VyeC, (3.22)

and hence w € EP(f). From the aforementioned two respects, we know that F(T) =
Mo F (T},). This completes the proof. O

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C into R = (—oo, +o0) satisfying (A1)—(A4) and EP(f) # @. Let {x,} and {u,}
be sequences generated by xo € C and

xo € C chosen arbitrarily,
f(un, xp) + %(y —Up, Uy —Xx,) <0, YyeC(,
Yn = anXy + (1 - an)un/
C,= {Zecn—lﬂQn—l : ”yn_Z” < ”xn_zll}/ n>1, (323)
}
Qn={Zecn—lan—1:<xn_zrx0_xn>20}; n>1,

Q0=C/

X1 = Pe,ng, (%0)-

Co={zeC: [lyo-z] < xo -z

Assume limy, .7, = r > 0 and limsup, _, _a, < 1. Then {x,} converges strongly to Pep(f)xo,
where Pgp(y) is the metric projection from H onto EP(f).

Proof. By using Lemma 3.4, we know that {T,,} satisfies the (SU) condition. Then F(T) =
EP(f). By using Theorem 2.2, we obtain the result of Theorem 3.5 O

Now, we study a kind of optimization problem by using the aforementioned results
of this paper. That is, we will give an iterative algorithm of solution for the following
optimization problem with nonempty set of solutions:

min h(x), (3.24)
x€C, '

where h(x) is a convex and lower semicontinuous functional defined on a closed convex
subset C of a Hilbert space H. We denoted by A the set of solutions of (3.24). Let f be a
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bifunction from C x C to R defined by f(x,y) = h(y) — h(x). We consider the following
equilibrium problem, that is to find x € C such that

f(x,y)>0, VyeC. (3.25)

It is obvious that EP(F) = A, where EP(F) denotes the set of solutions of equilibrium Problem
(3.25). In addition, it is easy to see that f(x, y) satisfies the conditions (A1)-(A4) in Section 2.
Therefore, from Theorem 3.5, we can obtain the following theorem.

Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let h(x) be a
convex and lower semicontinuous functional defined on C. Let {x,} and {u,} be sequences generated
by xo € C and

xo € C chosen arbitrarily,
) )+ -yt~ ) S0, Wy EC,

Yn = @nXy + (1= ay) iy,
Co={z€Cu1[\Qua: llyn—z| < [lxn -2
Co={zeC:lyo-z| <[lxo -z},
Qn=1{2€Cr1[Qu1: (xn—-2x-x) 20}, n21,
Q=G

Xn1 = Pe,ng, (%0)-

}, n>1,

Assume limy, o, 1, = r > 0and limsup, , _a, <1. Then {x,} converges strongly to P xo.

Remark 3.7. 1t is easy to see that this paper has some new methods and results than the results
of Nilsrakoo and Saejung [11]:

(1) proposed a modified hybrid iterative scheme, so that the new simple method of
proof has been used;
(2) removed the bounded restriction for closed convex set C;
(3) relax the conditions of sequence {T},};
(4) give an application for optimization problem;
)

(5) the sequence of sets C,,, Q, satisfy the following relation:

F(T) C++Cpi1 N Qi1 CCuNQu, 10, (3.26)

so that to raise the convergence rate of {x,} is possible.
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