Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2010, Article ID 182539, 11 pages
doi:10.1155/2010/182539

Research Article

Existence of Solutions and Algorithm for
a System of Variational Inequalities

Yali Zhao," Zunquan Xia,? Liping Pang,? and Liwei Zhang?

1 Department of Mathematics, Bohai University, Jinzhou, Liaoning 121013, China
2 Department of Applied Mathematics, Dalian University of Technology, Dalian, Liaoning 116024, China

Correspondence should be addressed to Yali Zhao, yalizhao2000@yahoo.com.cn

Received 13 May 2009; Revised 10 November 2009; Accepted 24 January 2010

Academic Editor: Nanjing Huang

Copyright © 2010 Yali Zhao et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We obtain some existence results for a system of variational inequalities (for short, denoted by SVI)
by Brouwer fixed point theorem. We also establish the existence and uniqueness theorem using the

projection technique for the SVI and suggest an iterative algorithm and analysis convergence of the
algorithm.

1. Questions under Consideration in This Paper

Suppose that X is a nonempty closed and convex subset of R"; F : R* — R" is a vector-valued
mapping. Variational inequality problem (for short, VI(X, F)) is to find an x € X, such that

(F(x),u-—x)>0, YueX (1.1)

We denote the solution set for VI(X, F) by sol(X, F). In this paper, we suggest and study the
following SVI: find (x, y) € A x B, such that

(F(x,y),u-x)>0, VueA,
(1.2)
(G(x,y),v-y)>0, VYveB,
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where F: AxB — R",G: AxB — R™ are vector-valued mappings, and A C R*,B C R™.
The above SVI can be described as

VI(A, F(,y)),
VI(B, G(x, ).

(1.3)

2. Existence and Uniqueness of Solutions for SVI

In this paper, otherwise specification, R" is a n-dimensional Euclidean space, for all x, y € R",
(x,y) denotes the inner product between x and y, ||x|| denotes norm of x, that is, ||x|| =

V{(x, x).

In order to obtain our main results, we recall the following definitions and lemmas.

Definition 2.1. Let X C R" be a nonempty subset, and let F : X — R" be a vector-valued
mapping.

(i) F is said to be monotone if, forall x,y € X, (F(x) - F(y),x —y) > 0.

(ii) F is said to be strictly monotone if, for all x, vy € X, x#y, (F(x) - F(y),x —y) > 0.

(iii) F is said to be strongly monotone if there exists a constant & > 0 such that

2
7

(F(x)-F(y),x-y) > al||x-y Vx,y € X. (2.1)

(iv) F is said to be coercive if there exists an xy € X and a constant R > 0 such that
lxo]] < R and

(F(x),x—x9) >0, VxeX, |x|=R (2.2)
(v) F is said to be Lipschitz continuous if there exists a constant L > 0 such that

|IFx)-F)|| <L||lx-y|, VYxyeX (2.3)
Remark 2.2. It is easy to see that

F is strictly monotone = F is monotone
F is strongly monotone = (2.4)
F is coercive.

Based on the above all kinds of monotonicity, we have the following existence results for
VI(X, F).

Lemma 2.3 (see [1]). Let X C R" be nonempty compact and convex set, and let F : X — R" be
continuous mapping. Then VI(X, F) must has solution.
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Lemma 2.4 (see [2]). Let X C R" be nonempty closed and convex set, and let F : X — R" be
continuous mapping.

(i) If F is strictly monotone, then VI(X, F) has at most one solution,
(ii) If F is coercive, then VI(X, F) must has solution,
(iii) If F is strongly monotone, then VI(X, F) has a unique solution.

In order to obtain the existence results for SVI, one needs to study parametric variational
inequalities VI(A, F(-,y)) and VI(B, G(x,-)) in SVL.

