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We define the concept of the generalized uy-concave operators, which generalize the definition
of the up-concave operators. By using the iterative method and the partial ordering method, we
prove the existence and uniqueness of fixed points of this class of the operators. As an example of

the application of our results, we show the existence and uniqueness of solutions to a class of the
Hammerstein integral equations.

1. Introduction and Preliminary

In [1, 2], Collatz divided the typical problems in computation mathematics into five classes,
and the first class is how to solve the operator equation

Ax=x (1.1)
by the iterative method, that is, construct successively the sequence
Xpi1 = Axy, (1.2)

for some initial xj to solve (1.1).

Let P be a cone in real Banach space E and the partial ordering < defined by P, that
is, x < y if and only if ¥ — x € P. The concept and properties of the cone can be found in [3-
5]. People studied how to solve (1.1) by using the iterative method and the partial ordering
method (see [1-11]).
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In [7], Krasnosel’skil gave the concept of up-concave operators and studied the
existence and uniqueness of the fixed point for the operator by the iterative method. The
concept of uy-concave operators was defined by Krasnosel’skif as follows.

Let operator A : P+— P and ug > 0. Suppose that

(i) for any x > 0, there exist & = a(x) > 0 and f = f(x) > 0, such that

auy < Ax < Pug; (1.3)

(ii) for any x € P satisfying ajuy < x < frug (a1 = ai(x) > 0, f1 = fi(x) > 0) and any
0 <t <1, there exists = (x, t) > 0, such that

A(tx) > (1+1n)tAx. (1.4)

Then A is called an up-concave operator.

In many papers, the authors studied uy-concave operators and obtained some results
(see [3-5, 8-15]). In this paper, we generalize the concept of up-concave operators, give a
concept of the generalized uy-concave operators, and study the existence and uniqueness of
fixed points for this class of operators by the iterative method. Our results generalize the
resultsin [3, 4,7, 15].

2. Main Result

In this paper, we always let P be a cone in real Banach space E and the partial ordering <
defined by P. Given wy € E, let P(wy) = {x € E | x > wy}.

Definition 2.1. Let operator A : P(wy) — P(wy) and uy > 0. Suppose that

(i) for any x > wy, there exist a = a(x) > 0 and f = f(x) > 0, such that

auy +wy < Ax < Pugy + wo; (2.1)

(ii) for any x € P(wy) satisfying a1 + wo < x < Prug +wp (a1 = aq(x) >0, f1 = fi(x) >
0) and any 0 < t < 1, there exists 1 = 5(x, t) > 0, such that

Altx + (1 -Hwo] > (1+n)tAx + [1 - (1 +n)t]wy. (2.2)

Then A is called a generalized ug-concave operator.
Remark 2.2. In Definition 2.1, let wy = 0, we get the definition of the uy-concave operator.

Theorem 2.3. Let operator A : P(wy) — P(wy) be generalized uy-concave and increasing (i.e.,
x <y = Ax < Ay), then A has at most one fixed point in P(wy) \ {wo}.
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Proof. Let xV > wp, x® > wy be two different fixed points of A, that is, Ax() = x(V), Ax® =
x®@,and xV) # x@. By Definition 2.1, there exist real numbers a; = a; (xV) > 0, f1 = p1(xV) >

0, a2 = a(x?) > 0, fr = f2(x?) > 0, such that

Uy + wy < x(l) < ‘[511/[0 + Wy, Uy + wy < X(Z) < ﬂzuo + wq. (23)

Hence a; /f2(x? — wp) + wo < arug + wo < xV < rug + wo < pr/az(x? —wp) + wy.
Leta = a; /o, B = p1/az, we get that a(x® —wp) + wy < xV < B(x® - wy) + wy, that
is, ax® + (1 - a)wy < xM < fx® + (1 - f)wy. Let

to=sup{t>0]tx® + (1-Hwy < xV <t 1x@ 4 (1-+1)wy !, (2.4)
p

hence 0 < t <t7!, thatis, 0 <t <1, then t, € (0,1].
Next we will show that t; = 1. Assume that f; < 1; by (2.2) and (2.4), there exists
m = n1(x?,ty) > 0, such that

x = Ax® > Altox® + (1~ to)wn)
> (1+m)toAx® + [1 = (1+m1)to]wo @3)

