Internat. J. Math. & Math. Sci. 79

Vol. 10 No. 1 (1987) 79-88

ON BAZILEVIC FUNCTIONS

KHALIDA I. NOOR and SUMAYYA A. AL-BANY

Mathematics Department, Girls College of Education
(Science Section) Sitteen Road, Malaz, Riyadh,
Saudi Arabia.

(Received January 23, 1985 and in revised form June 28, 1986)

ABSTRACT. Let B(B) be the class of Bazilevic functions of type B(f>0).

A function feB(B) if it is analytic in the unit disc E and Re E{{é£2—§~>0,
£ " (2)g (2)

where g is a starlike function. We generalize the class B(B) by taking g

to be a function of radius rotation at most km(k>2). Archlength, differ-

ence of coefficient, Hankel determinant and some other problems are solved

for this generalized class. For k=2, we obtain some of these results for

the class B(B) of Bazilevic functions of type B.
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1. INTRODUCTION,
Bazilevic [1] introduced a class of analytic function f defined by the

following relation. For zeE: E = {z:|z]|<1}

let 8 1+ai

z -Bai -1 7 8
f(z) = —B—T J (h(E)-ai)E > gt (o) ar ] (1.1)

1+a2 0

*
where a is real, B>0, Re h(z)>0 and g belongs to the class S of starlike
functions. Such functions, he showed, are univalent [1]. With a=0 in (1.1),

we have for zeE

zf'(2) . (1.2)

Re —m————L——
£178 (2P ()

This class of Bazilevic functions of type B was considered in [2]. We de-
note this class of functions by B(B). We notice that if B =1 in (1.2), we
have the class K of close-to-convex functions. We need the following defi-
nations.
Definition 1.1

A function f analytic in E belongs to the vlass Vk of functions with
bounded boundary rotation, if £(0) = 0, £'(0) = 1, £'(z) # 0, such that for

z = feieeE, 0ir<1
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2T ' '
J |Re i£§7%§%l— [de. < xm, k>2 (1.3)

0

For k=2, we obtain the class C of convex functions. It is known [3] that

for Zikié, Vk consists entirely of univalent functions. The class Vk has

been studied by many authors, see [3], [4], [5] etc.
Definition 1.2
Let f be analytic in E and f(0)=0, £'(0)=1. Then f is said to belong
to the class Rk of functions with bounded radius rotation, 1if z=reieeE,
0<r<1
2w
Jo [Re E%%éfl [do<km ,  k>2 (1.4)

It is clear that fst if and only if zf'eRk. We also note that R2=S*.
We now give the following generalized form of the class B(B).
Definition 1.3
Let f be analytic in E and £(0)=1, £'(0)=1. Then f belongs to the

class Bk(B), B>0 if there exists a geR k>2 such that

k;
zf'(z)

Re —/—i——5—
fl-B(z) gB(z)

>0, z¢E (1.5)

We notice that, when g=1, Bk(l) =T a class of analytic functions intro-

s
duced and discussed in [6]. Also B:(B) = B(B) and B2(1) = K, the class
of close-to-convex functions,
2., PRELIMINARIES

We shall give here the results needed to prove our main theorems in
the preceeding section.
Lemma 2.1 [3].

Let feV, . Then there exist two starlike functions S,,S. such that for

k 1’72
zcE
Ee
' (s,(2)/2)
£'(z) = E T k22 (2.1)
(s,(2)/)% 2

Lemma 2.2
Let H be analytic in E, |H(0)|i1 and be defined as

k1 -k _ 1 =
H(z)=(5 + F)h,(2) (7 = Ph,(2), Reh (2)>0, i=1,2,k>2,
Then, for z = reie,
2m 2 2
(1) i J |u(z) | Page 2k =Dx (2.2)
0 1-r

and
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2T
(1) 5= [H' (2) |[do< —K (2.3)
bl — 2
0 1-r