Setting Q = {(x,y) € R*" xR" | x € A, y € B} #0 and Q is the feasible region of SVI,
A CR", B C R™ are nonempty subset,and F : AxB — R", G: Ax B — R™ are two continuous
mappings. At first, one considers VI(B, G(x,)), which is a parametric variational inequality with
respect to x in SVL.

Theorem 2.5. In VI(B, G(x,)), assume that A C R" and B C R™ are two compact and convex
sets, G : A x B — R™ is continuous, and G is strictly monotone in y. Then, for any given x € A,
VI(B, G(x,-)) has a unique solution and for all x € A, there exists an implicit function y = @(x)
which is the unique solution to VI(B, G(x, -)). In addition, the implicit function y = ¢ (x) determined
by VI(B, G(x, -)) is continuous on A.

Proof. (i) For any given x € A, since B C R™ is compact and convex and G is continuous on Ax
B, then by Lemma 2.3, parametric variational inequality VI(B, G(x, -)) has solutions. In terms
of strict monotonicity of the mapping G in y and Lemma 2.4, we know that VI(B, G(x,-)) has a
unique solution. So, for all x € A, the implicit function y = ¢(x) determined by VI(B, G(x,-))
is well defined.

(ii) We claim that y = ¢(x) is continuous on A. In fact, for any given xo € A, {x,} C A,
X, — Xxpasn — oo, by (i), we know that for all n, there exists y, € B, such that v, = ¢(x,).
That is,

(G(xn,Yn), ¥y —yn) >0, VyeB. (2.5)

Since {y,} C B is bounded, then there exists convergent subsequence {y,, } such that y,, —
Yoasn — oo, and yy € B. In the following, we prove that y is a solution to VI(B, G(x,-)) in
xo. For given iy € B, there exists sequence {y, } suchthaty, €B, k=1,2,...andy, — ¥y
as k — oo in view of the closedness of B. Letting y = i, in (2.5), we have

(G(Xmo Y ) Y —Ym) 20, k=1,2,..., (2.6)
that is,
(G(%nr Y ) Y = Yue) 2 (G (Xu, Y ), Y =Y, ) k=1,2,..., (2.7)
observe that G is continuous, and letting k — oo in (2.7), we have

(G(x0,%0), ¥ — o) > 0. (2.8)
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For y € B is arbitrary, then yy is a solution to VI(B, G(x,-)), implying yo = ¢(x¢). In order
to explain that ¢ is continuous at xp, we only need to know that the sequence {y,} satisfies
Yn — Yoasn — oo.Let {y,, } be any subsequence of {y,}. Since {y,,} is bounded, there exists
a subsequence {yy, } C {yn} such thaty, — y; ask — oo. Using the method appeared in
Theorem 2.5, we can show that

(G(x0,¥0), ¥ —¥o) 20, Vy€B. (29)

Thus, by the uniqueness of the solution to the problem VI(B, G(xy,-)), we conclude that v, =
Yo. Since, {yn,} C {yn} is arbitrary, we can conclude that y, — 1o as n — oo, which means
that implicit function y = ¢(x) is continuous at xo. For xy € A is arbitrary, we know that
Y = ¢(x) is continuous on A.

From Theorem 2.5, we see that in order to ensure that v = p(x)(x € A) is well defined,
the condition that G is strictly monotone on A x B is necessary, but the boundedness of B
is a strong condition. As usual, B is unbounded (e.g., inequality constraint set B = {y €
R™ | ¢(x,y) > 0}, where g : R" x R" — R!, is always unbounded). So, we try to weaken the
boundedness of B. For this, we introduce the concept uniform coercivity of G in VI(B, G(x, -)).

Definition 2.6. In VI(B, G(x, ")), let xg € A; G is said to be uniformly coercive near xy, if there
exists some neighbourhood V of xy, yo € B and R > 0 such that ||yo|| < Rand forallx e V,

(G(x,¥),y-y0) 20, (2.10)

where y € Band ||y|| = R.
If for each x € A, G is uniformly coercive near x, then G is said to be uniformly coercive
on A.

