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ABSTRACT. Initial and final value Abelian theorems for the Whittaker transform of
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1. INTRODUCTION.

Abelian theorems for the Whittaker transform of functions and of distributions
are obtained as the complex variable of the transform approaches O or « in absolute
value inside a wedge region in the right half plane. The setting for these Abelian
theorems is motivated by the initial and final value results of Doetsch [1, sections
33 and 34] for the Laplace transform of which the Whittaker transform is a generali-
zation. Our results here generalize Abelian theorems previously obtained by Zemanian
[2, sections 8.6 and 8.7], Akhaury [3-4], Moharir and Saxena [5], and Tiwari and Ko
[6] in the generality of the transform variable being in a wedge and in the generality
of the parameters.

2. THE WHITTAKER FUNCTION.

Let k = kl+ik2 and m = m1+im2 be complex parameters which satisfy
(ml—kl+(1/2)) > 0. Let s be a complex variable with s € ¢> ={s = sl+is2 e ¢: s > 0}.
For s € £, the Whittaker function Wk,m(s) (Erdélyi et al [T, (2), p. 264]) is given by

e-s/2 sm.+(l/2) su up_k-(l/e) (l+u)m+k_(l/2) au . (2.1)

¥en'®) = Tlamweaen o
Let p be a positive real parameter. For K > O being a fixed real number put
PK ={s = sl+132 e ¢: 51 > 0 and |52| g_Ksl}; PK is a wedge in the right half plane
¢, . Using (2.1) with the gamma function taken to the left of the equality and estimate
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analysis on the exponentials and powers as in Carmichael and Hayashi [8, Lemma 2.2,
p. 70] and Carmichael and Hayashi [8, proofs of Theorems 3.1 and 3.2], we have the
following important estimate for this paper:
(em 41 I(m -k, +(1/2))

exP(ﬁ| ’/Z)TTTETEFTE7§77T" (Ps 1) s

s € PK , t > 0.

W, plest)] < (1+2)
(2.2)

3. THE WHITTAKER TRANSFORM FOR FUNCTIONS.
Let k,m, and r be complex parameters, and let p and g be real parameters. Let s

be a complex variable. The function

o s) = E (s6)7~2/2) xp(—qst/2) W a(pst) £(t) a (3.1)

is the Whittaker transform of the function f(t) where W (pst) is the Whittaker
function. The general Whittaker transform defined in (3 l) was first considered by
Srivastava [9] for certain values of the parameters and variable which depend upon the
order of growth of f£(t).
In this section we prove initial and final value Abelian theorems for the

‘Whittaker transform defined in (3.1). For this purpose we now place conditions on
the parameters and variable noted above; these restrictions will hold throughout the
remainder of this section. The complex parameters k,m, and r satisfy
Re(m-k+(1/2)) > 0 and Re(r) > Re(m) > 0 with Re(r) > (1/2). The real parameters p and
q are positive. The complex variable s is in ¢>, that is Re(s) > 0.

We now state and prove an initial value Abelian theorem.

THEOREM 3.1. Let n = n +in, be complex with Re(n) = n, > (-1). Let
f(t), O <t < =, be a complex valued function such that there is a real number c > O
for which (e-Ct f(t)) is absolutely integrable over 0 < t < ® and such that (£(t) /M)
is bounded on 0 < t < y for all y > 0. Let the Whittaker transform Fizg’r(s) of #(t)

exist for s € ¢>. If there is a complex number a for which

eim £(t) (3.2)

—_— =aQ

t+0+ tn

then for each fixed K > O

Lim gL pkom (s)
[ 5]+ P>q,r .

se P A(n,k,m,p,0,7) (3.3)

where
pm*(l/g) T (n+m+r+l) T(n+r-m+l)

((p+a) /2)" T 1 (ner-x+(3/2))