This result is known [6] and, for k=2, we obtain Pommerenke's result [7]
for functions of positive real parts.
Lemma 2.3

Let S. be univalent in E., Then:

1
(i) there exists a z; with ]zll =r such that for all z, |z| =r
2r2
|z-zl||Sl(z)|< 7 see [8] (2.4)
~ 1-r
and
(i1) ——L-2- <ls (2)]< —i—z see [9] (2.5)
(1+r) (1-1r)
Definition 2.1.
o]

Let f be analytic in E and be given by f(z) = z+ I anzn. Then the
qth Hankel determinant of f is defined for qil, n>1 E;Z

a_ a i """"an+q—l
a?+l et
H (n) =] . . 2.6
q . . : (2.6)
S R KEEE L S PP
Definition 2.2.
Let 2y be a non-zero complex number. Then, with Ao(n,zl,f) =a;
o
£(z) = z+ 1 anzn, we define for j>1,
n=2
Aj(n,zl,f) = Aj_l(n,zl,f) - Aj_l(n+1,z1,f) (2.7)

Lemma 2.4
Let f be analytic in E and let the Hankel determinant of f be defined

by (2.6). Then, writing Aj=Aj(n’zl’f)’ we have

Azq_z(n) AZq—3(n+1) Aq_l(n+q—1)
A2q+3(n+l) A2q—6(n+2) Aq_z(n+q)
H (n) = . (2.8)
! .
Aq_l(n+q-l) Aq-z(“+Q) e Ao(n+2q—3)
Lemma 2.5
= D
With z, = oy A0 and viO any integer,
k
h] i Y (v-(k-1)n) ) ,
A.(n+v,z ,2z£') = T (3) b,_, (n+v+k,y, £
3 1 k=0 & (a+1)¥ i-k

Lemmas 2.4 and 2.5 are due to Noonan and Thomas [10].
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Lemma 2.6 [11].

Let N and D be anlytic in E, N(0)=D(0) and D maps E onto many shee—
ted region which is starlike with respect to the origin. Then Re (z) >0

D') )
N(z)
D(z)

3. MAIN RESULTS,

implies Re >0.

THEOREM 3.1: Let fEBk(B); k>2, 0<B<1. Then
1-8 1 B(l;' + D
L _(f)<C(k,B) M (r) () , where
r = l-r
C(k,B) is a constant depending on k,R8 only. Lr(f) denotes the length of
the closed curve f(|z|=r<l) and M(r) = max | £(2) |
lz|=x

PROOF: We have

27
L_(f) J |z£'(2) |de, z=ret®
t 0

2m 1-8
= J | £ (z)gB(z)h(z)lde, using (1.5), where gng and
0 Re h(z)>0.

A

_ 27
ul7B(r) J le8(2) h(z)|de
0

A

27 r
MI_B(t) J [ IBg'(z)gB-l(z)h(z)+gB(z)h'(z)|drd6.
0 0

1- (2T r
< u B {Jo J, £ 1—;‘7-:—;—— g2 (z)h(z) |dran

2w r 8
+ J INERSENGIELILY
o Jo

2T r 21 r
- Ml—B(t){J | §|a(z)g3(z)h(z)|drde+J J 1168 (2)zn" (2) larad)
0’0 0 0

'(z)

where ig?zy— = H(z) is defined as in Lemma 2.2

Using Lemma 2.1, Lemma 2.3 (ii), Schwarz inequality and then Lemma 2.2 for

both general and special cases (k>2, k=2) , we have

B(—+ 1

1-
L (0)<c e, M () (72 .

0<B<1, Cc(k,B) is a constant
depending on k,B8 only.

