Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2011, Article ID 973028, 23 pages
doi:10.1155/2011/973028

Research Article

Hybrid Proximal-Type Algorithms for Generalized
Equilibrium Problems, Maximal Monotone
Operators, and Relatively Nonexpansive Mappings

Lu-Chuan Zeng," 2 Q. H. Ansari,® and S. Al-Homidan?

! Department of Mathematics, Shanghai Normal University, Shanghai 200234, China

2 Scientific Computing Key Laboratory of Shanghai Universities, Shanghai 200234, China

3 Department of Mathematics and Statistics, King Fahd University of Petroleum & Minerals (KFUPM),
P.O. Box 119, Dhahran 31261, Saudi Arabia

Correspondence should be addressed to S. Al-Homidan, homidan@kfupm.edu.sa
Received 24 September 2010; Accepted 18 October 2010
Academic Editor: Jen Chih Yao

Copyright © 2011 Lu-Chuan Zeng et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The purpose of this paper is to introduce and consider new hybrid proximal-type algorithms for
finding a common element of the set EP of solutions of a generalized equilibrium problem, the
set F(S) of fixed points of a relatively nonexpansive mapping S, and the set T710 of zeros of a
maximal monotone operator T in a uniformly smooth and uniformly convex Banach space. Strong
convergence theorems for these hybrid proximal-type algorithms are established; that is, under
appropriate conditions, the sequences generated by these various algorithms converge strongly to
the same point in EP N F(S) N T~10. These new results represent the improvement, generalization,
and development of the previously known ones in the literature.

1. Introduction

Let E be a real Banach space with the dual E* and C be a nonempty closed convex subset of
E. We denote by A and R the sets of positive integers and real numbers, respectively. Also,
we denote by J the normalized duality mapping from E to 2E" defined by

Jx={x" € E*: x,x") = x|’ = Ix"I*}, Vx€E, (1.1)

where (-,-) denotes the generalized duality pairing. Recall that if E is smooth, then ] is
single valued and if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on bounded subsets of E. We will still denote by J the single valued duality mapping. Let
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f :CxC — R be abifunction and A : C — E* be a nonlinear mapping. We consider the
following generalized equilibrium problem:

find u € C such that f(u,y) + (Au,y—u) >0, VyeC. (1.2)

The set of such u € C is denoted by EP, that is,
EP={uecC: f(uy)+(Auy-u)>0, Vy e C}. (1.3)

Whenever E = H a Hilbert space, problem (1.2) was introduced and studied by S. Takahashi
and W. Takahashi [1]. Similar problems have been studied extensively recently. See, for
example, [2-11]. In the case of A = 0,EP is denoted by EP(f). In the case of f = 0, EP is
also denoted by VI(C, A). The problem (1.2) is very general in the sense that it includes, as
special cases, optimization problems, variational inequalities, minimax problems, the Nash
equilibrium problem in noncooperative games and others; see, for example, [12-14]. A
mapping S : C — E is called nonexpansive if ||Sx — Sy|| < ||x — y|| for all x, y € C. Denote by
F(S) the set of fixed points of S, that is, F(S) = {x € C: Sx = x}. Amapping A: C — E*is
called a-inverse-strongly monotone, if there exists an a > 0 such that

(Ax - Ay, x - y) > a|Ax - Ay, Vx,yeC. (1.4)

It is easy to see that if A : C — E* is an a-inverse-strongly monotone mapping, then it is
1/a-Lipschitzian.

Let E be a real Banach space with the dual E*. A multivalued operator T : E — 2F
with domain D(T) = {z € E : Tz#0} is called monotone if (x; — x2,y1 — y2) > 0 for each
x; € D(T) and y; € Tx;, i = 1,2. A monotone operator T is called maximal if its graph
G(T) = {(x,y) : y € Tx} is not properly contained in the graph of any other monotone
operator. A method for solving the inclusion 0 € Tx is the proximal point algorithm. Denote
by I the identity operator on E = H a Hilbert space. The proximal point algorithm generates,
for any initial point xy = x € H, a sequence {x,} in H, by the iterative scheme

Xpr = ([ +7,T) 'x,, n=0,1,2,..., (1.5)
where {r,} is a sequence in the interval (0, oo0). Note that this iteration is equivalent to

1
0€Tx,q + r—(xn+1 -x,), n=0,12,.... (1.6)
n

This algorithm was first introduced by Martinet [12] and generally studied by Rockafellar
[15] in the framework of a Hilbert space. Later many authors studied its convergence in a
Hilbert space or a Banach space. See, for instance, [16-21] and the references therein.

Let E be a reflexive, strictly convex, and smooth Banach space with the dual E* and C
be a nonempty closed convex subset of E. Let T : E — 2F" be a maximal monotone operator
with domain D(T) = Cand S : C — C be a relatively nonexpansive mapping. Let A: C —
X* be an a-inverse-strongly monotone mapping and f : CxC — R be a bifunction satisfying
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(A1)-(A4): (Al) f(x,x) = 0, Vx € C; (A2) f is monotone, that is, f(x,v) + f(y,x) < 0,
Vx,y € C; (A3) limsup,,f(x + t(z - x),y) < f(x,y), Vx,y,z € C; (A4) the function y —
f(x,y) is convex and lower semicontinuous. The purpose of this paper is to introduce and

investigate two new hybrid proximal-type Algorithms 1.1 and 1.2 for finding an element of
EPN F(S)n T-'0.