A(n,k,m,p,q,r) =

2Fl[n+m+r+l,m-k+(l/2) sntr-k+(3/2); g;g. ],

PROOF. Using Erdélyi et al [10, (16), p. 216] we have

r " (56)7(172) exp(gst/2) W o(pst) dt = s Aln,k,m,p,q,r). (3.4)
0 >
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From (3.1) and (3.4) we obtain

n+l m
[ s Fg:q’r(S) - a Aln,k,m,p,q,r) | =

=] "™ I: (s0)7"(172) p(qst/2) W a(pst) (2(t)-at") at | (3.5)

A
(=)

145

where

y
I = [sN*E Io (s6)71/2) i gst/2) Wy n(pst) (£(t)=at") at |

(3.6)

(]
J

5 = |sn+l [ (st)r-(l/z) exp(-gst/2) Wy m(pst) (£(t)=at") at |
y b

for y > 0 arbitrary for the moment. For s € PK we use the boundedness hypothesis on

(£(£)/tM), (2.2), and estimates as in obtaining (2.2) to obtain

y
1 =] ™ j N (60)772) exp(cgst/2) W_(pst) ((£(t)/tM)a) at]
0 9
. g2 T2 (3.7)

exp(n(|n,|+[m,+]r,])/2)

cup nl+l F(ml—kl+(l/2))
0<t <y [(£(6)/tN)=al| 59

[T(m - x +(1/2))]

y oy r,-(1/2) )
jo t 7 (sqt) exp(-gs, t/2) W

1’m1(

The integrand in the integral of this last estimate is positive valued for t > O for the

pslt) dt.

variable 5, > 0 and the parameters nl,p,q,kl,ml, and ry. We thus replace the integral
in the last estimate in (3.7) by an integral over 0 < t < = and use (3.4) for the

varisble s, > 0 and the parameters n,sP>q5k,5m 5 and r.; by so doing the estimate (3.7T)
can be continued as

(n,+m +r_+1)/2
5o @) U epntingl gl iz, 0/2) (
3.8)
P(ml-kl+(l/2)) su
Ay sk, m sppasry) — 2 2 Y (e(e)/tM) - |
Ny 2%y oM 5P Q5T T (1/20)] o<ty

and this bound is independent of s € PK and holds for each fixed y > 0. We now consider

. -ct :
I, given in (3.6). By hypothesis there is a real number c > O for which (e Ct p(t)) is

absolutely integrable over 0 < t < «. Putting et into I, and using (2.2) and esti-

mates for s € PK we have
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I, = | gt r (st)r'(l/z) exp(-(gs~2c)t/2) W m(pst)(e'm“(f(t)-mtn)) at|
y E]

n,+l P(ml—kl+(l/2))

(n +nL‘L+r +1)/2
< (%) 1 ! (n(Ing | +|my | +] 75 )/2)
< exp(n(|n,|+|m,|+| x| 1 [T (m-k+(1/2))|

(3.9)

ky oty

-(1/2)
r (alt)rl exp(-(qel-Zc)t/Z) W (pslt) | e-Ct(f(t)-atn) | at.
Y

In this theorem we desire to prove (3.3) as |s| + =, s ¢ Pe. As |s| + =, s € Py, then

necessarily 5, = Re(s) - ». Thus we now assume without loss of generality that

s, = Re(s) > (2c/q) in the remainder of this proof for the fixed ¢ > 0 and q > 0; and

for such s, = Re(s) we know that
exp(-(gs;-2¢)t/2) <1, t 2 0. (3.10)
As t + @ then (palt)w here since p > 0 and s, > 0. From properties of W (pslt)

ko,

1™
(Whittaker and Watson [11l, Chapter 16]) including the growth at © (see also Tiwari and
Ko [6, line 2+, p. 351]) we have that

rl-(l/2)
W, (pslt) ] is positive, finite valued, and continuous as a

kyomy

function of t on y < t < @ and

[ (ps;t)

wn o) 0 e
im (ps,t W ps.t) = 0;
tram L kpomy UL
rl-(1/2)
thus [(pslt) Wkl’ml(pslt)] attains its maximum at some point t = tsl
depending on s, such that y <t < . Using this fact end (3.10) we continue (3.9) as
1
(ny+m +r +1)/2
1 1
1, < (14°) exp(m(|ny | +|my | +|2,] )/2)
I'(m, -k, +(1/2)) . n,+1 IJ-rl-t-(llz') (po.t )rl-(l/z) . (oot )
[T(m - k +(1/2))] * 1 kysmy T l7sy

r | e™®% (£(t) - ath) | dt
0 (3.11)