= (1 + ﬂl)tox(z) + [1 - (1 + 1’[1)t0]’(,00.
By (2.2), there exists 11, = 12 (x?, t9) > 0, such that

x? = Ax® = A{to [talxa) + (1 - t{)l)wo] +(1- to)wo}

> (1+ )t At @ + (1= £5 Yoo + [1 = (1+ 1) to] w0, =
hence,
A[talx(Z) + <1 - t{)l)wo] <(1+ qz)_ltale(z) + [1 -(1+ qz)_ltal]wo. (2.7)
Therefore,
= AxD < A[talx(z) + <1 - t61>w0]
< (1+m) 5 AXD 4 [1- (14 1) 15 oo (2.8)

<(1+m @ 1o (14 5 T~ wo.
m2) t m2) to
Obviously, by (2.5) and (2.8), we get

(1+m)tox® + [1= (14 m)to]wo < 2O < (14 7) 5% 4 [1 = (L4 1) 't |eon. (29)
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Let 77 = min{#;, 72}, we have
(1+n)tox® + [1 = (1 +n)to]wp < xV < (1+ q)fltglxu) + [1 -(1+ q)fltgl]wo, (2.10)
in contradiction to the definition of ty. Therefore, ty = 1.

By (2.4), xV = x_ The proof is completed. O

To prove the following Theorem 2.4, we will use the definition of the up-norm as
follows.
Given ug > 0, set

E,, = {x € E | there exists a real number A > 0, such that — Auy < x < Aug},
(2.11)
llxll,, = inf{A >0[-Aug < x < Aug}, Vx € Ey,.

It is easy to see that E,,, becomes a normed linear space under the norm || - ||, ||x]l., is called
the up- norm of the element x € E,,, (see [3, 4]).

Theorem 2.4. Let operator A : P(wy) — P(wy) be increasing and generalized ug-concave. Suppose
that A has a fixed point x* in P(wy) \ {wo}, then, constructing successively the sequence xp.1 =
Ax, (n=0,1,2,...) for any initial xg € P(wy) \ {wo}, we have ||x,, — x*||,, — 0 (n — o0).

Proof. Suppose that {x,} is generated from x,.1 = Ax, (n =0,1,2,...). Take 0 < gy < 1, such
that ggx*+(1—gg)wy < x1 < salx*+(1—£51)wo. Let yo = gox*+(1—-¢go)wo, zo = salx*+(1—£51)wo,
and constructing successively the sequences 1 = AYy, Zys1 = Az, (n=0,1,2,...). Since A
is a generalized up-concave operator, we know that there exists 71 = 171 (x*, £0) > 0, such that

x* = Ax" = A{eo [salx* + <1 - 551>w0] +(1- 50)wo}
(2.12)
> (1+ ﬂl)EoA[Ealx* + (1 - 551>w0] +[1= (1+m)eo]wo,

hence, A[ejtx* + (1 - g5 )wo] < (1+ 1) g5  Ax* + [1 = (1 +m1) " g5t Jwo, then

z1 = A(zg) = A[salx* + <1 - 561>w0] <(1+ ql)_lsale* + [1 -(1+ ql)_lgal]wo
=(1+ ql)_lsgl(Ax* —wp) +wp < &5 (Ax* — wp) +wy = ;" Ax* + (1 - 561>w0 (2.13)

=g)'x" + (1 - 561>w0 = z;.
By (2.2), we can easily get y1 > yo. So it is easy to show that

Yo<y1 < Sy < <xt <<z, < <z <z (2.14)
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Let

th=sup{t>0|tx* + (1 -)wo < Yp, zo <t x*+ (1 -t Nwyt! (n=0,1,2,...), (2.15)
p v

then,

0<ty<tH <<t < <1, (2.16)

which implies that the limit of {¢,} exists. Let lim,,_, ., = t*, then 0 <t, <t* < 1.
Next we will show that t* = 1. Suppose that 0 < t* < 1. Since A is a generalized
up-concave operator, then there exists 17, = 172 (x*,t*) > 0, such that

Al x* + (1= t)we] > (T+m)t Ax* + [1 = (1 + 1)t wo = (1 + m)*x* + [1 = (1 + 1) t*] wy.

