COMPACTNESS IN INTUITIONISTIC FUZZY
TOPOLOGICAL SPACES

A. A. RAMADAN, S. E. ABBAS, AND A. A. ABD EL-LATIF

Received 4 April 2004 and in revised form 17 September 2004

We introduce fuzzy almost continuous mapping, fuzzy weakly continuous mapping,
fuzzy compactness, fuzzy almost compactness, and fuzzy near compactness in intuition-
istic fuzzy topological space in view of the definition of Sostak, and study some of their
properties. Also, we investigate the behavior of fuzzy compactness under several types of
fuzzy continuous mappings.

1. Introduction and preliminaries

The concept of a fuzzy set was introduced by Zadeh [13], and later Chang [3] defined
fuzzy topological spaces. These spaces and their generalizations are later studied by several
authors, one of which, developed by Sostak [11, 12], used the idea of degree of openness.
This type of generalization of fuzzy topological spaces was later rephrased by Chattopad-
hyay et al. [4], and by Ramadan [10].

In 1983, Atanassov introduced the concept of “Intuitionistic fuzzy set” [1, 2]. Using
this type of generalized fuzzy set, Coker [5, 8] defined “Intuitionistic fuzzy topological
spaces.”

In 1996, Coker and Demirci [7] introduced the basic definitions and properties of
intuitionistic fuzzy topological spaces in Sostak’s sense, which is a generalized form of
“fuzzy topological spaces” developed by Sostak [11, 12].

In this paper, we introduce the follwing concepts: fuzzy almost continuous mapping,
fuzzy weakly continuous mapping, fuzzy compactness, fuzzy almost compactness, and
fuzzy near compactness in intuitionistic fuzzy topological spaces in view of the definition
of Sostak.

Definition 1.1 [1]. Let X be a nonempty fixed set and I the closed unit interval [0,1]. An
intuitionistic fuzzy set (IFS) A is an object having the form

A= {(x,pa(x),v4(x)) : x € X}, (1.1)

where the mappings pa : X — I and v4 : X — I denote the degree of membership (namely,
pa(x)) and the degree of nonmembership (namely, v4(x)) of each element x € X to
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the set A, respectively, and 0 < p4(x) +v4(x) < 1 for each x € X. The complement of
the IFS A, is A = {(x,v4(x),4a(x)) : x € X}. Obviously, every fuzzy set A on a nonempty
set X is an IFS having the form

A= {{x,pa(x),1 —pa(x)) :x € X}. (1.2)

For a given nonempty set X, denote the family of all IFSs in X by the symbol {*.

Definition 1.2 [6]. Let X be a nonempty set and x € X a fixed element in X. If r € I,
s € I are fixed real numbers such that r +s < 1, then the IFS x,; = (y,x,,1 — x1_) is
called an intuitionistic fuzzy point (IFP) in X, where r denotes the degree of membership
of x,, s the degree of nonmembership of x, s, and x € X the support of x, ;. The IFP x, ¢
is contained in the IFS A (x,; € A) ifand only if 7 < pa(x), s > ya(x).

Definition 1.3 [6]. (i) AnIFP x,,in X is said to be quasicoincident with the IFS A, denoted
by x,5qA, ifand only if r > ya(x) or s < pa(x). x,:qA if and only if x, ; & A.

(ii) The IFSs A and B are said to be quasicoincident, denoted by AgB if and only if
there exists an element x € X such that p4 (x) > yp(x) or pa(x) < pup(x). If A is not quasi-
coincident with A, denote AGB. AGB if and only if A = B.