(nl+1n1+rl+l )/2

< (14) exp(n(|n,| +|m,|+|x,])/2)
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I'(m -k, +(1/2)) -r,;+(1/2) an,=1 n,+r,+(1/2)
(py) 1 (ps,t
|T(m - k +(1/2))] 8,
—ct
wkl’ml(psltsl) f: [e™%(£(t) - at") | at

where the last inequality is obtained from the fact that y < ts < @ and nl-o-l > 0. For
1

n, = Re(n) > (-1) we have (tne'Ct) is absolutely .integrable over 0 < t < ®; this com-
bined with the assumption in this theorem that (e-th(t)) is absolutely integrable over
0 <t < » yield that the integral in the estimate (3.11) is finite. From the hypothesis
(3.2) and the estimate (3.8), which is independent of s € PK’ given €/2 we can choose

y > 0 small enough so that Il < €/2. We now fix this y > 0 and it depends only on

€ > 0. As noted above, as |s| > + », s € PK’ then necessarily 5 = Re(s) + + =, and as

this happens (pslts ) > +® gince p > 0 is fixed and y < t, < . Using the growth
1 1

property at ©® of the Whittaker function Wk m]_’ (3.11) shows that I2 can be made
l’

smaller than €/2 if |s| is chosen large enough, s € P+ Combining these facts with
(3.5) yields the desired conclusion (3.3). The proof is complete.

As an example for which Theorem 3.1 is applicable, let f(t) = t/(l+t2), n=l, c=1,
and a=l. Another example is obtained if we take f(t) = t2/(1+t2), n = 1+4i, c=1, and
a=0.

We now obtain a final value Abelian theorem for the Whittaker transform of
functions.

THEOREM 3.2. Let n =n, +in, withn, > (-1). Let f(t), 0 <t < =, be a complex
valued function such that there is a real number ¢ > 0 for which (e-Ct £(t)) is abso-
lutely integrable over 0 < t < « and such that (f(t)/tn) is bounded on y < t < @ for all
y > 0. Let the Whittaker transform Fl;:z,r(s) of f(t) exist for s € ¢>. If there is a
complex number a for which

£(t)

Lim = a (3.12)

40
> N

then for each fixed K >0

Lim gt gEom (s)
ISI'*O Psq,r

s € PK A(n,k,m,P,Q.r)

= q. (3.13)

PROOF. Using (3.4) and arguing as in (3.5) we have

|s ml Fk’m

poq,rts) = o Mnkm,p,a,r) | <I, + I, (3.14)

where Il and 12 are defined in (3.6) for y > 0 arbitrary. Let K > 0 be arbitrary but
fixed and s g Pg+ Using the boundedness hypothesis on (£()/t"), (2.2), and analysis
as in (3.7) and (3.8) we have
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(n +r_+1)/2
I, 5_(1+K2) 1M exP(w(|n2|+|m2|+|r2|)/2)
(3.15)
F(ml—kl+(l/2))
A(n >k, ,m ,p,q,T ) up (f(t)/tn) —G.I ]
1 l]I’(m—k+(l/2))|[t2y |

and the right side of (3.15) is independent of s € Pe. We now consider Il in (3.6).
For the real number c > O in the hypothesis we argue as in (3.9) and obtain

