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An iterative process is considered for finding a common element in the fixed point set of a strict
pseudocontraction and in the zero set of a nonlinear mapping which is the sum of a maximal

monotone operator and an inverse strongly monotone mapping. Strong convergence theorems of
common elements are established in real Hilbert spaces.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-, -) and the norm || - ||.

Let C be a nonempty closed convex subset of H and S : C — C a nonlinear mapping.
In this paper, we use F(S) to denote the fixed point set of S. Recall that the mapping S is said
to be nonexpansive if

Isx - Syll <llx-yll, VxyeC. (L1)
S is said to be x-strictly pseudocontractive if there exists a constant « € [0, 1) such that
15x = SylI” < [lx =y + x| (x = $2) = (v = S)II*, ¥xy €C. (1.2)

The class of strictly pseudocontractive mappings was introduced by Browder and Petryshyn
[1]in 1967. It is easy to see that every nonexpansive mapping is a 0-strictly pseudocontractive

mapping.
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Let A: C — H be a mapping. Recall that A is said to be monotone if
(Ax-Ay,x-y)>0, Vx,yeC (1.3)
A is said to be inverse strongly monotone if there exists a constant & > 0 such that
(Ax - Ay, x - y) > a|Ax - Ay|]*>, Vx,yeC. (1.4)

For such a case, A is also said to be a-inverse strongly monotone.

Let M : H — 2" be a set-valued mapping. The set D(M) defined by D(M) = {x € H :
Mx #(} is said to be the domain of M. The set R(M) defined by R(M) = U, Mx is said to
be the range of M. The set G(M) defined by G(M) = {(x,y) € HxH : x € D(M),y € R(M)}
is said to be the graph of M.

Recall that M is said to be monotone if

(x-y,f-8)>0, Y(x,f) (v.8) € GIM). (1.5)

M is said to be maximal monotone if it is not properly contained in any other monotone
operator. Equivalently, M is maximal monotone if R(I +rM) = H for all » > 0. For a maximal
monotone operator M on H and r > 0, we may define the single-valued resolvent J, =
(I+rM)™" : H — D(M). Itis known that J, is firmly nonexpansive and M~1(0) = F(J,).
Recall that the classical variational inequality problem is to find x € C such that

(Ax,y-x)>0, VyeC. (1.6)

Denote by VI(C, A) of the solution set of (1.6). It is known that x € C is a solution to (1.6) if
and only if x is a fixed point of the mapping Pc(I —1A), where A > 0 is a constant and I is the
identity mapping.

Recently, many authors considered the convergence of iterative sequences for the
variational inequality (1.6) and fixed point problems of nonlinear mappings see, for example,
[1-32].

In 2005, liduka and Takahashi [7] proved the following theorem.

Theorem IT. Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-
strongly monotone mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that F(S) N VI(C, A) # 0. Suppose that x; = x € C and {x,} is given by

Xni1 = anX + (1 = ay)SPc(xy — Ay Axy), (1.7)

foreveryn =1,2,..., where {a,} is a sequence in [0,1) and {\,} is a sequence in [a,b]. If {a,} and
{An} are chosen so that {A,} € [a,b] for some a,b with0 < a <b < 2a,

oS © ©
nlgrgoan = 0/ Zan = oo, Z|an+1 - an| < 0o, Z|/\n+l - Jln| < o, (18)
n=1 n=1 n=1

then {x,} converges strongly to Pr(s)nvi(c,a)X.
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In 2007, Y. Yao and J.-C. Yao [31] further obtained the following theorem.