Definition 1.4 [8]. Let a and b be two real numbers in [0,1] satisfying the inequality
a+b < 1. Then the pair (a,b) is called an intuitionistic fuzzy pair.
Let (a;,b1), {(a2,b,) be two intuitionistic fuzzy pairs. Then define

(1) (a1,b1) < {az,by) ifand only if a; < a; and b; = by;
(ii) (a1, b1) = (a2, by) ifand only if a; = a; and b; = by;
(iii) if {(a;, b;) : i €]} isa family of intuitionistic fuzzy pairs, then Vv (a;, b;) = (Vai, Ab;)
and A{a;, b;) = (Aa;, Vb;);
(iv) the complement of an intuitionistic fuzzy pair {a, b) is the intuitionistic fuzzy pair
defined by (a,b) = (b,a);
(v) 17 =(1,0) and 0~ = (0,1).

Definition 1.5 [5]. An intuitionistic fuzzy topology (IFT) in Chang’s sense on a nonempty
set X is a family 7 of IFSs in X satisfying the following axioms:

(T1) 0-,1. € 7, where 0. = {(x,0,1):x € X} and 1. = {{x,1,0) : x € X};
(T2) GinG; € 1 forany G;,G; € 1;
(T3) UG; € 7 for any arbitrary family {G;:i€ ]} < 7.

In this case, the pair (X, 7) is called Chang intuitionistic fuzzy topological space and each
IFS in 7 is known as intuitionistic fuzzy open set in X.

Definition 1.6 [8]. An IFS & on the set {¥ is called an intuitionistic fuzzy family (IFF)
on X. In symbols, denote such an IFF in form & = (ug, ve).

Let & be an IFF on X. Then the complemented IFF of £ on X is defined by &* =
(pe+,ver ), where pg«(A) = pg(A) and vg«(A) = ve(A), for each A € {X. If 7 is an IFF on
X, then for any A € (¥, construct the intuitionistic fuzzy pair (u.(A),v.(A)) and use the
symbol 7(A) = (u.(A),v:(A)).
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Definition 1.7 [7]. AnIFT in Sostak’s sense on a nonempty set X is an IFF 7 on X satisfying
the following axioms:

(T1) 7(0~) =7(1.) =17
(T,) T(ANB) = 7(A) A 7(B) for any A,B € {*;
(T5) T(UA;) = AT(A;) forany {A;:ie ]} < (X,

In this case, the pair (X, ) is called an intuitionistic fuzzy topological space in Sostak’s
sense (IFTS). For any A € (¥, the number y,(A) is called the openness degree of A, while
v.(A) is called the nonopenness degree of A.

Example 1.8. Let X = {a,b}. Define a mapping 7: (X — I X I

A :{r ifAe{0.,1.}, (13

(min (pa(a),pa(b)), max (v4(a),va(b))) otherwise.

Then, 7 is an IFT in the sense of Sostak and neither a Chang fuzzy topology nor a Chang
IFT.

Definition 1.9 [7]. Let (X,7) be an IFTS on X. Then the IFF 7* is defined by 7*(A) =
7(A). The number p.+ (A) = u,(A) is called the closedness degree of A, while v,+(A) =
v;(A) is called the nonclosedness degree of A.

THeOREM 1.10 [7]. The IFF 7* on X satisfies the following properties:

(C) (0~) =7*(1.) =17;
(Gy) ™ (A UB) > 7%(A) A T*(B) for any A,B € {%;
(C3) T%(NA}) = AT*(A)) forany {A;:ie ]} < (X

Definition 1.11 [7]. Let (X,7) be an IFTS and A be an IFS in X. Then the fuzzy closure
and fuzzy interior of A are defined by

cap(Ad) =n{K e (*:AcK, r*(K CH

int,3(A) =U{Ge ¥ :G< A, 7(G) = (a, )}, )

wherex € Iy = (0,1], €1, = [0,1) witha+ S < 1.
THEOREM 1.12 [7]. The closure and interior operator satisfy the following properties:

(i) A S clap(A);
(i) intyg(A) € A;
(iii) A < B and {(a,8) < (r,s) implies clog(A) < cl, ((B);
(iv) A < B and (a, ) < (r,s) implies int,g(A) < int, ((B);
(v) Cloc,ﬁ(da,ﬁ(A)) = da,ﬁ(A);
(vi) lnta,ﬁ(intu,ﬁ(A)) = int(x,ﬁ (A);
(vii) clgp(AUB) = clag(A) U clyp(B);
(viii) integ(A N B) = integ(A) Nint,g(B);
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(ix) clag(A) = intap(A);
(x) intyg(A) = clog(A).