(2.17)
Moreover,
x* = Ax* = A{t*[(t*)—lx* + (1 - (t*)_1>w0] +(1- t*)wo}
(2.18)
>(1+ nz)t*A[(t*)_lx* + <1 - (t*)_1>wo] +[1- (1 + )t ]wo.
Therefore,
A[(t*)—lx* + (1 - (t*)—1>w0] <(L+m) () 'x" + [1 -1+ rlz)_l(t*)_l]wo. (2.19)
By (2.17) and (2.19), for any 0 < t < t*, there exists 73 = #3(x*, t) > 0, such that
Altx* + (1= Hwo] > (1 +m3)tx* + [1 = (1 + 13) ] wo,
o o (2.20)
A[t‘lx* + (1 - t_1>w0] <(T+m) t'x"+ [1 - (1+1n3) t‘llwo.
Particularly, forany 0 < t, <t* (n=0,1,2,...), we have
Altyx* + (1= ty)wo] > (1 +n)tx* + [1— (1 + 1) t,]wo,
(2.21)
A[t;lx* + (1 - t;l>w0] <(1+n)7 '+ [1 -(1+ rl)_ltgl]wo,
where 11 = 7(t,, x*) > 0.
Hence,
Yut = AYn 2 AltaX” + (1= t)w00] 2 (1+ 1) bx™ + [1 = (1+1)ta] o,
(2.22)

2wt = Azy < Al + (1= )an] < (L) "800+ [1= (1) '8 faon,
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By (2.15), and (2.22), we get t,,1 > (1 +1)t, (1 =0,1,2,...) therefore, t,.; > (1+1)" 'ty (n =
0,1,2,...),in contradictionto0 < t, <1(n=1,2,...). Hence,

r=1. (2.23)

Since A is a generalized uy-concave operator, thus there exist real numbers a = a(x*) > 0,
p = p(x*) > 0, such that aug + wy < x* < Pug + wy, and t,x* + (1 —t,)wo < Yn < Xyt < 2y <
tlx*+(1-t,Ywo (n=0,1,2,...), we have

(ty—Dx*+ (A —ty))wy <xpp —x* < <t,’11 - 1>x* + <1 - t;l>wo. (2.24)

Moreover
(tn = 1)x* + (1 = tw)wo > (ty — 1) (Puo + wo) + (1 - ty)wo = (t, — 1) Puy,

(2.25)
(' =1)x + (1= )0 < (51 = 1) (Buo + wo) + (1= £ )wo = (55 = 1) uo.

Hence,
(1 - t;l)ﬁuo < (ty = 1)fttg < Xpo1 — X* < (t;l - 1>ﬁu0 (n=0,1,2,...). (2.26)

Consequently, by (2.23), we get ||x,;, — x*|l,, — 0 (n — o0).
To prove the following Theorem 2.5, we will use the definition of the normal cone as
follows.

Let P be a cone in E. Suppose that there exist constants N > 0, such that

O<x<y=|x| <Ny (2.27)

then P is said to be normal, and the smallest N is called the normal constant of P (see
[3-5]). O

Theorem 2.5. v Let P be a normal cone of E. If operator A : P(wy) — P(wy) is increasing and
generalized ug-concave, and 1 = 1(t, x) is irrelevant to x in (2.2), then A has the only one fixed point
x* € P(wy) \ {wo}. Moreover, constructing successively the sequence xp,1 = Ax, (n =0,1,2,...)
for any initial xo > wy, we have ||x, —x*|| — 0 (n — o).

Proof. Since A is a generalized uy-concave operator, hence there exist real numbers > a > 0,
such that aug + wy < A(ug + wp) < Pug + wy. Take ty € (0,1) small enough, then fouy + wy <
Aug +wp) < (1/tg)up + wy.