Theorem YY. Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-
strongly monotone mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that F(S) N Q #0, where Q denotes the set of solutions of a variational inequality for the a-inverse-
strongly monotone mapping. Suppose that x1 = u € C and {x,}, {y.} are given by

x1=ueccC,
Yn = Pc(xp — L Axy), (1.9)

Xp+1 = Ol + Puxy + YuSPc(I - A A)y,, n2>1,

where APn}, and {y,} are three sequences in [0,1] and {\,} is a sequence in [0,2a]. If {a,},
{Bn}, und {An} are chosen so that A, € [a, b] for some a,b with0 < a < b < 2a and

@ an+Pn+yn=1foralln>1,

(b) limy, o0y, =0, > 074 = 0,

(c) 0 <liminf, ., p, <limsup, . pn, <1,

(d) limy — oo (Ans1 = An) =0,

then {x,} converges strongly to Pr(s)nqU.

In this work, motivated by the above results, we consider the problem of finding a
common element in the fixed point set of a strict pseudocontraction and in the zero set of a
nonlinear mapping which is the sum of a maximal monotone operator and a inverse strongly
monotone mapping. Strong convergence theorems of common elements are established in
real Hilbert spaces. The results presented in this paper improve and extend the corresponding
results announced by liduka and Takahashi [7] and Y. Yao and ].-C. Yao [31].

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 (see [22]). Let C be a nonempty closed convex subset of a Hilbert space H, A : C — H
a mapping, and M : H — 2H a maximal monotone mapping. Then,

F(J,(I-rA)) = (A+ M) (0), Vr>0. (1.10)

Lemma 1.2 (see [1]). Let C be a nonempty closed convex subset of a real Hilbert space H and S :
C — Ca x-strict pseudocontraction with a fixed point. Define S : C — C by Sax = ax + (1 - a)Sx
foreach x € C. If a € [k, 1), then S, is nonexpansive with F(S,) = F(S).

Lemma 1.3 (see [25]). Let C be a nonempty closed convex subset of a Hilbert space H and S : C —
C a x-strict pseudocontraction. Then,

(a) Sis ((1+x)/(1 - x))-Lipschitz,

(b) I — S is demi-closed, this is, if {x,} is a sequence in C with x, — x and x, — Sx, — 0,
then x € F(S).
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Lemma 1.4 (see [28]). Let {x,} and {y,} be bounded sequences in a Hilbert space H, and let {3, }
be a sequence in (0, 1) with

0 < liminf B, <limsup f, < 1. (1.11)

n—oo
Suppose that xn.1 = (1 = Pn)Yn + PuXn for all integers n > 1 and

lim sup (| yns1 = Yaull = |21 = x4ll) <O0. (1.12)

n—oo

Then, limy, _, oo || yyn — x4|| = 0.

Lemma 1.5 (see [29]). Assume that {a,} is a sequence of nonnegative real numbers such that

i1 < (1= yn)an + 60, (1.13)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(@) 35l ¥n = oo,
(b) limsup,, _,  6x/Yn <007 3721 |64] < o0.

Then, lim,, _, wat,, = 0.
Lemma 1.6 (see [24]). Let H be a Hilbert space and M a maximal monotone operator on H. Then,

the following holds:

1 Jrx = ]Sx||2 < g(]rx —Jsx, ix—x), Vs, t>0, x€ H, (1.14)
where J, = (I+rM) " and J, = (I + sM) ™.

2. Main Results

Theorem 2.1. Let H be a real Hilbert space H and C a nonempty close and convex subset of H. Let
M:H — 28 and W : H — 2H two maximal monotone operators such that D(M) C C and
D(W) c C, respectively. Let S : C — C be a k-strict pseudocontraction, A : C — H an a-inverse
strongly monotone mapping, and B : C — H a p-inverse strongly monotone mapping. Assume that
F = F(S)n (A + M) (0)n (B+ W) 0) #0. Let {x,,} be a sequence generated in the following
manner:

x1 €C,
Yn = ]sn (xn - Sann)/ (21)
Xn+1 = Ay + ﬁnxn + Yn (611]1',, (yn - rnAyn) + (1 - 671)5]1‘,, (yn - rnAyn))l Vn 2 11

where u € C is a fixed element, ], = (I + oM™ and Js, = (I + saW)7L, 1) ds a sequernce
in (0,2a), {s,} is a sequence in (0,2p) and {a,}, {Bn}, {yn}, and {6,} are sequences in [0,1].
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Assume that the following restrictions are satisfied:

(@) 0<a<r,<b<2alim,_ (r,—1u1) =0,
(b) 0<c <5, <d < 2By, limy . oo(Sp = Sps1) =0,
(c)0<k<b,<e<1, lim,_ (6, —6,41) =0,
(d) limy— oty =0, X071 ay = 00,

(e) 0 <liminf,_, f, < liminf, . f, < 1.