Definition 1.13 [7]. Let (X, 7)) and (Y, ;) be two IFTSs and f : X — Y be a mapping.
Then f is said to be

(i) intuitionistic fuzzy continuous if and only if 7;(f ~1(B)) = 72(B), for each B € {¥;
(i) intuitionistic fuzzy open if and only if ,(f(A)) = 71(A), for each A € {X.

2. Intuitionistic fuzzy almost continuous and intuitionistic fuzzy
weakly continuous mapping

Definition 2.1. Let A be an IFS in an IFTS (X,7). Fora €Iy, e, witha+ <1, A is
called

(i
(ii

) (a
) (e
A.

,B)-intuitionistic fuzzy regular open ((a,)-IFRO) set of X if int, g(clap A) = A;
B)-intuitionistic fuzzy regular closed ((a,)-IFRC) set of X if clyp(int,pA) =

>

TaEOREM 2.2. Let A be an IFS in an IFTS (X, ). Then, fora € Iy, €I, witha+ < 1.

(i) IfAis (a, B)-IFRO(resp., (e, 3)-IFRC), set then T(A) = (a, 8) (resp., T*(A) = (a, B)).
(i) A is (a, B)-IFRO set if and only if A is (a, )-IFRC set.

Proof. We will prove (ii) only:

Ais (o, §)-IFRO < intap (clopA) = A
= dqap(intypA) = A (2.1)

< Ais (a,)-IFRC.

THEOREM 2.3. Let (X, ) be an IFTS. Then,

(i) the union of two (e, 3)-IFRC sets is (a, §)-IFRC set,
(ii) the intersection of two (a, §)-IFRO sets is (a, 5)-IFRO set.

Proof. (i) Let A, B be any two (a, 3)-IFRC sets. By Theorem 2.2, we have 7*(A) = (a, 8),

7%(B) = (a,8) then, 7*(AUB) = 7*(A) A 7¥(B) = (a,8), but int, s(A UB) < AU B, this

implies that clyg(intyg(A U B)) < clag(A UB) = AU B. Now, A = clyp(intsg(A))

clop(intyg(A U B)) and B = clyp(intyp(B)) < clyp(intyg(A U B)). Then, A U B

clyg(inty5(A U B)). So, clyg(intys(A U B)) = AU B. Hence, A U B is (&, 8)-IFRC set.
(ii) It can be proved by the same manner.

NN

O

THEOREM 2.4. Let (X, ) be an IFTS. Then,

(i) if A € {* such that T*(A) = {(a, 3), then inty g(A) is (v, §)-IFRO set,
(i) if B € {X such that T(B) = (&, B), then clop(B) is (e, 3)-IFRC set.

Proof. (i) Let A € (X such that 7*(A) > (a,3). Clearly,

inta,ﬁ(A) c intaﬁ (Cla,ﬁ(A)); (2.2)
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this implies that

intyg(A) S intep (clag (intep(A))). (2.3)
Now, since 7*(A) = (a,3), then clyg(int,3(A)) S A; this implies that

intep (clog (integ(A))) S intep(A). (2.4)

Thus, int, g(clyg(integ(A))) = intys(A). Hence, int,5(A) is (a, )-IFRO set.
(ii) It can be proved by the same manner. a

Definition 2.5. A mapping f : (X,7;) = (Y,72) from an IFTS (X,7;) to another IFTS
(Y,1,) is called

(i) intuitionistic fuzzy strong continuous if and only if 7;(f ~}(A)) = 12(A), for each
AelY,
(i) (a,B)-intuitionistic fuzzy almost continuous if and only if 71 (f "1 (A)) > (a,8), for
each (&, )-IFRO set A of Y,
(iii) (e, B)-intuitionistic fuzzy weakly continuous if and only if 7,(A) = («,3) implies
71(f71(A)) = (a,B), foreach A € (V.