(n 4m +r_+1)/2
I < (14) N exp(n(|n,|+|m,|+|r,])/2)
I'(m, -k, +(1/2)) (3.16)
-r;#(1/2)  n+1 T
P 1 IT(m - k +(1/2))]
v r,-(1/2) et n
Jo (ps,t) exp(~(as,-2¢)t/2) Wkl,ml(pslt) [e™*(£(t)—at")| at
r.-(1/2) -r,+(1/2)
where we have put p into the right side and hence have also put p

there. The desired conclusion (3.13) in this theorem is to be obtained as

Isl + 0, s € PK; as |s| + 0, s € PK’ then necessarily s, = Re(s) + 0 +; we thus may
assume without loss of generality here that 0 < 5 < (1/p) for the fixed parameter
p>0. Ast -+ 0+, 0< pslt < t + 0+ for all 5, < (1/p); by the growth condition at
0 in Tiwari and Ko [6, line L¥, p. 351] or Whittaker and Watson [1l, Chapter 16] we

can choose constants M and T such that

| Wkl,ml(Pslt) | = Wkl’ml(pslt) <M (pslt)(l/g)-ml,
(3.17)
O<pst<t<T<y,s < (1/p);

here M is independent of 8 < (1/p) and of t < T and of pslt <t <Tand T is indepen-
dent of s; < (1/p). Returning to (3.16) and using (3.17) and the fact that
exp(-qslt/2) <1, t > 0, we have

(nl+m1+rl+1)/2

—rl+(l/2) v

I < (1) exp(n([n,|+|m,[+|x,[)/2) p

(3.18)

n,+1 T(ml-k +(1/2)) r. -
5, 1 [M (ps¥) 1™ r le™® (£(t) - at") | at
IT(m - k +(1/2))] 0

-ct

v r.-(1/2)
+ J (pslt) 1

. Wkl,ml(Pslt) [ €™ (£(t) - at™) |at ].
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In (3.18), as in (3.11), we have
r | e (£(t) - at") | at < =
4]

- . -ct .
(e ct £(t)) is absolutely integrable over 0 < t < © by assumption and (e t") is

absolutely integrable over O < t < « since ¢ > 0 and Re(n) > (-1). Now

r.-(1/2)
(ps.t) 1 W, (ps,t)| is a continuous function of t on the closed bounded
1 kl’ml 1

interval T < t <y for each fixed s 0 < 51 < (1/p); hence this product attains its

15
maximum on T < t < y at a point tg depending on s, < (1/p). Continuing (3.18) we
1

then have

(n,+m +r +1)/2 -r +(1/2)
N TR P I

I < (146°)

(3.19)

n.+1 T(m -k +(1/2)) r -m r -(1/2)
ey s1 1 1T [M (psly) 1L, (psltsl) 1 ml(pslt )]

[T(m - kx +(1/2))]

r le % (2(t) - at™) | at.
0

The estimate (3.19) holds for all s 0 < s) < (1/p). The constants c,K, and M are
1’ 0 < sl < (l/p), as are all of the parameters p, k = kl + ik2,
m = m1 + im2, r = rl + ir2 and n = nl + in2 and the yet to be chosen constant y > O.

= Re(s) > 0+. Recall that T <t <y for
1

independent of s

Again as |s| +> 0, s € PK’ then sl

0 < s) < (1/p) in (3.19) and T is independent of s
ony > 0. (Recall (3.17).) As s

10 0 <8y < (1/p), but dependent

- O+ then 0 < ps ts < ps,y > O0+. Thus as
1

1 1 iR

|s| ~ 0, se Py, the growth condition Tiwari and Ko [6, line W, p. 351] and

Whittaker and Watson [11l, Chapter 16] applied to Wk ml(psltS ) yields constants M'
1° 1

and T' which are independent of sy such that

| w (1/2)—m1,

(ps;tg ) | = (ps;t )s_M' (psltsl)

kml 1"&

(3.20)

<
0 pslts

<psy <T',
N 1

for 0 < | < (1/p). Using (3.20) in (3.19) and combining the resulting estimate on
Il with the estimate (3.15) on 12, the proof can be completed similarly as in the
proof of Theorem 3.1.

Examples of the applicability of Theorem 3.2 similar to those after the proof

of Theorem 3.1 for Theorem 3.1 can be constructed by the reader.
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L, THE WHITTAKER TRANSFORM FOR DISTRIBUTIONS.