Corollary 3.1

- 2
For k=2, feB(B) and Lr(f)ip(B)M 8

THEOREM 3.2. o

n
Let feBk(B), 0<B<1, kzZ and f£(z) = z + niz a z . Then for ni2

k
B(+ + 1)-1
la_l< ¢, B 0on " Fa- Hua 2 ,

Cl(B,k) is a constant depending only upon k and 8 .
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PROOF:Since, with z=rele, Cauchy's theorem gives

2m .
na = 1 J zf'(z)e—lnede,
2mr 0
then
2m
nla_l< 1 J lz£'(z)[d6 = lr;Lr(f)
2Tr 0 2Tr
Using theorem 3.1 and putting r=1 - % , we obtain the required result.

Corollary 3.2

When B=1,f€T  and from theorem 3.2 we have

k
la_l<a(x)n®/?2

This result was proved in [6].

Corollary 3.3
For k=2, feB(B) and

» A(k) being a constant depending on k only.

1-8 B-1

Ian|_<_A1(B) MU (1- %).n2 , n>2.

THEOREM 3.3.

Let f be as defined in theorem 3.2. Then, for n>2, k> % - 2,
k
B(z + 1)-2
_ 1-8 1 2
la i l=la Il = oM " 1- 2).n
where 0(1) depends only on k and B,
PROOF:For zlsE, n>2 and z=reie€E, we have
1 2m
- <2t - '
|(n+l)zl|an+1| nlanll_ n+lJ | 2 z Il 2£7(2) 140
2Tr 0
2 88
=L J | z-2 Ilf(z)l g (z)h(z)|d®, where we have
2Trrn+1 1

used (1.5).
Taking M(r)=max f(z) , and using (2.1) (2.4) and (2.5), we have

x|=r
I(n+l)zl[an+1|—n|an|L§;——;:T— T . 5 [ |Sl(2)| |h(zﬂd9,
mr 1-r 0

where S1 is a starlike function.

Schwarz inequality, together with Lemma 2.2 (k=2) and subordination for

starlike functions [12] yields

2m .k
k-2 B(5 + 1)-2
1-et B , 2 2 2
M r) 4 4 2r r y 1+3r" %
[(n+1)z, |a_, |-n|a_ || < ==~ ( —- d6) . (21 —=-)
1 n+l n —'21rrn+1 r 1—r2 |l—reie|B<k+2) 4 l—r2
0
k
1-8 1 Be+ -l
Cl,BM T(n) 3P R
where C(k,B) is a constant depending only on k and B. Choosing |zl| =r = —n—}I,

we obtain the required result.



84 K. I. NOOR and S. A. AL-BANY

Corollary 3.4
If B=1, f€T, and we obtain a known [6] result, for k>3,

k K
5 -1
lla_. - l-la_Il = 0(1).n°
n+l n

We now proceed to study the Hankel determinant problem for the class
Bk(B).
THEOREM 3.4.

Let fEBk(B) , 0<B<1, k>2 and let the Hankel determinant Hq(n) of f be
defined as in definition 2. Then

B(% + 1)-1, q=1

Hq(n)=0(1>nl'3<r) n -
B (
n

[N

2
+ 1) q-q s a2, k>§%:§ -2

PROOF: Since fEBk(B), we can write

267(2) = £27P(2) gP(2an(a), Re n(2)>0, geR .

6

i
Let F(z)=zf'(z). Then for i>1, z, any non-zero complex number and z=re ,

consider A (n,zl,F) as defined by (2.7). Then

k|
2m
-1 _ ] -i(n+j)0
IAj(n’zl,F),- Zﬂr“+j| (z Zl) F(z)e de,
(]
2m
1 3 g1-8 B
= om0t |z—21| | £ (z)g"(z) h(z)|de
0
27
1-8
M
= annégl lz-zlljlss(z)llh(z)|de

0
Using (2.1), (2.4) and (2.5), we have

2m

k-2 k 1
1-8 ssh 2 sk + -
I R - e o R o L B N G T |h(z) |48
2mr 1-r
0

Schwarz inequality together with subordination for starlike functions
[12] and (2.2) gives us, for B(% + %) - j>0,

k
1 )B(E + 1)-3

18, (a2 0 e, 8,0 P (o) (5 ,

where C(k,B,j) is a constant which depends upon_k, B and j only.