Algorithm 1.1.

xp € C arbitrarily chosen,
1, ~
0=ov,+ r_(]x" = Jxn), v, €TXy,,
n

zw = ] (Bu) Fn+ (1= Pu)JSF),
Yn =T N (@n]Zn+ (1 - an) JSza),
u, € C such that (1.7)
F () + (Atn, y — 1) + %@ ity Jtn — Jyn) 20, VyeC,
H, = {v € C: (v, un) < (v, %) + (1 - ) (0, 24), (v =Fy,04) <O},
W= {v€C: (v xu Jx0 - Jxn) <0},

Xn+l = HHnanxOI n= 0/ 1/ 2/ sy

where {r, };2 is a sequence in (0, o0) and {ay, }eg, {Bn} o are sequences in [0, 1].

Algorithm 1.2.

xp € C arbitrarily chosen,
1, ~
0=ov,+ r_(]x" = Jxn), v, €TXy,,
n

Yn = ]_1(“n]x0 +(1-a,)JSXy),

u, € C such that
(1.8)

1
f(un,y) + (Aup, y —up) + r—(y—un,]un - Jya) 20, VyeC,

H, = {U €C:¢(v,uy) <a,d(v,x0) + (1 —a,)p(v,X,), (v—-X,,v,) < 0},
W,={veC:{(v-x, Jxo— Jx,) <0},

Xn+l = HH,,OW,,XO/ n= O/ 11 21 ey

where {r,}; is a sequence in (0, o) and {a, },- is a sequence in [0, 1].
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In this paper, strong convergence results on these two hybrid proximal-type
algorithms are established; that is, under appropriate conditions, the sequence {x, } generated
by Algorithm 1.1 and the sequence {x,} generated by Algorithm 1.2, converge strongly to the
same point I[gpn r(s)nT-10X0- These new results represent the improvement, generalization and
development of the previously known ones in the literature including Solodov and Svaiter
[22], Kamimura and Takahashi [23], Qin and Su [24], and Ceng et al. [25].

Throughout this paper the symbol — stands for weak convergence and — stands for
strong convergence.

2. Preliminaries

Let E be a real Banach space with the dual E*. We denote by ] the normalized duality
mapping from E to 25 defined by

Jx = {x* €E*: (x,x*) = ||x||* = ||x*||2}, Vx € X, (2.1)

where (-, -) denotes the generalized duality pairing. A Banach space E is called strictly convex
if [[(x +y)/2|| < 1forall x,y € E with ||x]| = ||ly|]| = 1 and x#y. It is said to be uniformly
convex if x, —y, — 0 for any two sequences {x,}, {y,} C E such that ||x,|| = [|y,]| = 1 and
limy, || (2 + Yn)/2|| = 1. Let U = {x € E : ||x|| = 1} be a unit sphere of E, then the Banach
space E is called smooth if

il vl = )

t—0 t (22)

exists for each x,y € U. If E is smooth, then | is single valued. We still denote the single
valued duality mapping by J.

It is also said to be uniformly smooth if the limit is attained uniformly for x,y € U.
Recall also that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on
bounded subsets of E. A Banach space E is said to have the Kadec-Klee property if for any
sequence {x,} C E, whenever x, — x € E and ||x,,|| — [|x||, we have x, — x. Itis known that
if E is uniformly convex, then E has the Kadec-Klee property; see [26, 27] for more details.

Let C be a nonempty closed convex subset of a real Hilbert space H and Pc : H — C
be the metric projection of H onto C, then Pc is nonexpansive. This fact actually characterizes
Hilbert spaces and hence, it is not available in more general Banach spaces. Nevertheless,
Alber [28] recently introduced a generalized projection operator Ilc in a Banach space E
which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined as
in [28, 29] by

¢(x,y) = IIxI” - 2(x, Jy) + |ly||", V¥x,y€E. (2.3)

It is clear that in a Hilbert space H, (2.3) reduces to ¢(x,y) = ||x - y||2, forall x,y € H.
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The generalized projection I'lc : E — C is a mapping that assigns to an arbitrary point
x € E the minimum point of the functional ¢(y, x); that is, ITcx = X, where X is the solution
to the minimization problem

B, x) = min (v, x). 24
ye

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J (see, e.g., [30]). In a Hilbert space H, Il¢ =
Pc. From [28], in uniformly smooth and uniformly convex Banach spaces, we have

(Il = [lwID* < ¢(xy) < (lIxll + ||w]))?, Vx,y €E. (2.5)

Let C be a nonempty closed convex subset of E, and let S be a mapping from C into itself.
A point p € C is called an asymptotically fixed point of S [31] if C contains a sequence {x,}
which converges weakly to p such that Sx,, — x, — 0. The set of asymptotical fixed points of
S will be denoted by F(S). A mapping S from C into itself is called relatively nonexpansive
[32-34] if F(S) = F(S) and ¢(p, Sx) < Pp(p,x) forall x € Cand p € F(S).

We remark that if E is a reflexive, strictly convex and smooth Banach space, then for
any x,y € E,¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0 then
x = y. From (2.5), we have ||x|| = ||y||. This implies that (x, Jy) = x| = ||y||2. From the
definition of J, we have Jx = Jy. Therefore, we have x = y; see [26, 27] for more details.

We need the following lemmas for the proof of our main results.

Lemma 2.1 (see [23]). Let E be a smooth and uniformly convex Banach space and let {x,} and {y,}
be two sequences of E. If ¢(x,, yn) — 0 and either {x,} or {y,} is bounded, then x, — y, — O.