We construct a Whittaker transform for distributions as in Pathak [12]. We
define the differential ?perators Da’ a=0,1,2, ... , as in Pathak [12, (3), p. 4];
the seminorms Yy & = 0,1,2, ... , and the test functions Va(O,m) are given in
Pathak [12, p. 6].

LEMMA L4L.1. Let s # O and Re(s) > (a/p). Let Re(m) > 0. We have

((s0)™(2) exp(pst/2) W, _(pst)) € V_(0,2) as & function of t & (0,%).

PROOF. The proof is b§ Pathak [12, Lemma 1, p. 6]. Nothing different is intro-
duced by having p > 0 in the exponential term and in W (pst) here.

Let V (0,) denote the space of generalized functlons defined on V, (0,°) (Pathak
[12, p. 6]) Let UeV (0 ,©). Let o have the meaning given in Pathak [12, p- 1)

U
that is Ue V_ (0 ,©) for each a > %Y and U ¢ V (0 ,2) for any a < GU Because of
Lemma 4.1 we can form
WPOTe) = <u,, (s6)™ (M2 exp(opst/2) W (pst)>, s € 2 (4.1)
p k,m 8)

e = < Arg(s) < ﬁ} and Re(m) > 0. We call WTk’m[U s]
the dlstrlbutlonal Whittaker transform of U € V (0 ,2); by Pathak [12, Theorem 1, p. 8]
WTkg [U3s] is an analytic function of s in QU

The set of seminorms {y }, a =0,1,2, ... , which defines and generates the

where Q = {s:s#0, Re(s) > @

topology of V, (0,°) is a multinorm in the sense of Zemanian [13, p. 8] as noted in
Pathak [12, p. 6], here Y, is a norm. Thus the hypotheses of Zemanian [13, Theorem

1.8-1, p. 18] are satisfied; by this result, given U € V (0 ©) there exist a positive

constant C and a nonnegative integer N, which depend only on U, such that

F<uso>]cc o™ y7,00), 0 eV (0,). (b.2)

We shall call the number N here the order of the generalized function U € V;(O;n).

We obtain Abelian theorems for the distributional Whittaker transform; in so
doing we use the results of section 3. Thus in the remainder of this section we assume
that the complex parameters k and m satisfy Re(m-k + (1/2)) > 0. By comparing the forms
(3.1) and (4.1) we see that the complex parameter r and the real parameter q of (3.1)
and section 3 are now taken to be r = m and g = p in this section. We thus must make
the restriction Re(m) > (1/2) in the remainder of this section because Re(r) was
necessarily so restricted in section 3.

To prove our initial value theorem for WTk [U3s] we need the following lemma.

LEMMA L4.2. Let Ue v (o ,@) for a > o, and let the support of U be in
T<t<w, T>0. Let s¢ P with (p Re(s)) > max {1, p O, 4a}. There are constants

K
B > 0 and Yo > 0 which are independent of s such that

m1+kl+N—(l/2)

| WTkgm[U;s] [ <B(1+s))

1 exp(—pslyo/h), s, = Re(s), (4.3)

where N is the order of U.
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PROOF. The proof of this lemma is in the spirit of that of Zemanian [2, Lemma 1,
p. 246). Choose a function A(t) € ¢” such that for any nonnegative integer & we have

(A (t))

<M, o<t <o,
-

at®

where Ma is a constant which depends only on a; 0 < A(t) < 1; A(t) =1 for T < t < @}
and the support of A(t), denoted supp()A), is contained in ¥y £ t<w, 0<yy< T.

Then by the usual proof we have <U,bp > = <U, A >, ¢ € Va(0,°°), since supp(U) € {1,2);
and the value of <U,$> = <U, A¢> is independent of the choice of A(t) satisfying the
above properties. Let Re(s) > gy With N being the order of U € V;(O,m) we apply (4.2)
and the definition Pathak [12, (12), p. 6] of the seminorms to obtain

| WTk;,m[U;S] | = | <Ug, Alt) (st)m-(llz) exp(-pst/2) e om (pst) > | <
(b.k)
0L 0n™ o< | 00 (0O wptpnt/a) i teet))]
for Re(s) > oy+ From Pathak [12, (8), p. 5] we have
a
D (£(t)) = § A, tB #B)(4), a = 0,1,2, ... , (4.5)
s} 8=0 B