Lemma 2.7. In VI(B,G(x,")), let B C R™ be nonempty closed and convex set, and let G be
uniformly coercive near xo € A, then there exists some neighbourhood V. C A of xo, such that
Uxey Sol(B, G(x, +)) is bounded set.

Proof. For given xg € V, by the definition of the uniform coercivity of G near xj, there exists
some neighbourhood V C A of x¢, 1o € B, and R > 0 such that ||yy|| < Rand forall x € V,

(G(x,¥),y-y0) >0, VyeB, |y|=R (2.11)

Let Bg := {y € R™ | |ly|| £ R} n B. It is obvious that Bg is a nonempty bounded closed convex
subset of R™. In view of Lemma 2.3, we know that VI(Bg, G(xp, y)) must have solution. That
is, there exists an i, € Bg such that

(G(x0,7,), ¥ -Yo) 20, Vy € Rg. (2.12)
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Now, we state that i/, € Sol(B, G(xo, ")) and ||y,|| < R.Infact, if [|y,|| < R, forally € B, y ¢ Bg,
join ¥, and y into Ay, + (1 - 1)y with 0 < A < 1. Then take small enough A > 0 such that
y=Ay+(1- X)yo € Bg. Substituting y with 7 in (2.12), we have

(G(x0,Y0) Y = Yo) 20, (2.13)

implying that i, € Sol(B, G(xo,-)) and ||y,l| < R. On the other hand, if ||y,|| = R, substituting
y with 77, in (2.11), we have

(G(x0,), Yy~ yo) 20, (2.14)
which, by plus (2.12), we get
(G(x0,y), ¥y —y0) >0, Yy €Bg, ||y <R (2.15)

For all y € B, y ¢ Bg, consider the connection of v and yy; following the same argument,
we have that v, € Sol(B, G(xo,-)) and ||yl = R. Therefore, i, € Sol(B, G(xo,-)) and [[y,ll <
R. That is, Sol(B, G(xo,-)) is bounded. For xy € V is arbitrary, the conclusion holds. This
completes the proof. O

If the boundedness of B is replaced by the uniform coercivity of G in Theorem 2.5, then
we have the following result.

Theorem 2.8. In VI(B,G(x,-)), let B C R™ be nonempty closed and convex set, and let G be
uniformly coercive on A with respect to B and strict monotone in y. Then for each x € A,
VI(B, G(x,-)) has a unique solution, and for all x € A, the implicit function y = ¢ (x) determined by
VI(B, G(x,-)) is continuous on A.

Proof. (i) For given x € A, by Lemma 2.4 and the coercivity of G on B, we know that
VI(B, G(x,)) has solution. Noting that G is strictly monotone in y, VI(B, G(x, -)) has a unique
solution, and so the implicit function i = ¢(x) is well defined.

(ii) For given xg € A, {x,} C A, satisfying x, — xp asn — oo. By Lemma2.7,
there exists some neighbourhood U C A of xy and bounded open set V, such that
Uyeu Sol(B,G(x,-)) C V, that is, the solution set of VI(B,G(x,-)) denoted by {y € B | y =
p(x), xeU} cV.{x,} C Asuchthatx, — xpasn — oo. Let {x,} C U without generality,
then {y,} C V is bounded; the following argument is similar to Theorem 2.5, so it is omitted,
and this completes the proof. O

Set A = {y € B|y = ¢p(x), x € A}; it is to see that A C B. We will investigate the
parametric variational inequality VI(A, F(-,y)) with respect to y in SVL

Corollary 2.9. In VI(A, F(-, y)), let A C R", B C R™ be two nonempty compact and convex subsets,
F: AxB — R" be continuous and strict monotone in x. Then for each given y € A, VI(A, F(-, y))
has a unique solution, and for all y € A, the implicit function x = ¢(y) determined by VI(A, F(-, y))
is continuous on A.