Applying lemma 2.5 and putting z,= (—%T)e n , (n*®), r=1 - l, we have
4 n n
for k->——31 -2
16 18 B(% + 1)-3-1
Aj(n»e ,£)=0(1)M (r) n ’

where 0(1) depends on k,B and j only.
We now estimate the rate of growth of Hq(n)

For q=1, Hq(n) = En = Ao(n) and



BAZILEVIC FUNCTIONS 85

k
1-B B(E—+ 1)-1
n

Hq(n) = 0(1)M ™ , q=1

For q22, we use the Remark due to Noonan and Thomas in [10] and we have
2
1-8 8(12(' + 1)q-q
Ho(m) = 01 " (r)n > 9422,  0<B<1,
and kz_B(e-l) - 2. This completes the proof.
Corollary 3.5
~=-0--ary 3.0

When B=1, fETk and

nk/Z, q=1

H =0 k 2

g(M=0D) (5 + ag-q
n » 922, k>8q-10-

This result is known [13].

Definition 3.1

A function f is called Oa-convex if, for a>0,

- zf ' (2) (zf'(z))"
Re {(1-a) ~??;T~ -—~F—F~T——}> 0, zeE.
‘'We now prove the following
THEOREM 3.5,
Let feBk(B), k>2 and B>l. Then f is % - convex for |z|<ro, where
1 2 2
Yo = 35 [(kp+2)- J(kg+2)?-4p?) (3.1)

PROOF:Since féBk(B), we have
2£'(2) = £27B () 6B () n(ay; Reh(2)>0, geR,, from which it follows that

1 (zf'(z))" + (1- %) zf'(z) - 2zg'(z) + 1 zh'(z)

B8 £'(z) f(z) g(z) B h(z) ° (8>1)
Thus (o) ' (2)
' 1 £'(z) zg'(z 1,2
Re [ i + - 5 B ame St - G

implies Ger, we have from a known result [14],
2
zg'(z) _ Re (zG'(z))' _l-kr+r® , (3.2)

Re g(z) C'(z) Z 1-r2

t
and for functions h of positive real part, it is known [15] tha

Since zG'=g€Rk

Izh (z)
h(z)

< (3.3)

2
-r

Using (3.2) and (3.3), we have

1 (zf'(z))" + (1- l) zf((z)] 5. B(l-kr+r ) 2r ,

Re I3 7 F7(2) B TE(2) I g 117

and this gives us the requaired result.

Corollar 6

(1) For k=2, B>1, feB(B) 1is

- convex for |z|<r1 B8

w|
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(ii) B= 1 implies feTk and it is convex for [zf<r2 = % [ (x+2)- Advar 1.
This result is known, see [6].

(iii) When k=2, and B=1, feK and it is convex for |z|<2-/3.
THEOREM 3.6.

Let GeRk, kiZ. Let, for B any positve integer, é = 2,3,...,n be
defined as
1
z 5" 2 B
h(z) = J t G (t) dt
0
Then h is (% - 1 +B) - valently starlike for ]z]<ro, where
= Lo a2
Ty < 2(k Yk“=-4) (3.4)
(zh'(2))' _ 1 _ 2G' (2)
PROOF : h'(z) ((1 1) +8 G(z)
A
Since GeRy, it is known [16] that Re zg >0 for ]z]<r0 = %(k— Jk-4).

Hence h is convex and thus starlike in ]z]<ro. The (% - 148) valency

follows from the argument principle.
THEOREM 3.7.

Let GeRk, kiz and

1- Lz L,
By =1, O‘J ¢

(6]
theorem 3.6. Then g is starlike for |z|< r

R =

GB(t)dt, where oo and B are defined as in

0’ where r, is given by (3.4).