where the AB are complex constants. Using (4.5), the Leibnitz rule, the boundedness
of the derivatives of A(t) (Ids_s()\(t))/dtﬁ-sli Mg g in (4.6) below), and Slater [1b,
(2.4.17), p. 25] we continue (L.4) as

| w'rk;)m[u;s] [ <

a
max sup at B
$C oty vee N O<t<wl ® BZOAst
b n-(1/2)
[A(t) (st) exp(-pst/2) W, (pst)| |
ath
max sup at & B
=Ca=0911--o oN 0<t<°°|e B=0AB t
8 ! dB"sgxgtn & m-(1/2)
Y .B' 37T 3 —— (st) exp(-pst/2) LA (pst) | |
§=0 6:(B-0): ath” at >
max sup at 2 E 81
2C 40,1, ... .N 0<t<®?® BZOIABI 6_0m Ye,8

(4.6)

)m-(l/2)-(5/2)

| £ p.m+(l/2) (1>S)5(-:L)6 (pst exp(-pst/2)
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wk+(6/2),mr(6/2)(PSt) !
_ max sup [} B '
=C _ o —_— M
=0, 1, «.. ,N 0 <t < Zc | A | szo 3T(B-0)! 8,68

p_m+(l/2)+6_3 I ISIG—B le&t (Pst)m—(l/Q)-(5/2)+B exp(-pst/2)

wk+(6/2),m—(6/2)(p8t) l .

Now recall m = Re(m) > (1/2), ( p Re(s)) > max {1, po. , ba}, and s € PK in the
hypothesis of this lemma; under these restrictions we use the growth properties of the
Whittaker function (Whittaker and Watson [11, Chapter 16] and Tiwari and Ko [6, p. 351])
and analysis as in the proof of Pathak [12, Lemma 2, pp. 7-8] to obtain a constant CB
such that

|2 (pst)m-(l/Z)—(6/2)+B exp(-pst/2) Wk+(6/2)’m_(6/2)(pst)| <

(1/2) D
+k_+N-(1/2
< Cg (1+sl)m1 . exp(-ps,t/4)

holds for t > O and all relevant values of the parameters. Now in (4.6) we notice that

-m_+(1/2)+8-8
Ip-m+(l/2)+6—B, P“’l

= . Since (p Re(s)) > max {1, poU,ha} and s € Py, the
term |s|6-s, § =0,1, ... , B, B=0,1, ... ,0, in (4.6) is bounded by a constant which
depends on § and B. Now recall that supp(A) & [yo,m) with 0 < y, < T so that the sup in
(4.4) and (L4.6) is actually taken over Yo Lt <. Hence for the values of t actually
being considered in (4.4) and (L4.6), the estimate in (L4.7) holds for Yoit < with the
term exp(—pslt/h) replaced by exp(—pslyo/h). Combining these facts with (4.7) and (L4.6)
we obtain a constant B which depends on the generalized function U and on its order N
such that the desired conclusion (L4.3) holds; the constants B and ¥, are independent of
s. The proof is complete.

We now prove an initial value Abelian theorem for the distributional Whittaker
transform where the element ? € V;(O,m) is assumed to have support in [0,®).

THEOREM L4.1. Let Ue v, (0,2) for a > %Y such that over some right neighborhood
(0, to) of zero U is a regular distribution corresponding to a complex valued function
f£(t) such that there is a real number ¢ > 0 for which (e-Ct £(t)) is absolutely inte-
0 For n = nl+in2, n, > -1, let (£(t)/t") be bounded on O < t
< y' for all y' < t . Let the Whittaker transform FoR (s)s, s € ¢>, exist for the