Therefore, t,.1 > t,, thatis, {t,} is an increasing sequence and 0 < t, < 1, hence, the
limit of {t,} exists. Set lim,, _, ¢, = t*, then 0 < t* < 1.
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Let y(t) = (1 + n(t))t, where 5(t) which is irrelevant to x is 7(t, x) in (2.2), and A is
increasing, so t < y(t) < 1, A(tx + (1 — t)wp) > y(t)Ax + (1 — y(t))wo,for all t € (0,1). By
y(to)/to > 1, we can choose a natural number k > 0 big enough, such that

k
(Y(t0)> J1 (2.28)
to to
Let
. 1
Yo =tyuo +wo, zo=—Uo+Wo; Yn=AYn1, Zn=Azp1 (n=12,...). (2.29)

k
tO

Obviously, yo, zo € P(wy), yo < zo. Since A is increasing, we have

y1 = Ay = A(t’guo + wo) - A[to (t’g‘luo + w0> +(1- to)wo]
> y(to) A(t o + w0) + (1= (ko) o
- y(to)A[t()(t’g’zuo + w0> +(1- to)wo] + (1= y(to))wo
>y () [y (t0) A(# 0 + wo) + (1= y(t0))wo] + (1~ (ko) )woy
= Y(to) At 2o + w0 ) + (1= ¥2(to) )0 2 -+ 2 ¥ (to) Ao + w0) + (1= ¥*(to) )0
> 57 (touto +700) + (1= 57 )wwo = tuo + 700 = o,

(2.30)

Since Ax = A{to[ty'x + (1 -ty )wo] + (1 — to)wo} > y(to)Alty'x + (1 — t5 )wo] + (1 - y(to))wo,
we get Afty'x + (1 - t;")wo] < 1/y(to) Ax + (1 = 1/y(t))wo. Hence

1 1 1 1
z1=A( —up+wy ) =Al—| —uy+wy +<1——)w0
th AN to

1 1 1
< Y(fo) A<t§—1u0 + wo> + <1 - Y(to) )wo (231)

1
Uy +wy < —Uy+ Wy = Zp,

1 1
Alug+wp) +( 1- wy <
(o + 20) ( Yk(fo)> = hoy*(to) th

1
S e S .
Y*(to)
then 1o <11 < z1 < zp. It is easy to see

Yo<y1<--Syp <<z <--- <27 < 2. (2.32)
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Let

ty =sup{t >0y, >tz, + (1 - two}. (2.33)

Therefore, t,.1 > t,, thatis, {t,} is an increasing sequence and 0 < t, < 1, hence, the
limit of {t,} exists. Set lim,, _, t, = t*, then 0 < * < 1.

Next we will show that t* = 1. Suppose that 0 < t* < 1, we have the following.

(i) If for any natural number n, ¢, < t* <1, then

Obviously, y, > tuzu + (1 — ty)wo. SO Yui1 = Yn 2 tnzn + (1 = ty)wo > tyzye1 + (1 — ) wo.

oot = A 2 Altyz+ (1= tywg] = 4] 210z 4 (- ]+ (1- 1 o |

> Y(%)A[t*zn + (1 -tHwo] + <1 - Y<%>>Wo

tn

(s 4l (118 o

Y(%)Y(t*)Azn + <1 - Y<%>Y(t*)>wo = Y(%)Y(t*)zn+1 + (1 - Y(%)Y(t*)>wo,

(2.34)
hence,
tn * tTl tn * * *
tpar > y(t—*>y(t ) = <1 + q(t—*>> t—*(l + () > 1 (1 +7()). (2.35)
Taking limits, we have t* > t*(1 + 7(t*)) > t*, a contradiction.
(ii) Suppose that there exists a natural number N > 0, such that t, = t*(n > N).
When n > N, so we have
Yni1 = AYn > Altpzn + (1 - ty)wo] = At z, + (1 - t")wp]
(2.36)

>yt )Azy + (1 - y(t))wo = y () zne1 + (1 - y(£*))wo,

then t* =t > y(t*) = (1 + n(+*))t* > t*, a contradiction.
Therefore, t* = 1.
For any natural numbers n, p, we have

0< Ynip = Yn S Znap ~Yn S Zn —Yn < Zn — [thzn + (1 = ty)wo] = (1 - t,)(zn — wo). (2.37)