Remark 2.6. From the above definition, it is clear that the following implications are true
foraely,fel,witha+f<1:

(a, B)-intuitionistic fuzzy almost continuous mapping

|

intuitionistic fuzzy strong continuous => intuitionistic fuzzy continuous mapping

!

(a, B)-intuitionistic fuzzy weakly continuous mapping
(2.5)

But, the reciprocal implications are not true in general, as shown by the following exam-
ples.

Example 2.7. Let X = {a,b,c} and G;, G, be IFSs in X defined as follows:

Gi = {(a,0.4,0.1),(b,0.6,0.2),(c,0.5,0.3)},

2.
G, = {(a,0.4,0.4), (b,0.4,0.4), (c,0.4,0.4) }. (2.6)
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We define an IFTs 11,75 : (¥ — I x I as follows:

(1~ ifAe{0.,1.},
0.5,0.2 if A =G,
71(A) = A ( : 1 '
(0.5,0.3) if A =G,
10~ otherwise, (2.7)
(1~ ifAe{0.,1.1,
7,(A) =1(0.6,0.2) ifA =G,
0~ otherwise.

Let a = 0.4, 8 = 0.5. Then, the identity mapping idy : (X, 1;) — (X, 1) is (&, §)-intuition-
istic fuzzy almost continuous, but not intuitionistic fuzzy continuous.

Example 2.8. Let X = {a,b}, Y = {1,2}. Let G; be an IFS of X and G, be an IFS of Y,
defined as follows:

G = {(a,0.4,0.4),(b,0.4,0.4) },

2.8
G, = {(1,0.4,0.4),(2,0.5,0.4) }. (28)
We define an IFTs 77 : (X = I x I and 1, : {¥ — I X I as follows:
(1~ ifAe{0.,1.},
71(A) =1(0.7,0.1) ifA =G,
0~ otherwise,
i (2.9)
1~ ifAe {0.,1.},
Tz(A) =1 <0.8,0.1) ifA= Gz,
0~ otherwise.
Consider the mapping f : (X, 1) — (Y, 1;) defined by
fla)=1, f(b)=1. (2.10)

Let & = 0.6, B = 0.3. Then, f is («,)-intuitionistic fuzzy weakly continuous, but not
intuitionistic fuzzy continuous.

Example 2.9. In the above example, if

1~ ifAe€{0.,1_.},
71(A) =1(0.8,0.2) ifA =G, (2.11)
0~ otherwise,

then f is intuitionistic fuzzy continuous, but not intuitionistic fuzzy strong continuous.
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TaeoreM 2.10. Let f : (X, 11) — (Y, 12) be a mapping from an IFTS (X, 11) to another IFTS
(Y,12). Then, the following statements are equivalent:

(i) f is (a, B)-intuitionistic fuzzy almost continuous;
(ii) Tl*(f’l(B)) > (a,[i),for each (« [3) -IFRC set B of Y;
(111) f7'(B) cintap f! intaﬁ(claﬁ ), for each B € {¥ such that 7,(B) > (&, f8);
(iv) claﬁf (clap(intyp(B))) = f~Y(B), for each B € {¥ such that 7(B) > (a, ), where
acl,pel,witha+f <1

Proof. (i)=>(ii). Let B be (a, )-IFRC set of Y. Then, by Theorem 2.2, B is (&, 8)-IFRO set.
By, (i), we have 7,(f~'(B)) = 71(f~'(B)) = 7" (f "'(B)) = (&, 8).

(i1)=(i). It is analogous to the proof of (ii)=(i).