Then, the sequence {x,} converges strongly to q = Pgu.
Proof. The proof is split into five steps.

Step 1. Show that {x,} is bounded.
Note that (I -r,A) and (I — s, B) are nonexpansive for each fixed n > 1. Indeed, we see
from the restriction (a) that

10 = raA)x = (T =raA)y||* = ||x = y||” - 2ru(x —y, Ax = Ay) + 17| Ax - Ay||”

< ||Jc—y||2—r,,(Zac—rn)”Ax—Ay”2 (2.2)

2
7

<|x-v Vx,y € C.

This shows that (I - r, A) is nonexpansive for each fixed n > 1, so is (I - s,B). Put

Spx=06,x+(1-6,)Sx, VxeC. (2.3)

In view of the restriction (c), we obtain from Lemma 1.2 that S, is a nonexpansive mapping
with F(S,) = F(S) for each fixed n > 1. Fixing p € ¥ and since J,, and I — r,A are
nonexpansive, we see that

%01 = Pl < anllu = pll + Bullxn = pll + yallSuTr, (Yn — TaAyn) - pli
< aplu - P” + ﬂn”xn - P” + Yn”]rn (yn - rnAyn) - P”
< an“u_P” +ﬂn”xn —P” +Yn”yn_P” (2-4)

< apllu—pll+ 1 - an)llx. - pll.

By mathematical inductions, we see that {x,} is bounded and so is {y,}. This completes
Step 1.



6 Fixed Point Theory and Applications

Step 2. Show that ||x,+1 —x,|| — Oasn — oo.
Notice from Lemma 1.6 that

||]/n+l - ]/n” < ||(xn+1 - 5n+1an+l) = (xn = Sann)”
+ [ Jsr (Xxn = 8uBxu) = Js, (xn = 82 Bxy) ||

< lxns1 = Xull + [Sne1 — Sall|Bxyl|

|Sn+1 | (2.5)
Spel ||]5n+l (%n = $nBxy) — (xn — 5, Bxy) ||
< ||xn+1 - xn” + 2M1|5n+1 - 5n|/
where M, is an appropriate constant such that
Sntl n_an_n_an
M1 = max Sup{”anH},Sup{ ”] n+ (x S X ) (x S X )” } . (26)
n>1 n>1 Sn+l
Put
zn = Jr,(Yn — taAYn), VYn>1. (2.7)
In a similar way, we can obtain from Lemma 1.6 that
||Zn+1 - Zn” < ”(yn+1 - rn+1A]/n+1) - (]/n - rnAyn)“
+ e (yn - TnA]/n) = Jn (yn - rnAyn)”
< lyme - —anI + [rner = 1l [| Ay |
(2.8)
n
N f .. (Yn = 10 AYn) = (Yn = TnAyn) |
< ||]/n+1 - ]/n” + 2]VIZ|7‘n+1 - rnl;
where M, is an appropriate constant such that
”]rml n = TnAXp) = (Yn — T AYy ||
M, = max{sup{HAynH} ,sup{ (v r)l (v Yn) . (2.9)
n>1 n>1 n+

Substituting (2.5) into (2.8) yields that

||Zn+1 - Zn” < ||xn+1 - xn“ + M3(|Sn+1 - Snl + |rn+1 - rnl)/ (210)
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where M3 is an appropriate constant such that
M3z = max{2M;,2M,}.
It follows from (2.10) that