Lemma 2.2 (see [23, 28]). Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E, let x € E and let z € C, then

z=Iex <= (y—-z,Jx-Jz) <0, VYyeC. (2.6)

Lemma 2.3 (see [23, 28]). Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E, then

¢(x, Hcy) + p(Icy,y) <p(x,y), VxeC yeE. (2.7)

Lemma 2.4 (see [35]). Let C be a nonempty closed convex subset of a reflexive, strictly convex and
smooth Banach space E, and let S : C — C be a relatively nonexpansive mapping, then F(S) is closed
and convex.

The following result is according to Blum and Oettli [36].
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Lemma 2.5 (see [36]). Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)-(A4), and let r > 0
and x € E, then, there exists z € C such that

f(zry)+%<y—2,12—]x>20, Vy eC. (2.8)

Motivated by Combettes and Hirstoaga [37] in a Hilbert space, Takahashi and
Zembayashi [38] established the following lemma.

Lemma 2.6 (see [38]). Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E, and let f be a bifunction from C x C to R satisfying (A1)—(A4).
Forr > 0and x € E, define a mapping T, : E — C as follows:

T, (x) = {ze C:f(zy) +%(y—z,]z—]x> >0, Vy e C} (2.9)

for all x € E, then, the following hold:

(i) T, is single valued;

(ii) T, is a firmly nonexpansive-type mapping, that is, for all x,y € E,
(Tyx - Ty, JT,x - JT,y) < (Trx - Ty, Jx - Jy); (2.10)

(iii) F(T,) = F(T,) = EP(f);
(iv) EP(f) is closed and convex.
Using Lemma 2.6, one has the following result.

Lemma 2.7 (see [38]). Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)—(A4), and let r > 0,
then, for x € E and q € F(T,),

$(q,Trx) + §(Trx, x) < P(q,x). (2.11)

Utilizing Lemmas 2.5, 2.6 and 2.7 as above, Chang [39] derived the following result.

Proposition 2.8 (see [39, Lemma 2.5]). Let E be a smooth, strictly convex and reflexive Banach
space and C be a nonempty closed convex subset of E. Let A : C — E* be an a-inverse-strongly
monotone mapping, let f be a bifunction from C x C to R satisfying (A1)—(A4), and let v > 0, then
there hold the following:
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(I) for x € E, there exists u € C such that

f(u,y)+<Au,y—u>+%<y—u,]u—]x>zo, Yy €C; (2.12)

(I) if E is additionally uniformly smooth and K, : E — C is defined as

K, (x) = {ueC:f(u,y)+<Au,y—u>+%(y—u,]u—]x) >0, VyEC}, Vx € E,

(2.13)
then the mapping K, has the following properties:
(i) K, is single valued,
(ii) K, is a firmly nonexpansive-type mapping, that is,
(Kyx - Ky, JKyx - JK,y) < (Kyx - Ky, Jx - Jy), VYx,y€E, (2.14)
(iii) F(K,) = F(K,) = EP,
(iv) EP is a closed convex subset of C,
(v) ¢(p, Kix) + p(Kyx,x) < ¢(p, x), forall p € F(K,).
Proof. Define a bifunction F : C x C — R as follows:
F(x,y) = f(x,y) +(Ax,y-x), Vx,yeC. (2.15)

Then it is easy to verify that F satisfies the conditions (A1)-(A4). Therefore, The conclusions
(I) and (II) of Proposition 2.8 follow immediately from Lemmas 2.5, 2.6 and 2.7. O

Lemma 2.9 (see [13, 14]). Let E be a reflexive, strictly convex and smooth Banach space, and let
T : E — 2F be a maximal monotone operator with T~0# 0, then,

oz, I;x) +d(Jyx,x) < P(z,x), Vr>0, z€ T-'0, x € E. (2.16)

3. Main Results

Throughout this section, unless otherwise stated, we assume that T : E — 2E" is a maximal
monotone operator with domain D(T) = C, S : C — C is a relatively nonexpansive mapping,
A : C — E*isan a-inverse-strongly monotone mapping and f : C x C — R is a bifunction
satisfying (A1)-(A4), where C is a nonempty closed convex subset of a reflexive, strictly
convex, and smooth Banach space E. In this section, we study the following algorithm.
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Algorithm 3.1.

xo € C arbitrarily chosen,
1 ~
0=ov,+ r—(]x,, - Jxn), vn€TXy,
n

zn =] (BuJ X + (1 - Bu) JSXn),
Yn=J N (@n]Xn + (1 - ay)]Szn),
u, € C such that (3.1)
F () + (At y — 1) + %@ ity Jun — Jyn) 20, VyeC,
H,={v€C:¢(v,un) <and(v,%n) + (1 - a)P(v,zn), (v —Xp,v4) <0},
Wy ={veC:(v-x, Jxo-Jx,) <0},

X =11 X n=0,12,...
n n
n+1 H,nW,*0, 7 Lr&r 7

where {r,};- is a sequence in (0, o0) and {a, };—, {Bn}no are sequences in [0, 1].

First we investigate the condition under which the Algorithm 3.1 is well defined.
Rockafellar [40] proved the following result.

Lemma 3.2 (Rockafellar [40]). Let E be a reflexive, strictly convex, and smooth Banach space and
let T : E — 2F" be a multivalued operator, then there hold the following:

(i) T10 is closed and convex if T is maximal monotone such that T~10# @;
(ii) T is maximal monotone if and only if T is monotone with R(J +rT) = E* for all r > 0.
Utilizing this result, we can show the following lemma.

Lemma 3.3. Let E be a reflexive, strictly convex, and smooth Banach space. IFEP N F(S) N T~10#0,
then the sequence {x,} generated by Algorithm 3.1 is well defined.