(i)=(iii). Since 75(B) = {a, 3), then B =int, g(B) Sint,g(clys(B)) and hence, f1(B)<=
f(integ(clap(B))) since, 75" (clag(B)) = (a,f3), then by Theorem 2.4, intyg(clag(B)) is
(a, B)-IFRO set. So, 71 (f ~! (inta,g(clap(B)))) = (a, B). Then, f~1(B) < f ! (intap(clap(B)))
= inta,ﬁ(f_l(int(x,ﬁ(da,ﬁ(B))))-

(iii)=(i). Let B be (a, 5)-IFRO set of Y. Then, we have

f’l(B) S intypg (f’l (inta,ﬁ (cllx,/g(B)))) = intyg (f’l(B)); (2.12)
this implies that f~'(B) = int,g(f~'(B)), then

7 (f'(B)) = n1 (intep (f'(B))) = (). (2.13)
Hence, f is (&, §)-intuitionistic fuzzy almost continuous.
(ii)  (iv). Can similarly be proved. O

TaeoreM 2.11. Let f : (X,11) — (Y, 12) be a mapping from an IFTS (X, 11) to another IFTS
(Y,12). Then, the following are equivalent:

(1) f is (a, B)-intuitionistic fuzzy weakly continuous;
(i) f(clap(A)) = clap(f(A)) foreach A € {*.

Proof. (i)=(ii). Let A € {X. Then,

7 (clap (f(4)))
=f ' n{ked (k) = (ap), k2 f(A)}]
= n{kel 0k = (@wp), k2 f(A)}]
2f"[ﬂ{kECY:Tl*(f’l(k))=T1(f’1—k)><06,/3> k= f(A)}]
2n{f k) kel o (fT1(R) = (), £ (k) 2 A}
2 n{Ge 17 (G) = (a,p), G2 A} = clagp(A).

(2.14)

Then, f(clap(A)) € f(fHclap(f(A)))) < clap(f(A))
(i) =(i). LetB € (¥ such that 7,(B) > (a, ). Then, 75 (B) = 72(B) > (&, ). So, we have
clog(B) = B. Further, since f(clog(f1(B))) < clap(f(f1(B))) < clop(B) = B, we have
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clog(f~1(B)) < f~'(B). Then, clap(f~'(B)) = f~(B). This implies that 7*(f~'(B)) =
(a, B, therefore, 7i(f~1(B)) = 71(f ~'(B)) = (a,8). Hence, f is (a, f)-intuitionistic fuzzy
weakly continuous. O

THEOREM 2.12. Let f : X — Y be an intuitionistic fuzzy continuous mapping with respect
to the IFTs 11 and 1, respectively. Then for every IFS A in X,

f(dtx,ﬁ(A)) S da,ﬁ (f(A)), (2.15)

wherex € I, f € I, witha+ < 1.

Proof. Let f:X — Y be an intuitionistic fuzzy continuous mapping with respect to 7,
and 15, and let A € {X. Then,

7 (cap (f(4)))
=f Y (n{Kel', f(K)=(ap), f(A) cK})
=n{f (K :Kel", 7(K)=(a,p), A< fTH(K)} (2.16)
on{f UK):Kel¥, rf(f U(K)) = (a0, 8), A< f 1K)}
2n{Ge*:1{(G) = (a,B), A = G} = clup(A).

This implies that f(clyp(A)) S clop(f(A)). O

TaEOREM 2.13. Let f : X — Y be an intuitionistic fuzzy continuous mapping with respect
to the IFTs 1) and 1,, respectively. Then, for every IFSAinY,

cap (f71(A)) € f1 (cap(A)), (2.17)

where, a € Iy, € I; witha+ < 1.

Proof. Let A € {¥. We get from Theorem 2.12

clag (f71(A)) € F7H(f (clap (f71(A)))) € f71 (clup(A)). (2.18)
Hence, clag(f ' (A)) = f ' (clap(A)), for every A € {¥. O

3. Various cases of compactness in intuitionistic fuzzy topological spaces

Definition 3.1. An IFTS (X, 1) is called (a, §)-intuitionistic fuzzy compact (resp., (&, f3)-
intuitionistic fuzzy nearly compact and («, 8)-intuitionistic fuzzy almost compact) if and
only if for every family {G;:i€ ]} in {G: G € &, 1(G) > (a,)} such that U;;G; = 1.,
where a € Iy, € I with a + < 1, there exists a finite subset Jy of J such that U;e;, Gi = 1~
(resp., Ui, int g(cle g(G;)) = 1. and Ujej, clap(Gi) = 1.).