0 D,P,m
function which is £(t) on 0 < t < y' and which is zero on y' <t <« for all y' < t,.

grable over 0 < t < t

If there is a complex number o for which

gim £¥)

t>0+ tn

=a (1.8)
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then for each fixed K > 0

fim s"*t WTk’m[Uisl
| 8]+ P = a. (L.9)
A(n ,k,m,P;P,m)

st:PK

PROOF. We decompose U into Ul + U, where supp(Ul) c [0,T] and supp(UQ) c [T,»),

0<TK to. We now have

1S P _ k,m . k,m .
w'rkp [(Uss] = WT2P(U 58] + WTSOT [Uy3s]. (4.10)

Lemma 4.2 is applicable to WI'k;)m [U,3s] since supp(U,) € [T,=), T > 0. Recall that as
|s| + o, s € P_, then necessarily s, = Re(s) + ©. Thus by the conclusion (k4.3) of

Lemma 4.2 and the estimate

(n,+1)/2 n.+1

[sM* 5,(1+K2) 1 (sy) 1 exp(ﬂ|n2|/2) s € P,

we have

s+t WTk’m[Uz;s]
P = 0. (L.11)

s[>

€ PK A(mk,m,P,P’m)

Extend the function f(t) in the hypothesis, which is known on 0 < t < to, to
0<t<w by

ey e flt)s o<t T,

() { 0, TSt <o,
Then T(t) satisfies the hypotheses of Theorem 3.1 and WTkI’,m[Ul;s] = WTkI’)m[f'(t);s]
with this latter Whittaker transform equaling the function Whittaker transform of
#(t) defined in (3.1). Thus by Theorem 3.1

gim s wrSoR[y ;s)
5|+ pol

s € PK A(n,k,m,p,p,m)

= a. (k.12)

Combining (4.10), (L4.11), and (4.12) we have the desired result (4.9). The proof is
complete.

COROLLARY L4.1. Let Ue V;(O,w) for a > g
hood (O,to) of zero U is a regular distribution corresponding to a function f(t)

such that over some right neighbor-

which is Lebesgue integrable over 0 < t < ©. Let n = n1+in2, n, > (-1). Let
(f(t)/tn) be bounded on 0 < t < y for all y > O and let (4.8) be satisfied for some
complex number a. Then for each fixed K > 0 (L4.9) holds.
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PROOF. Since f(t) is Lebesgue integrable over 0 < t < = then (€™ £(t)) is

absolutely integrable over 0 < t < ®» for any fixed c > 0. The result thus follows
immediately by Theorem L.1.

We now proceed to obtain a final value Abelian theorem for the distributional
Whittaker transform. First we need to make some comments concerning this transform.
of a distribution of the form assumed in the final value theorem below. Let
Ue V;(O,w), a > oy with supp(U) € [to,w), ty > 0. Assume over some interval
¥y <t <®with 0 < tO < y that U is a regular distribution corresponding to a complex
valued function f(t). Then U can be decomposed as U = U, + U, with supp(Ul) < [tO,T]

and supp(UQ) € [T,®), T> y. We then have

1

w}‘};m (Uss] = wTkI;’“ (U 3s] + w'rkl;’" (Uy38]. (4.13)

From the definition (L4.1) WTk;m EU;S] is defined for s € QU in which Re(s) > Oyt
Because of the form of the U € Va (0,) assumed above and the assumptions on f(t)
in the final value Theorem 4.2 below, where we use the above decomposition, we can
take OU = 0 here, and (4.13) will be well defined in Theorem 4.2 for sy = Re(s) > 0.
Because of this we may let |s|+0, s € P, in the final value theorem below as
desired.

We now obtain a needed lemma for the final value result.

LEMMA 4.3, Let Ue 8' with supp(U) € [t,T], 0 < t) < T <= Let
n= nl +in2 with nl > -1. For each fixed K > 0