Proof. The conclusion holds directly from Theorem 2.5. O
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Lemma 2.10 (see [3, (Brouwer fixed point theorem)]). Let X C R" be nonempty compact and
convex set, and let T : X — X be continuous. Then there exists an xy, such that xy = T (xg).

Theorem 2.11. In SVI, let A C R", B C R™ be two compact and convex subset, and let F : Ax B —
R"and G : A x B — R™ be two continuous mappings and strict monotone in x and y, respectively.
Then SVI has solution.

Proof. By the given conditions of Theorems 2.11 and 2.5, we know that there exists continuous
implicit function y = ¢(x) (x € A) determined by parametric variational inequality
VI(B,G(x,)) with respect to x in SVI. Also denoted the range of y = ¢(x) by A. By
Corollary 2.9, there exists continuous implicit function x = ¢(y) determined by parametric
variational inequality VI(A, F(-, y)) with respect to i in SVI such that forall y € A, x = ¢(y)
is the unique solution to VI(A, F(:,y)). Let ®(x) = ¢(p(x)), for all x € A. Making use of
Brouwer fixed point theorem (Lemma 2.10), we have that there exists xo € A, such that
xo = D(xp) = ¢(p(xo)). Setting yo = ¢(xp), by the definitions of ¢ and ¢, we know that
(x0, yo) is a solution of SVL O

Corollary 2.12. In SVI, let A C R" be nonempty compact and convex subset, let B C R™ be nonempty
closed and convex subset, let F : Ax B — R"and G : A x B — R™ be two continuous mappings,
and F, G be strict monotone in x and y, respectively. Let G be uniformly coercive on A with respect
to B. Then SVI has solution.

Proof. By Theorem 2.8 and similar argument in Theorem 2.11, our conclusion holds. O

Now, we give the definition of uniformly strong monotonicity, which is stronger
condition than the uniformly coercivity.

Definition 2.13. Let F : R" x R™ — R" be vector-valued mapping; if there exists a > 0, such
that for all y € R™,

(F(x1,¥) = F(x2,y),x1 — x2) > at||x1 — x|, Vxi,x, €R", (2.16)

then F is said to be uniformly strongly monotone in x.
Lemma 2.14. In VI(A, F(-,y)), let F be uniformly strongly monotone, then F is uniformly coercive.

Proof. For given yy € B, we only need to prove that F is uniformly coercive at 1. Let us
consider VI(A, F(-,y)). Assume that xg € A is a solution to VI(A, F(-,y)), and |[x]| < R,
(R > 0). Since F is strongly monotone, then there exists &« > 0, such that for all y € B,

(F(x,z) - F(z,y),x-z) > allx - z||>, Vx,z€A. (2.17)
Letting z = xp, ¥ = yo in (2.17), we have

(F(x,y0),x —x0) > al|x - xol* + (F(x0,10),x—x0), VYxe€A. (2.18)
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Noting that xo € A is a solution to VI(A, F(-,y)), we have

(F(x0,10),x—x0) >0, VxeA. (2.19)

Combining (2.18), we obtain

(F(x,y0),x—x0) 20, VYx€A, ||x||=R (2.20)

Since F is continuous, then there exists some neighbourhood U of 1y, such that for all y € U,

(F(x,y),x—x0) >0, VxeA, |[x]|=R, (2.21)

which implies that F is uniform coercive at yy.
Using the uniformly strong monotonicity of F, we can obtain the following existence
result for SVI under the condition that A is a nonempty closed and convex subset of R”. [

Corollary 2.15. In SVI, let A C R" be a nonempty closed and convex set, let B C R™ be a compact
and convex set, let F, G be two continuous mapping, let F be uniformly strongly monotone in x, and
let G be strictly monotone in y. Then SVI has solution.