Proof. For each n > 0, define two sets C,, and D, as follows:

C,= {U eC: (i)(U, uy) < and’(vrin) +(1- “n)(l)(vr Zn)}r

(3.2)
D,={veC:{(v-X,v,) <0}.

It is obvious that C,, is closed and D,,, W,, are closed convex sets for each n > 0. Let us show
that C, is convex. For v1,v, € C, and t € (0,1), put v = tvy + (1 — t)v,. It is sufficient to show
that v € C,,. Indeed, observe that

P (v, uy) < anp(v,X,) + (1 —an)p(v, z4) (3.3)
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is equivalent to
20, (0, J%n) +2(1 = @) (0, Jzn) = 2(0, Jutn) < anl|%ul® + (1= an)l|zal* = [[ual®  (3:4)
Note that there hold the following:

¢, u) = |0I* = 2(0, Jun) + llual?,
$(v, %) = |0II* - 2(v, JZn) + 1Zall’, (3.5)

$(v, z0) = 017 = 2(0, Jzu) + l|zall?,
Thus we have

2“n<7];]§n> +2(1 - “n)(U/]Zn> —2(0,]1{”)
=2a,(toy + (1 = t)va, JXu) +2(1 — ay) (tvr + (1 = t)va, Jzp)
= 2(tvy + (1 = t)vy, Juy)

(3.6)
= 2ta,(v1, JXn) +2(1 = tan(v2, JXp) +2(1 — an)t{v1, Jzp)

+2(1 = an) (1 = £)(02, J20) = 28(01, Jun) = 2(1 = ) (02, Jun)

~ 2 2 2
< anllXnll” + (1= an)l|znll” = [l

This implies that v € C,. Therefore, C, is convex and hence H, = C, N D, is closed and
convex.

On the other hand, let w € EP N F(S) N T~'0 be arbitrarily chosen, then w € EP,w €
F(S) and w € T~'0. From Algorithm 3.1, it follows that

$(w,uy) = ¢(w/Kr,,]/n) < ¢(w/yn)
= ¢(w, ) @)% + (1= )] S20))
= |lwll* - 2(w, an JXn + (1 — @) JS2zy) + ||t JFn + (1 = ) ]Szl

(3.7)
< lwl = 2a(w, J%u) = 2(1 = a){w, JSzn) + aul|Znll* + (1 — )| Szall*

< and)(wr i71) + (1 - “n)‘l’(w/ Szn)

< “n(i)(wr Xn) + (1- “n)d’(w/ Zp).

Sow € C, for all n > 0. Now, from Lemma 3.2 it follows that there exists (X, vg) € E x E* such
that 0 = vo+(1/7ry) (JXo—Jx0) and vg € TXy. Since T is monotone, it follows that (Xo—w, vg) > 0,
which implies that w € Dy and hence w € Hy. Furthermore, it is clear that w € Wy = C, then
w € HypN Wy, and therefore x; = ITy,nw,Xo is well defined. Suppose that w € H,.1 N W,
and x, is well defined for some n > 1. Again by Lemma 3.2, we deduce that (X,, v,) € E x E*
such that 0 = v, + (1/7,)(JX, — Jx,) and v, € TX,, then from the monotonicity of T we
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conclude that (X, —w, v,) > 0, which implies that w € D,, and hence w € H,,. It follows from
Lemma 2.4 that

(w —xp, Jx0 = Jx) = (w = I1H, ,aw, %0, Jx0 = JT1H, .nw,,X0) <0, (3.8)

which implies that w € W,,. Consequently, w € H,N W, and so EPN F(S)N T710 ¢ H,N W,,.
Therefore x,.1 = I1g,Aw,xo is well defined, then, by induction, the sequence {x,} generated
by Algorithm 3.1, is well defined for each integer n > 0. O

Remark 3.4. From the above proof, we obtain that

EPNF(S)NT'0c H,n W, (3.9)

for each integer n > 0.
We are now in a position to prove the main theorem.

Theorem 3.5. Let E be a uniformly smooth and uniformly convex Banach space. Let {ry,},—, be a
sequence in (0,00) and {a, )2, { P }reo be sequences in [0, 1] such that

lim infr, >0, limsupa, <1, lim B, =1. (3.10)

— —
n [ee] 71— o0 n o]

Let EP N F(S) N T7'0#0. If S is uniformly continuous, then the sequence {x,} generated by
Algorithm 3.1 converges strongly to T1gpn p(synT-10X0-

Proof. First of all, if follows from the definition of W, that x, = Ilw,xp. Since x4 =
Iy, w,x0 € Wy, we have

@ (xn, x0) < P(xp41,x0), Yn20. (3.11)
Thus {$(x,, x0)} is nondecreasing. Also from x, = Iy, xg and Lemma 2.3, we have that

(i)(Xm Xo) = d)(HanO/ xp) < ¢(w/ X0) — (i)(w, Xn) < (i)(w, X0) (3.12)

for eachw € EPN F(S)N T~'0 ¢ W, and for each n > 0. Consequently, {¢(x,, x0)} is bounded.
Moreover, according to the inequality

(lxall = llxoll)* < (xn, x0) < (lxall + IIx0l)?, (3.13)
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we conclude that {x,} is bounded. Thus, we have that lim,_ .¢(x,, xo) exists. From
Lemma 2.3, we derive the following;:

P (xns1, Xn) = P(x41, T, x0)
< ¢(xns1, x0) — ¢(Iw, X0, X0) (3.14)