2im
ls|]=0 "™ WTk;m [u;s] = 0. (4.14)

s € PK

PROOF. The distributional Whitteker transform

1 P -~
WTkgm [uss] of U e E: exists for Re(s) > 0. By Schwartz [15, Théoreme, p. 91]

N
u= 3 a* (g, (t))
a=0 dta

for some nonnegative integer N, the order of U, where the ga(t), o = 0,1, ... ,N,
are continuous functions with support in an arbitrary neighborhood [to -€, T +€],
€ > 0, of [to, T]. Since € > 0 is arbitrary we assume here that to - € > 0. Using
distributional differentation and the calculation Slater [1k, (2.4.17), p. 25] we

have

WT*‘I;“‘ [Uss] =

N T+€ o
=) (- f g, (t) ¢ [ (56)21/2) oyp(-pst/2) W, n(pst) ] at
a=0 to' e dtU.
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(4.15)
N T+€
-m+(1/2 - 2)- 2
=1t [ g ) (e () perym(1/2)-(0/2)
a=0 t-€
0
exp(-pst/2) wk+(a/2),m—(a/2)(PSt) dt.
Now each ga(t) is continuous on tO - € <t <T+E€ ; hence
]ga(t)lf_Ma, ty- € St<T+E€ ,a=0,1,...,N (4.16)
for constants Ma’ a = 0,1, ... ,N. For each a = 0,1, ... ,N we have
(n,+1+a)/2 n,+1l+o
|Sn+l+a| S_(1+K2) 1 exp(ﬂ|n2|/2) sy 1 > s€P,mn = Re(n) > -1. (k.17)

Using analysis like that in obtaining the estimate (4.7) in the proof of Lemma L.2

we have
| (pst)m(1/2)=(a/2) i ciro) Wk+(a/2),m—(a/2)(p5t)l .
(4.18)
+k.-(1/2)
<C (l+sl)m1 1 exp(—pslt/h)
for constants Ca with oo = 0,1, ... ,N and s € PK' Again recall that as

|s]+ 0, s e PK’ then necessarily ) = Re(s) - 0 +. Thus by combining (4.15), (4.16),
(4.17), and (L4.18) we obtain (4.14) and the proof is complete.

We now obtain a final value Abelian theorem for the distributional Whittaker
transform.

THEOREM L.2. Let Ue v;(o,oo), a > oy, with supp(U) € [tys®)s ty > 0. Over some
interval y < t < o, 0 < to <y, let U be a regular distribution corresponding to a
complex valued function f(t) for which there is a real number ¢ > 0 such that
(e-Ct £(t)) is absolutely integrable over y < t < ®. For n = ny + in2, ny > (-1),
let £(t)/t" be bounded on y' <t <« for all y' > y; and assume that

I
p,p,m
zero on 0 < t < y' for all y' > y. If there is a complex number a for which

(s), s e ¢>, exists for the function which is f(t) on y' < t < © and which is

: £(t)
fim _
400 n_ e (k.19)
t
then for each fixed K > 0
n+l k,m .
%im vl [Uss]
|s]+0 =a. (4.20)

S € PK A(TI’k,m’p’P’m)
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PROOF. Decompose U into U = U, + U, with supp(Ul) = [tO,T] and
supp(Ue) € [(t,»), T >y, as in the paragraph above which contains equation (k.13);
and by the discussion in that paragraph, (4.13) holds for s; = Re(s) > 0. Let the
function f(t) in the hypothesis, which is known on y < t < «, be extended to
0 <t <>by
Hv) = {?‘(t): 15t e

Then f(t) satisfies the hypotheses of Theorem 3.2. Now WT ;m [U2;s] = WTkl’)m [F(t);s]

with this latter Whittaker transform equaling the function Whittaker transform of F(t)
defined in (3.1). Thus the conclusion (4.20) follows from (L4.13), Lemma 4.3, and
Theorem 3.2. The proof is complete.

In future work we hope to extend the Abelian theorems of Joshi and Saxena [16]
and Malgonde and Saxena [17] for the H-transform to the general setting that the
complex variable of the transform approaches 0 or ® inside a wedge region in the right
half plane and for more general parameters, To do so we will need to use the proper-
ties of the H-function as in Srivastava et al [18]. Analysis which is associated with
that in this paper and with the corresponding H-transform problem is contained in
Sinha [19] and Joshi and Saxena [20]. The Meijer transform is studied in Pathak [21]
which we note here because of the similarity of the Meijer and Whittaker transforms.
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