Proof. By Lemma 2.14 and Corollary 2.12, it is easy to see that the conclusion holds. O

Corollary 2.16. In SVI, Let A and B be nonempty closed and convex subsets, let F,G be two
continuous mappings, and let F be uniformly strongly monotone in x, and let G be uniformly coercive
and strict monotone in y. Then SVI has solution.

Furthermore, If F and G are Lipschitz continuous in x and y, respectively, one can obtain the
following existence and uniqueness result for SVI.

Theorem 2.17. In SVI, let A, B be nonempty compact and convex subsets, let F be uniformly strongly
monotone with constant a; > 0 and Lipschitz continuous with Lipschitz constant 1 > 0 in x, and
Lipschitz continuous with constant y1 > 0 in y, and let G be uniformly strongly monotone with
constant ay > 0 and Lipschitz continuous with constant B, > 0 in y, and Lipschitz continuous with
constant y, > 0 in x. If there exists constants py, p > 0 such that

max{ \1=2p1a1 + pif5 + paya, \/1 = 2p22 + p3 35 + p1y1} <1, (2.22)

then SVI has a unique solution.
In order to prove Theorem 2.17, we need the following lemma.

Lemma 2.18 (see [4]). In SVI, let A, B be nonempty closed and convex subsets, and let F, G be two
continuous mappings. SVI has solution (x,y) if and only if (x, y) satisfies

x = Pa(x—piF(x,y)),

(2.23)
¥ =Ps(y - p2G(x,y)).
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where Ps(+), Pg(-) denote the projection from R* and R™ to A and B, respectively; furthermore,
projection operator is nonexpansive and py, p» > 0 are constants.

The Proof of Theorem 2.17

For arbitrary given constant p1, p, >0, define T, : AxB — AandT,,: AxB — Bby

Ty, (x,y) = Pa(x = p1F(x,y)),

(2.24)
Tp(x,y) = Ps(y - ,G(x,y)), V(xy)€AxB.
For any (x1,y1), (x2, y2) € A x B, it follows from (2.24) and Lemma 2.18 that
”Tp] (x1, ]/1) - T,D1 (.’)Cz, ]/2) ”
< o1 = x2 = pr(F(x1,51) = F(x2, 12)) |
(2.25)

< |lxr = x2 = pr(F (21, y1) = F (o2, 1)) || + pa || F (o2, 1) = F (2, y2) ||

<A1 =2p1a + pifillxs — 2l + pinallyn - 2|

We have used the strong monotonicity and Lipschitz continuity of F in x and Lipschitz
continuity of F in y. Similarly, we have

I Tp. (1, 1) = Ty (22, 2) ||
<ly1 = y2 - p2(G(x1,91) = G(x2,12)) |
<1 = y2 = p2(G (1, 1) = Glxa, 1)) || + p2ll G2, 1) = Glxa, w2 |

<\1-2p22 + p2B2|y1 - 12| + payallxs — xall.

It follows from (2.25) and (2.26) that

(2.26)

1o (1, 1) = T (2, y2) | + | T (31, 1) = T (32, 2) |

< (V12004 38+ pae )b = ol + (V1= 2pnma g3+ pam ) I - el 227)
< k(s - xall + s - v ),

where

k= max{\/l —2p1a1 + P15 + paya, \/1 = 2p2a0 + P35 + piy } (2.28)

Define || - || on A x B by

Nl = lxll+|lv]l, Y(x,y)eAxB. (2.29)
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It is easy to see that (A x B, || - [|1) is a Banach space. For any given p;,p> > 0, define S,, ,, :
AxB — AxBby

Spip () = (Tp (%, y), Tp, (x,y)), V(x,y) € AxB. (2.30)
By assumption, we know that 0 < k < 1. It follows from (2.27) that
||5p1,pz (x1, 1) - Spupz(xz,yz)”l < k” (x1, 1) = (x2,2) ||, (2.31)

which implies that S, ,, : Ax B — A x B is a contraction operator. Hence, there exists a
unique (x*,y*) € A x B, such that

Spipa (X7, y7) = (X", y7). (2.32)
That is,
X' = Pa(x" - pE(x" ")),
(2.33)
v =Py -G (" y7)).
By Lemma 2.18, (x*, y*) is the unique solution of SVIL. O

3. Iterative Algorithm and Convergence

In this section, we will construct an iterative algorithm for approximating the unique solution
of SVI and discuss the convergence analysis of the algorithm.