Similarly, 0 < z, = zpsp < zp — Yn < (1 = t4) (24 — wo). By the normality of P and lim,, ot = 1,
we get

| (Ynsp —w0) = (Yn = w0) || = |Ynsp = Yl S NA=ta)llza —wol — 0 (1 — o), -
| (Zop = w0) = (20 = w0) || = |20 = Zuip|| < N(1 = t)l|20 ~woll = 0 (n — o0),
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where N is the normal constant of P. Hence the limits of {y,} and {z,} exist. Let lim, . v, =
y*, and let lim, oz, = z*, theny, <y*<z* <z, n=0,1,2,...), hence,

0<z" -y <z,-y, <(1-ty)(zn—wp) - 0 (n — o0). (2.39)

That is, y* = z*. Let x* = y* = z*, then y,.1 = Ay, < Ax* < Az, = Zpq1.
Taking limits, we get x* < Ax* < x*. Hence Ax* = x*, thatis, x* € P(wy)\{wo} is a fixed
point of A. By Theorem 2.4, the conclusions of Theorem 2.5 hold. The proof is completed. O

3. Examples

Example 3.1. Let I = [0,1],let C(I) = {x(t) : I — R | x(t) is continuous}, let||x| =
sup{|x(t)||t € I}, let P = {x € C(I) | x(t) > 0, Vt € I}, then C(I) is a real Banach space
and P is a normal and solid cone in C(I) (P is called solid if it contains interior points,

ie., 1037£0). Take a < 0, let wy = wy(t) = a, P(wy) = {x € C(I) | x(t) > wy, YVt € I}, and

P(wy) = {x +wy € P(wy) | x € P}.
Considering the Hammerstein integral equation

1
x(t) = f k(t,s)f(s,x(s))ds, te[0,1], (3.1)

0

where k(t,s) : I x I — [0,+00) is continuous, f(s,u) : I x [a,+o) — R is increasing for u.
Suppose that

(1) there exist real numbers 0 < m < M < 1, such that m < k(t,s) < M, for all (t,s) €
IxI,and f(s,u) > a/M, for all(s,u) € I x [a,+0),

(2) forany A € (0,1) and u € (a, +o0), there exists 7 = 77(A) > 0, such that

mf[s,Au+ (1-AN)a] > (1+n)Amf(s,u)+[1- (1+n)A]a. (3.2)

Then (3.1) has the only one solution x* € P(wy) \ {wy}. Moreover, constructing successively
the sequence:

1
Xy (t) = .[o k(t,s)f(s,xn-1(s))ds, Vtel, n=1,2,... (3.3)

for any initial xg € P(wy) \ {wo}, we have ||x, —x*|| = 0 (n — o).

Proof. Considering the operator

Ax(t) = f: k(t,s)f(s,x(s))ds, tel. (3.4)
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Obviously, A : P(wp) \ {wo} — IOJ(wg) is increasing. Therefore, (i) of Definition 2.1 is satisfied.

For any x € IOD(wg), by (3.2), we have

1
AlAx(t) + (1 - Nwy] = .[0 k(t,s)f(s,Ax(s) + (1 = N)w,)ds

1
- f %k(t,S)m (s, Ax(s) + (1 - N)wwo)ds

0

1

1
>(1+ q)AJ‘O %k(t, symf (s, x(s))ds+ [1 - (1 + q)A]wof %k(t, s)ds

0
> (1+n) Ax(t) + [1 - (1 + 1) M wo.
(3.5)

Therefore, (ii) of Definition 2.1 is satisfied. Hence the operator A : P(wy) — P(wy) is
generalized uy-concave. Consequently, operator A satisfies all conditions of Theorem 2.5, thus
the conclusion of Example 3.1 holds. O

Example 3.2. Let Rbe a real numbers set, and let P = {x | x > 0, x € R}, then Ris a real Banach
space and P is a normal and solid cone in R. Let Ax = (x+2)/2~2. Considering the equation:
x = Ax. Obviously, A is a generalized uo-concave operator and satisfies all the conditions of
Theorem 2.5. Hence A has the only one fixed point x* € P(-2) \ {-2} = (-2, +00). Moreover,
we know x* = -1 by computing.

In Example 3.2, we know that operator A : [-2,+00) — [-2,+00) doesn’t satisfy the
definition of ug-concave operators. Therefore, we can’t obtain the fixed point of A by the
fixed point theorem of ug-concave operators. The up-concave operators’ fixed points are all
positive, but here A’s fixed point is negative.
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