= ¢(xn+1,%0) — P(xn, X0),

for all n > 0. This implies that ¢(x,.1, x,) — 0. So it follows from Lemma 2.1 that x,,,1 —x, —
0. Since x,41 = I, Aw, X0 € Hy,, from the definition of H,, we also have

¢(xn+1r un) < an¢(xn+1/ in) + (1 - an)¢(xn+1r Zn)/ <xn+1 — Xp, Un> <0. (315)
Observe that

P(Xns1,2n) = ¢<xn+1, J N (Bu) % + (1= Ba) ]sycn)>
= el = 201, B Zn + (1= B) JSFu) + || Bu) %o + (1= B) J SZ| |
< lnstll? = 2Bu(Xnst, J%a) = 2(1 = Ba) (Xnst, TS ) + PullTall” + (1= ) [S%ll®
= ﬂn(i)(xm—l, in) + (1 - ﬁn)¢(xn+1,55c'n).

(3.16)

At the same time,

(,b(HH,,xn/ xn) - (,b(-%nr xn) = ||Hann||2 - ||§n”2 + 2<5En - Hann/ ]xn>
> 2(TTH, xn — Xn, JXn) + 2(Xy — I, X0, JXn) (3.17)

=2(Xy — g, %0, JXn — JXn).
Since Iy, x, € H, and v, = (1/r,)(Jx, — JX,), it follows that
<fn_Hann/]xn_]§n> :rn<§n_HH,,xn/Un> >0 (318)

and hence that ¢(I'lg, x,, x,) > ¢(X,, x,). Further, from x,,1 € H,, we have ¢(xy41,x,) >
¢(I1H, xn, x,,), which yields

¢(xn+1/ Xn) > ¢(HH,,xn/ Xn) > d)(fn/ Xn). (3.19)
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Then it follows from ¢(x,41,x,) — O that ¢(X,, x,) — 0. Hence it follows from Lemma 2.1
that X,, — x, — 0. Since from (3.15) we derive

P (st Fn) = (o, )

= 1t I = 2(ns1, JZn) + 1Zall” = (1l = 2(F0, J2) + IIxa]?)

= llnst I = 12all® = 2(xns1, JZn) +2(Zn, J )

= st 2 = 10l = 2001 = T, J o = )
= 2(n1 = X Jn) + 2, J 60 = T )

= (nell = el (e I+ 6all) + 27 (i1 = By O = 21 = Fa, T}
+2(Fo, J = [ )

< st = all (el + 12all) + 20101 = Zalllal + 201l = TZ|

< loensr = xalllloemet L+ N2call) +2(112ne1 = 2l + 10 = ZulD 126l + 201 %l T2¢n = JXull,
(3.20)

we have

¢(xn+1xzn) < 4’(7771/ Xn) + | Xn+1 = Xl (|22 || + (|20 ])
(3.21)
+ 2(lxns1 = xull + 2 = Xl 2]l + 201 Xn || J2xn = JXn]|-

Thus, from ¢(X,, x,) — 0, x, — X, — 0, and xs1 — x, — 0, we know that ¢(x,.1,X%,) — 0.
Consequently from (3.16), ¢(xy41,X%,) — 0,and B, — 1 it follows that

¢ (xp41,20) — 0. (3.22)

So it follows from (3.15), ¢(xp+1, X)) — 0,and ¢(x,41,2z,) — 0that Pp(x,41,u,) — 0. Utilizing
Lemma 2.1 we deduce that

lim || %41 — Ul = Im ||x,41 — Xul| = Im ||x,41 — 24| = 0. (3.23)
n—oo n— oo n— oo
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Furthermore, for u € EP N F(S) N T~10 arbitrarily fixed, it follows from Proposition 2.8 that

¢ (tn, Yn) = $(Kr, Y, Yn) < (1, yn) = ¢ (1, K Yn)

= (T @0 + (1= @) JS20) ) = (o, )

= [l = 2w, @ J % + (1= @) JSzn) + l|an JZ + (1 = @) JSzal|* = P (14, 1)

< [l = 26t (1, JF) = 2(1 = ) (1, JSzn) + || Zull® + (1 = ) [|Szall”* = P (14, 1)

= anP(u, Xu) + (1 - an)p(u, Szn) — d(u, uy)

< (- ) p(ut, zn) + anp(ut, B) — P, 1)

= (1= ) (1,7 (BuJFn + (1= Pu) JSTn) ) + up(ut, %) = bt 1)

= (1= an) [[ull® = 21, B J % + (1= B JS5n) + |Bu Fn + (1= Bi) TS5
+ (11, %) — Pl 1)

< (1= ) [l = 2B Cat, J %) = 2(1 = Bu) (1, JSTa) + BullZall* + (1= B IS%lP |
+ anp(, %) — P, 1)

= (1= ) [Bap (1, %) + (1= Pu) P (1, SFo)| + @up(14, %) — Pl 1)

< (1= ) [Bap (1, %) + (1= Bu) P, Zn)] + b (14, %) — b1t 4)

= (1- a)p(u, %) + aup(u, %) — (11, 1)

= (1, %) — Plut, )

= P14, ) = P(1t, X01) + P (s, Xp1) = (a4, )

= [1%all? = It [1? + 241, Jxns1 = %) + st [P = lletnll® + 201, Jitn = J2ne1)

< 1% = Xl (1%l + 2 l) + 2l J2cne1 = 5o
12t = el (1o |+ lotall) + 20l 14 = Jnea .