Lemma 3.1 (see, [5]). Let {c,} and {k,} be two real sequence of nonnegative numbers that satisfy
the following conditions.

(i)0<k, <1, n=0,1,2,...and limsup, k, <1,

(ii) cpy1 < kncn,, n=0,1,2,....
Then, ¢, converges to 0 asn — oo.

Algorithm 3.2. Let A, B, F, G, p1, and p, be the same as in Theorem 2.17. For any given
(x0,¥0) € A x B, define iterative sequence {(x,, y,)} by

Xpe1 = AnXp + (1= an)Pa(xn — p1F (%0, yn)), n=0,1,2,...,
(3.1)
Yne1 = AnYn + (1 — an) P (xn — p2G (X, yn)), n=0,1,2,...,

where

0<a,<1, limsupa,<]1. (3.2)

n
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Theorem 3.3. Let A, B, F, G, p1, and p, be the same as in Theorem 2.17. Assume that all the
conditions of Theorem 2.17 hold. Then, (xn, y,) generated by Algorithm 3.2 converges to the unique
solution (x*,y*) of SVI and there exists d € [0, 1), such that

llocn = x| + ||y — v*|| < d"(llxo = x*|| + ||lyo - y*||), VYn>0. (3.3)

Proof. By Theorem 2.17, SVI admits a unique solution (x*,y*). It follows from Lemma 2.18
that

x* = a,x* + (1= a,)Pa(x* — p1F(x%,y%)),
(3.4)
y* = any* + (1 - a,,)PB (y* - pQG(x*,y*)).
It follows from (3.1) and (3.4) that
12621 = x| < @nl|x = x| + (1= @) | Pa (0 = p1F (X, Yn)) = Pa(x* = pi F(x*, ")) ||

< anllxn = x| + (1 = an) |0 = x* + p1(F (2, yu) = F(x*, y)) ||

< aullxn = x| + (1= an)\/1-2p1a1 + P%ﬁ%”xn —x*|+ (1 -an)pin ”yn -y

Y1 = y*|| < @nllyn =y || + (1= @) || Ps(yn = p2G (%, yn)) = Ps(y* = p2G(x*, y*)) ||
<anllyn =yl + A= an)||yn = y* + p2(G(xn, yn) = G(x", y")) ||

< anllyn -y || + (1= an)\/1-2p202 + p2B2 |y — v || + (1 - @) payalln — 7.

(3.5)
By (3.5), we get

1ne1 = "I+ [y =y || < @an(lloen = 27+ lyn = y7|]) + (1 = @)k (llxn = x"[| + [[ya = y*[])

= (k+ (1= k)an) (llxn = x| + lya = v*]|),
(3.6)

where 0 < k < 1is defined by

k= max{\/l —2p1aq + P2 + paya, \/1 = 2paaa + 305 + pim } (3.7)

Set

*

cn = %0 = x| + |y — v, k,=k+(1-k)a,. (3.8)
Then (3.6) can be rewritten as

i1 < kyc,, n=0,1,2,... (3.9)
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By (3.2), we know that lim sup,, k, < 1. It follows from Lemma 3.1 that 0 < k,, < d < 1 and that
ot =1+ llyn = 71l < (oo = 0 + lyo - 7)), ¥ 20 (310)

for all n > 0. Therefore, (x,,y,) converges geometrically to the unique solution (x*, y*) of
SVL. This completes the proof. O
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