IISn+1zn+1 - Snzn” < ||Zn+1 - Zn” + ||Zn - Szn|||6n - 6n+1|

S xne1 = Xnll + Ma(|Sns1 = Sul + [Tne1 — Tl + |60 = Opnia]),

where M, is an appropriate constant such that

My = max{sup{llzn - Sznll},M3}.

n>1

Put
Xn+l — ﬂnxn
l,=———, Vn>1.
n 1_ ﬂn n:z
Note that
A 1U + Yni1Sni1Znel Anlh + ¥nSnZn
lpyn =1, = -
1- ,ﬁn+1 1- ﬁn
o 24
= (1 _T;l . - 1 _1}; >u + 1 Ingl ) (Sn+1Zns1 = Snzn)
n+ n n+

Yn+1 _ Yn
+<1_,[5n+1 1_,Bn>5nzn

=< “pn T )(u-snznn e (Su1Zun = Suzn).

1- ﬁn+1 1- ,Bn 1- ﬂn+1

It follows from (2.12) that

Ayil a Yn+1
||1n+1—1n||s| ml G
1_ﬁn+1 1_ﬂn 1_ﬂn+1
X+l ay
- u—S,z,| + ||xn1 — x
<725 = 7 [l = vl + s =

+ My(|Sps1 = Su| + |Tns1 = Tul + |64 — Onsa|)-
This in turn implies from the restrictions (a)—(e) that

lim sup([|lns1 = Lnll = [[¥ne1 = Xal[) 0.

n—oo

”Sn+1zn+1 - Snzn”

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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From Lemma 1.4, we obtain that

Tim (|1, = x| = 0. (2.18)
Notice that
X1 = % = (1= Bn) (I = xn). (2.19)
It follows that
Tim [lxps1 = 2| = 0. (2.20)
This completes Step 2.

Step 3. Show that ||x, — Sx,|| — 0Oasn — oo.
Since J,, and J,, are nonexpansive, we see that

2= I <l - pI - e~ ) Ay~ AplP, @21)

ly=pII” < llxw = pII” = 50(28 = su) || Bxo ~ Bp||" (222)
It follows from (2.21) that

201 =PI < @nllue =l + Bulln =PI + Yull Snzn - I
<l =p|* + Bullxn = | + ¥l 20 - P (2.23)

< gl =pl*+ low = plI* = yuru @ = 1) | Ay - Ap|*.
This in turn implies that

nrn(za—rn) A n_A ZSan u- 2+||xn_xn+ ” ”xn_ ||+||xn - ” .
. 1 Ayn - Ap| < auflu-pl| e =pll+ o =)o

In view of (2.20), we see from the restrictions (a), (d), and (e) that

lim [| Ay, — Apl| = 0. (2.25)



Fixed Point Theory and Applications

It follows from (2.22) that

s =pII* < aull = pII* + Bulln = pII + vull Suze ~ p I

]rn (yn - rnAyn) - P||2

< atu|ue = pl|* + Bull2n = P + 1
< anllu=p|* + Bullxa - |+ yallya - P

< anf|u=pl|” + [|xn = I = yusu (28 — ) || Bxn - Bp||”

This in turn implies that

Ynsn(zﬁ - Sn) ”an - Bp”z < cxn”u - P||2 + ”xn - xn+1||(”xn —P” + ||xn+1 —P”)

In view of (2.20), we see from the restrictions (a), (d), and (e) that

lim ||Bx, — Bp|| = 0.
n— oo

Since J,, is firmly nonexpansive, we obtain that

”Zn _Pllz = | Ir, (yn - rnAyn) - ]rn(p - 7'7114p)||2
< (20 =P, (Yn = 1aAYn) = (P~ 12 Ap))

1
= 5 (Iza =PI + | = raAya) = (0 = rutp) |
N (zn=p) = ((n = raAya) = (p - 12 4p)) )