PROQF :
e L. - lGB(Z)
(1 -~ —1-) J e GB(t)d: + 2% . N(2)
sii'%l e - D (z)
g(z

1
re tE - 268 eyt

1 2
¥ V4 t t t ic i = -1 - va]ently statlike for
where D( ) B &0 G ( )d K wh h s (8+ )

heorem 3.6.
{z\<r0, T, given by (3.4) from theo

Now

N'(z) _ o 26'(2)
7 - F e
i .4), we have
and , for ‘z‘<r0, L given by (3.4)

N'(z) _ 26'(z) ince GeR, .

it follows that
Thus, using lemma 2.6, for lzl< Ty

oof.
8 Rez(‘§2) = Re gii% >0, and this completes the pr
g (z

Corollary 3.7 ' )
(1) For k=2 g=1, we obtain Bernardi's result [17]
FLy

a=1/2, we obtain a result proved in [181.
- )

or starlike functions.

(ii)Also, for k=2,
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THEOREM 3.8.

Let FeBk(B) » Zz€E and let
z

B 1 1-1/a (1/a)-2_8
f (z) = 5z t F (t) dt, o and B defined (3.5) as in theorem

0
3.6. Then fEB(B) for |z|<r0,r° is given by (3.4).

PROOF:Let GSRk and let g be defined as in theorem 3.7. Then g is starlike
for lz|<r0, where r, is given by (3.4).

Now, from (3.5), we obtain

z 1_, 1
. (1- é)J e FPoyae + 2° ® (2)
g 2 z _ 0 - N(z)
OTRG = 1., b=y
[ [e G (t)dt

z 1 Jo
= -2
where D(z) = ¢ 8 1
z t G (t)dt is (B+ o ~1) valently starlike for
0

sz<r0. Also

N'(z) _ 4 2F'(2)
D )"B ;

( >
¥ = 0, since FEB, (B).
(z F1 B(z)GB(z) k

Thus , using lemma 2.6, we obtain the desired result that f€B(B) for
Izl<ro, where r, is given by (3.4).

Corollary 3.8.
(i) For k=2, FeB(B) , ze€E and it follows from theorem 3.8 that feB(B) for

|z]<1.
(ii) For k=2, B=1 implies FeK and from theorem 3.8 it follows that f also
belongs to K for Iz] <1l.

(iii) Let B=1, then FeT

to-convex for |z|< T

K’ and it follows from theorem 3.8 that f is close-~
0’ given by (3.4). This is a generalization of a re-~
sult proved in [13] for a= 7
THEOREM. 3.9

i6

Let feBk(B). Then for z=re , 0<8 <92i2n, f(z) # 0, £'(z)#0 in E and

1

0<r<l, we have

®,

(z£'(z))’ zf' (z) 1
Re{'~—?77;%——‘* (8-1) ”?TiT_} de>- Sgkm.

o

PROOF: Sine feBk(B) we can write

zf'(z) = fl-B(z) SB(Z)h(Z)’ Re h(z)>0, 8ER, .

- 1178288 (2)n (2),  where n(2)=nf(2), Re n (2)> 0

= fl'B(z)(zT'(z))B , where TeTk.

Therefore,

(z£'(2))" zf'(z) _, (2T'(z))"
f'(z) + (B-1) f(z) B T'(z) . (3.5)
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Using a known result [6] for the class Tk’ we have by integrating both sides

of (3.5) between 61, 62, 0<61<9252ﬂ
6,
(zf'(2))" _ z2f'(z) _ B
. Rel-Zrity™— + (B-1) Zpry— ) de2- 5 k.
1

The

following theorem shows the relationship between the classes Bk(B) and

B(B). More precisely it gives the necessary condition for feBk(B) to be

univalent.
THEOREM 3.10

Let fEBk(B)- Then f is univalent if kui% , where 0<BZ1.

PROOF:The proof follows immediately from Theorem 3.9 and the result of
Sheil-Small [19].

1.

9.
10.

11.

12,

13.

14.

15.

16.

17.

18.
19.
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