(3.24)

Since ] is uniformly norm-to-norm continuous on bounded subsets of E, it follows from (3.23)
that || Jx,+1 — JXu|| — Oand ||Ju, — Jxu4|| — 0, which hence yield ¢(u,, y,) — 0. Utilizing
Lemma 2.1, we get ||u, — yu|| — 0. Observe that

||xn+1 - ]/n” < | xns1 — Ul + ”un - yn” — 0, (3.25)

due to (3.23). Since J is uniformly norm-to-norm continuous on bounded subsets of E, we
have that

nli_{%o”]xnﬂ - ]yn” = nh_{rgo”]xnﬂ - JXu| = 0. (3.26)
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On the other hand, we have

% = Znll < 1% = Xna1l| + [|Xne1 = zall — 0. (3.27)
Noticing that
||]xn+1 - ]]/n” = [Jxpe1 = (anJXn + (1 = a,) JSz,)||
= llan(Jxns1 = JXn) + (1 = &) (JXne1 = JSz) ||
B (3.28)
= (1 = an)(Jxns1 = JSzn) — an(JXn = Jxn1) |l
> (1= an)lJxne1 = JSzull = anllJXn = Jxuall,
we have
1 ~
lJxns1 = JSzaull < 1—a (”]xn+1 - ]]/n” + anl|J X0 - ]xn+1||)- (3.29)
From (3.26) and limsup,, _, a, < 1, we obtain
lim || Jxp41 = JSza|l = 0. (3.30)

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*, we obtain

lim ||x,41 — Szyu|| = 0. (3.31)
n—oo

Observe that
[l = Sxull < 0 = Xpiall + [[Xne1 = Szl + ||Szn — Sxull- (3.32)

Since S is uniformly continuous, it follows from (3.27), (3.31) and x,4+1 — x, — O that x,, —
Sx, — 0.
Now let us show that w,, ({x,}) C EP N F(S) N T~'0, where

wy({xy}) := {x € C: x,, — X for some subsequence {ni} C {n} with ni 1 oo}. (3.33)

Indeed, since {x,} is bounded and X is reflexive, we know that wy ({x,})#0. Take X €
ww({x,}) arbitrarily, then there exists a subsequence {x,, } of {x,} such that x,, — X. Hence
X € F(S). Let us show that x € T~!0. Since x,,— ¥, — 0, we have that X,, — X. Moreover, since
J is uniformly norm-to-norm continuous on bounded subsets of E and lim inf,,_, .1, > 0, we
obtain

o = () — 0. (3.34)
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It follows from v, € TX, and the monotonicity of T that
(z=Xp, 2 —vy) 20 (3.35)
for all z € D(T) and z' € Tz. This implies that

(z-%,2)>0 (3.36)

forall z € D(T) and z' € Tz. Thus from the maximality of T, we infer that x € T-10. Therefore,
X € F(S) n T710. Further, let us show that X € EP. Since u,, — Yn — O0and x, —u, — 0, from
Xp, — X we obtain that y,, — X and u,, — X.

Since J is uniformly norm-to-norm continuous on bounded subsets of E, from u, —
Yn — 0 we derive

r}ijr;o||]un - Jya|| =0. (3.37)

From liminf,, ., .7, > 0, it follows that

Jg&ow =0. (3.38)
By the definition of u, := K, y,, we have
F(un,y) +%<y—un,]un—]yn> >0, VYyeC, (3.39)
where
F(un,y) = f(un,y) + (Attn, y — y). (3.40)
Replacing n by ni, we have from (A2) that
i<y — U, Jtng = JYn) > —F (n, y) 2 F(y,uy,), VyeC. (3.41)

Ty

Since y — f(x,y) + (Ax,y — x) is convex and lower semicontinuous, it is also weakly lower
semicontinuous. Letting nx — oo in the last inequality, from (3.38) and (A4) we have

F(y,x) <0, VyeC. (342)

Fort,withO<t<1,andy € C, lety; =ty + (1 -t)x. Since y € C and x € C, then y; € C and
hence F(y;, x) <0. So, from (A1) we have

0=F(yr,yt) <tF(yr,y) + 1 -HF (v, X) <tF(y,y). (3.43)
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Dividing by t, we have
F(y;,y) >0, VyeC. (3.44)

Letting t | 0, from (A3) it follows that
F(x,y) >0, VyeC (3.45)

So, X € EP. Therefore, we obtain that wy,({x,}) C EPN F(S) N T~!0 by the arbitrariness of x.
Next, let us show that wy, ({x,}) = {ITgpnr(s)nT-10%0} and x, — IlgpnF(s)nT-10%0-
Indeed, put X = Ilgpn r(s)nT-10X0- From xp.1 = Ig,aw, X0 and x € EPN F(S)n T710 €

H,NnW,, wehave ¢(x,+1,x0) < $(X, xp). Now from weakly lower semicontinuity of the norm,

we derive for each X € wy, ({x,})

P(%, x0) = [|Z]|* - 2(X, x0) + || x0]>

< Tim inf (v [1* = 2020, %0) + [120])
— Qo0

= 1il£r_1)i£f¢(xnk,xo) (3.46)

< lim sup ¢ (xy, , X0)
k— oo

< (;b(?/ xO)'

It follows from the definition of ITgpn p(s)n-10X0 that X = x and hence

klijxgo¢(xnk,xo) = (X, x0). (3.47)
So we have limy_, ||x, || = [|x]|. Utilizing the Kadec-Klee property of E, we conclude that

{xn,} converges strongly to Ilgpnp(s)nT-10%0- Since {x,, } is an arbitrary weakly convergent
subsequence of {x,}, we know that {x,} converges strongly to Ilgpnp(s)nr-10X0. This
completes the proof. O

Theorem 3.5 covers [25, Theorem 3.1] by taking C = E,f = 0 and A = 0. Also
Theorem 3.5 covers [24, Theorem 2.1] by taking f =0, A=0and T =0.