1 2 2 2
< 5 (120 =PI + llyn =PI = ll20 = v + 7 (Ava - 4p) 1)

1

2

This in turn implies that

”Zn - pHZ < ”xn - P”Z - ”Zn - yn”2 + 21|20 — yn””Ayn - AP”-

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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In a similar way, we can obtain that
”yn - p“Z < ”xn - P”z - ”]/n - xn”2 + an”yn = xn||||Bxy, - BP”
In view of (2.30), we see that

It = pII* < aull = pII* + Bulln = pII” + vll Suze = I

< aullu=pl* + Bullu = plI* + yullza = I

< an”u _P”2 + "xn _PHZ - Yn”zn - ]/n”2 + Zrn”Zn - ]/n””A]/n - AP”

It follows that

Yallzn = yall® < aallu = plI” + len = el (s = pll + s = pl)

+ 21|20 = yullll Ay — Apll.
In view of (2.25), we obtain from the restrictions (d) and (e) that
1im |12, =yl = 0.
Notice from (2.31), we see that

et = pII” < @ulli=plI* + ullw = pII” + vill Sz ~ pII°
< aul|u=pI* + Ballxn =PI+ yull 2~ p I

< et =pl* + ullxn = pII* + Vallyn - I

< an”” - P”Z + ”xn - P“2 - Yn”yn - -’Cn”2 + 2Sn||yn = xn|||Bxy, — BP“-

It follows that

Yallvn = %l < @l =p|* + %0 = %l (1262 = Pl + 121 = pII)

+ zsn”yn = Xulll|Bxy - BP”

In view of (2.28), we obtain from the restrictions (d) and (e) that

lim ||y, — x,|| = 0.

n—oo

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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Combining (2.34) with (2.37) yields that

im [z = x[| = 0. (2.38)
Note that
Xnel — Xp = “n(u - xn) + Yn(snzn - xn)- (239)

In view of (2.20), we see from the restriction (d) that

Jim [[S 2y = x| = 0. (2.40)

Note that

Snzn — Xn 6n(xn - Zn)

Sz, —x, = 1-5, + 1-6, (2.41)
From (2.38) and (2.40), we get from the restriction (c) that
11113;”5271 —Xyu|l =0. (2.42)
Notice that
1S3 = 2l < [|Sxn = Szull + ISz0 = xn]l- (2.43)
In view of (2.38) and (2.42), we see from Lemma 1.3 that
r}iir;o||5xn —Xu|| = 0. (2.44)
This completes Step 3.
Step 4. Show that limsup, , _(u-g,x, —q) <0, where g = Pgu.
To show it, we may choose a subsequence {x,,} of {x,} such that
limsup(u — q,x, - q) = limsup(u — g, xy, - q). (2.45)

n—oo 1— 00

Since {xy,,} is bounded, we can choose a subsequence {xnij} of {x,,} converging weakly to
X. We may, without loss of generality, assume that x,, — X, where — denotes the weak
convergence. Next, we prove that X € ¥. In view of (2.44), we can conclude from Lemma 1.3
that X € F(S) easily. Notice that

Yn —TnAYn € Zp + 1Mz, (2.46)
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Let u € Mv. Since M is monotone, we have

<ynr_ = AYy — W, Zp — v> > 0. (2.47)

In view of the restriction (a), we see from (2.34) that

(~AX -, T-v) >0 (2.48)

This implies that —Ax € Mx, thatis, x € (A + M)71(0). In similar way, we can obtain that
X € (B+W)™(0). This proves that x € . It follows from (2.45) that

limsup(u — g, x, — q) < 0. (2.49)

n—oo

This completes Step 4.

Step 5. Show that x, — gasn — oo.
Notice that

||xn+1 - 11”2 = a, (U —q,Xns1 — q) +,Bn<xn —q,Xn+1 — q)

+ Yu{Sur, (Yn = 10 AYn) = 4, Xni1 — q)
<= g 50 0) + 52 ([ gl + [ - )

+ L (18uTr, (v = raAy) = all* + [0 - 4 (250)
< 1= 4,501 = @) + 2 ([ =gl + s = )

# 5 (Il = Il + N1z = qlI%)

1-a,

(Nl = all” + [le1 - a®).

<an(u—q,Xn—q) +
This in turn implies that
Jtwes = all* < (1= o)l = >+ 20010 =, %01 ). @51)
In view of (2.49), we conclude from Lemma 1.5 that
r}ijrgo||xn -q| =0. (2.52)

This completes Step 5. This whole proof is completed. O
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If S is a nonexpansive mapping and 6, = 0, then Theorem 2.1 is reduced to the
following.

Corollary 2.2. Let H be a real Hilbert space H and C a nonempty close and convex subset of H. Let
M:H — 2H and W : H — 2H be two maximal monotone operators such that D(M) C C and
D(W) c C, respectively. Let S : C — C be a nonexpansive mapping, A : C — H an a-inverse
strongly monotone mapping and B : C — H a P-inverse strongly monotone mapping. Assume that
F = F(S)N(A+ M) (0)n (B+ W) (0)#0. Let {x,) be a sequence generated in the following
manner:

X1 € C,
Yn = Js,(Xn = snBxy), (2.53)
X1 = nlh + PuXn + ¥nSJr, (yn - rnAyn)/ Vn>1,
where u € C is a fixed element, J,, = (I + M) and Js, = I+ saW)7L, {1} s a sequence in

(0,2a), {s,} is a sequence in (0,2p) and {a,}, {Pn} and {y,} are sequences in [0,1]. Assume that
the following restrictions are satisfied:

(@) 0<a<r,<b<2a, lim,_ o (r, —1u1) =0,
(b) 0<c<s,<d<2f,, limy_o(Sy—5ns1) =0,
() limy o0y, =0, D2 ay = 0,

(d) 0 <liminf, _, ,f, < liminf,_, . p, < 1.

Then, the sequence {x,} converges strongly to q = Pgu.

Next, we consider the problem of finding common fixed points of three strict
pseudocontractions.

Theorem 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H and Pc the metric
projection from H onto C. Let S : C — C be a k-strict pseudocontraction, T4 : C — H an a-strict
pseudocontraction, and B : C — H a p-strict pseudocontraction. Assume that F := F(S) N F(Ta) N
F(Tg) #0. Let {x,,} be a sequence generated in the following manner:

X1 € C,
zy = (1=sp)x, + 5, Tpxy,
(2.54)
yn = (1 - rn)zn + rnTAzn
Xnsl = At + By + Yu (6nyn + (1= 6,)Syn), Yn>1,
where u € C is a fixed element, {r,} is a sequence in (0,1 — a), {s,} is a sequence in (0,1 — B), and
{an}, {Bn}, {yn}, and {6, ) are sequences in [0, 1]. Assume that the following restrictions are satisfied

(a) O<as<r,<b<l-a lim, (1 —1tu1) =0,
(b) 0<c<s, £d<1-py, lim,_ o (Sp—Spe1) =0,
(c)0<k<b,<e<, lim,(6,—06p41) =0,
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(d) limy— oty =0, Doy aty = 00,
(e) 0 <liminf, ., f, < liminf, . f, < 1.

Then, the sequence {x,} converges strongly to g = Pgu.

Proof. Putting A = I — T4, we see that A is ((1 — a)/2)-inverse strongly monotone. We also
have F(T4) = VI(C, A) and Pc(x, —1nAxy) = (1-14)x, +1,Tx,. Putting B = I - T, we see that
Bis (1-p)/2-inverse strongly monotone. We also have F(Tp) = VI(C, B) and Pc(x,—s,Bx,) =
(1-5n)xy +5,Ruy,. In view of Theorem 2.1, we can obtain the desired results immediately. [
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