Theorem 3.6. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly convex
Banach space E. Let T : E — 2E be a maximal monotone operator with domain D(T) =C, S : C —
C be a relatively nonexpansive mapping, A : C — E* be an a-inverse-strongly monotone mapping
and f : CxC — R be a bifunction satisfying (A1)-(A4). Assume that {r,},_, is a sequence in (0, o)
satisfying liminf, _, .1, > 0 and that {a, }, is a sequences in (0, 1) satisfying lim, _, ,a, = 0.

Define a sequence {x,} by the following algorithm.
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Algorithm 3.7.

X € C arbitrarily chosen,
1 -
O=ov,+ r_(]xn - Jxn), v, E€TXp,
n

Yn = ]71(“n]x0 +(1-a,)JSxy),

u, € C such that
(3.48)

1
f(un,y) + (Aup, y —up) + r—(y—un,]un - Jya) 20, VyeC,

H, = {v €C:¢(v,uy) <a,d(v,x0) + (1 —a,)P(v,X,), (v—X,,v,) < 0},
W,={veC:{(v—x, Jxo— Jx,) <0},

Xn+1 = HHnﬂ W, X0, n= 01 11 21 RN

where J is the single valued duality mapping on E. Let EPN F(S) N T10#@. If S is uniformly
continuous, then {x,} converges strongly to ITgpn r(s)nT-10%X0-

Proof. For each n > 0, define two sets C, and D, as follows:

Co={veC: 9w un) <and(v,x0) + (1 -an)p(v,Xn)},
(3.49)
D,={veC:{(v-X,v,) <0}.

It is obvious that C,, is closed and D,,, W,, are closed convex sets for each n > 0. Let us
show that C, is convex and so H, = C, N D, is closed and convex. Similarly to the proof
of Lemma 3.3, since

(i)(vr Up) < an‘l)(vr x0) + (1 - “Tl)‘i)(vr Xn) (3.50)
is equivalent to

20, (v, Jx0) +2(1 = ) (v, J %) = 2(0, Jutn) < aullxol* + (1 = an) |Zull” = lunl®>,  (3.51)
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we know that C,, is convex and so is H,, = C,N D,,. Next, let us show that EPN F(S)N T~'0
C, for each n > 0. Indeed, utilizing Proposition 2.8, we have, for each w € EPN F(5) N T-10,

P(w, un) = p(w, Ky, yn) < ¢(w,yn)
= (w0, ) (@ x0 + (1= @) JS%0) )

= lwl* = 2(w, anJxo + (1 — a) JSTp) + [lanJxo + (1 - “n)]Siﬂuz (3.52)

< [wl)?* = 2an(w, Jxo) = 2(1 = ) (w, JSFn) + atal|x0]* + (1 = o) | SFn ||
= an‘i)(w/ xO) + (1 - an)(i)(w/ an)

< an(i)(w/ x0) + (1 - ‘xn)()b(wr Xn).

Sow € Cy, foralln > 0and EPN F(S)N T7'0 C C,. As in the proof of Lemma 3.3, we can
obtain w € D,, and hence w € H,,. It follows from Lemma 2.4 that

(w —xu, Jx0 = Jxn) = (w —IH, aw, X0, Jx0 = JTIH, ;,nw,  X0) <0, (3.53)

which implies that w € W,,. Consequently, w € H,N W,, and so EPN F(S)N T-'0cH,NnW,
for all n > 0. Therefore, the sequence {x,} generated by Algorithm 3.7 is well defined. As in
the proof of Theorem 3.5, we can obtain ¢ (x,.1,x,) — 0. Since xp1 = [y Aw,x0 € Hy, from
the definition of H,, we also have

(;b(xn+1/ un) < an¢(xn+1/ xO) + (1 - an)¢(xn+1/ fn)/ <xn+1 - in/ Un> < 0. (354)

As in the proof of Theorem 3.5, we can deduce not only from ¢(x,.1,x,) — O that
¢(Xy, x,) — 0butalso from ¢(x,, x,) — 0, x, — X, — 0and x,41 —x, — 0 that

Tim (1, %) = 0. (3.55)
Since xy41 = g, nw, X0 € Hy, from the definition of H,, we also have
P(xni1, Un) < Anp(xXni1,x0) + (1 = an) P (X1, Xn). (3.56)
It follows from (3.55) and a,, — 0 that

lim ¢(xps1, un) = 0. (3.57)

Utilizing Lemma 2.1 we have

lim ||x,41 — Uy]| = Im ||x,41 — X4]| = Im ||x,41 — X4 = 0. (3.58)
n—oo n— oo n— oo
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Furthermore, for u € EP N F(S) N T~10 arbitrarily fixed, it follows from Proposition 2.8 that

¢ (tn, Yn) = P(Kr, Y, Yn) < (1, yn) = ¢(u, K Yn)
= (T (@0 + (1= ) JSE,) ) = (1, )
= [lul® = 2(u, @n Jxo + (1 = @) JSZn) + llanJ x0 + (1 = ) JSZall* = p(ut, 1)
< lull® = 2a(u, Jxo) = 2(1 = @) (u, JSZn) + atul|xol* + (1 = a0 [|SFo® = (11, 110)
= dnp (1, x0) + (1 - ) (1, So) — (14, )
< (4, X0) + P (1, T) = P14, 1)
= cnp (1, x0) + (14, Xn) = P14, Xni1) + P14, Xi1) — P, 1)
= anp(u, x0) + |Znll* = el + 241, Jotuir = J%n) + [ 2nea [
= [[enll® + 2{ut, Jutw = Jotmin)
< (14, X0) + [|Bn = st | (1%l + 120 ll) + 20[uel|[[Jxns1 = JZn

+ 1xne1 = sal|(xnenll + lluall) + 20 ell[[ Jun = TxXnea I
(3.59)

Since ] is uniformly norm-to-norm continuous on bounded subsets of E, it follows
from (3.58) that ||Jx,1 — JXul| — 0 and ||Ju, — Jxpall — 0, which together with a, — 0,
yield ¢(uy,, y,) — 0. Utilizing Lemma 2.1, we get |lu, — y,|| — 0. Observe that

”xn+1 - yn” < lxnsr = uall + "un - ]/n” — 0, (3.60)

due to (3.58). Since J is uniformly norm-to-norm continuous on bounded subsets of E, we
have

J%ll]xﬂﬂ - ]yn” = HIEIC}O”]an - ]xn” = nlEI;O”]an - ]5271” =0. (361)
Note that
”]Sin - ]yn” = |JSXn — (anJx0 + (1 = an) JSXn) || = anllJx0 — JSXn|l. (3.62)

Therefore, from a,, — 0 we get

lim [|7S%, = Jyal| = 0. (3.63)

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*, we obtain

lim ||SX, — y|| = 0. (3.64)

n—oo
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It follows that
llxn = Sxnll < |20 — Xnaall + ||xn+1 - yn” + ”]/n - Sin” +[|SX = Sxull. (3.65)

Since S is uniformly continuous, it follows from (3.58) and (3.64) that x,, — Sx, — 0.

Finally, we prove that x, — Ilgpnp(s)nr-10X%0. Indeed, for X € EP N F(S) N T-'0
arbitrarily fixed, there exists a subsequence {x, } of {x,} such that x,, — X € C, then
X € F(S). Now let us show that x € T710. Since x, — X, — 0, we have that X¥,, — X.
Moreover, since | is uniformly norm-to-norm continuous on bounded subsets of E, and
liminf, .7, > 0, we obtain that v, = (1/r,)(Jx, — JX,) — 0. It follows from v, € TX,
and the monotonicity of T that (z - X,z —v,) > 0 for all z € D(T) and z’' € Tz. This implies
that (z - X,z') > 0forall z € D(T) and z' € Tz. Thus from the maximality of T, we infer that
X € T710. Further, let us show that x € EP. Since u,, — Yn — Oand x, —u, — 0, from x,, — X
we obtain that y,, — X and u,, — x.

Since J is uniformly norm-to-norm continuous on bounded subsets of E, from u, —
Yn — 0we derive lim, _, || Juy, — Jyu|| = 0. From lim inf,, _, ,,7;, > 0 it follows that

lim —”]””r_ Jyall _ (3.66)
By the definition of u, := K, y,, we have
F(un,y) + %(y —tn, Jutn = Jyn) 20, VyeC, (3.67)

where F(u,, y) = f(un, y) + (Aun, y — uy). Replacing n by ni, we have from (A2) that

1
—(y = tn, Jtn, = JYn) > =F (une, y) 2 F(y, un), Vy€C. (3.68)

Ty

Since y — f(x,y) + (Ax,y — x) is convex and lower semicontinuous, it is also weakly
lower semicontinuous. Letting 1y — oo in the last inequality, from (3.66) and (A4) we have
F(y,x) <0,forally € C.Fort,with0<t<1l,andy € C,lety; =ty + (1 -t)Xx. Sincey € C
and x € C, then y; € C and hence F(y;, X) < 0. So, from (A1) we have

0=F(yr,yt) <tF(yr,y) + (1 -1F(y, X) <tF(y,y). (3.69)

Dividing by ¢, we have F(y;,y) > 0, for all y € C. Letting t | 0, from (A3) it follows that
F(x,y) >0, forall y € C. So, x € EP. Therefore, we obtain that w,,({x,}) C EPn F(S)n T~10
by the arbitrariness of x.

Next, let us show that wy, ({xn}) = {TTgpnF(s)nT-10%0} @and x, — Tlgpn F(s)nT-10%0-



Fixed Point Theory and Applications 21

Indeed, put X = Ilgpn p(s)nT-10X0. From xp.1 = Ig,aw, X0 and x € EPN F(S)n T710 €
H,NnW,, wehave ¢(x,+1,x0) < $(X, xp). Now from weakly lower semicontinuity of the norm,
we derive for each X € wy, ({x,})

$(%, x0) = |IX]* = 2(X, x0) + ||x0]>

< Timinf (v, [1* = 2(x0,, x0) + 120
— o0

= liminf ¢ (xy,, x0) (3.70)

< lim sup ¢(xy,, Xo)
k— oo

< ¢(x, x0).

It follows from the definition of Igpnr(s)nT10X0 that X = X and hence limy _ o p(xp,, X0) =
¢ (X, x0). So we have limy_, o ||xy, || = [|x]. Utilizing the Kadec-Klee property of E, we know
that x,, — TlgpnF(s)nT-10X0- Since {x,, } is an arbitrary weakly convergent subsequence of
{x,}, we know that x,, — Ilgpnr(s)nT-10%0. This completes the proof. O

Theorem 3.6 covers [25, Theorem 3.2] by taking C = E,f = 0 and A = 0. Also
Theorem 3.6 covers [24, Theorem 2.2] by taking f =0,A=0and T =0.
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