Definition 3.2. Let (X,7) be an IFTS and A an IFS in X. A is said to be («, §)-intuitionistic
fuzzy compact if and only if every family {G;:i € J} in {G: G € X, 7(G) > (a,f)} such
that A € U, G;, there exists a finite subset Jy of J such that A < U;¢j, G, where a € I,
pelwitha+p<1.
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Example 3.3. Let X = I and consider the IFSs {G, : n = 2,3,4,...} as follows: first we
define IFSs G, = (x,4q,,v,) and G = (x,uc,v) by

0.8, x=0,

1
UG (x) = { n% O0<x<—,

1, —<x=<1,
S n
(0.1, x=0,
1
—Jl1—-nx, 0<x<-—,
V6, (%) n (3.1)
0, —-<x<1,
S n
) 0.8, x=0,
x =
He 1, otherwise,
) 0.1, x=0,
vg(x) =
¢ 0, otherwise.
Second, we define the IFT 7: (X — I x I as follows:
1~ ifAe{0.,1.},
1 1 > .
- — fA=G,,
7(A) = <n o/ ! " (3.2)
(0.7,0.2) ifA=G,
0~ otherwise.

Let « = 0.6, f = 0.2. Then, the IFS Cjgs50.15 = 1(x,0.85,0.15) : x € X} is (a, )-intuition-
istic fuzzy compact and the IFS Cj 75015 = {{x,0.75,0.15) : x € X} is not (a, )-intuition-
istic fuzzy compact.

THEOREM 3.4. Fora € Iy, § € I} with a+ f < 1, (&, B)-intuitionistic fuzzy compactness im-
plies (a, B)-intuitionistic fuzzy nearly compactness which implies («, 3)-intuitionistic fuzzy
almost compactness.

Proof. Let an IFTS (X, 1) be (a,f3)-intuitionistic fuzzy compact. Then, for every family
{Gi:ie]}in {G:Ge ¥, 7(G) > (a, )}, where a € Iy, f € I with a+ 8 < 1 such that
UiejGi = 1., there exists a finite subset J; of J such that U;cj, G; = 1. Now, since 7(G;) >
(o, B) for each i € ], then G; = int, g G; for each i € J. Also, G; = int, 3 G; < intyp(clapg Gi)
for each i € J. Then, 1. = Uig;,Gi = Uigj,intagG; S Uje intyp(clyp Gi). Thus,
Ujej, intep(clag Gi) = 1. Hence, an IFTS (X, 1) is (&, 8)-intuitionistic fuzzy nearly com-
pact. ]
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For the second implication, suppose that the IFTS (X, 1) is (e, 3)-intuitionistic fuzzy
nearly compact, then for every family {G;:i € J} in {G: G € X, 7(G) > (a, )}, where
« € Ip, B € Iy with a + 8 < 1, there exists a finite subset Jy of ] such that Uiej, inty g(clo s Gi)
= 1. since, G; = intygG; < intepclypGi < clypG; for each i €] then, 1. =
Uiejo il’lta,ﬁ da,ﬁ G; c UieJ, Clmﬁ G;. Thus, UieJ, Cl,x,/; G; = 1..Hence, the IFTS (X, 1) is (Oé,ﬁ)-
intuitionistic fuzzy almost compact.

Remark 3.5. In IFTS in Chang’s sense, the converse of these two implications are not
valid for compactness, nearly compactness, and almost compactness [9], which are spe-
cial cases of compactness, nearly compactness and almost compactness, respectively in
IFTS, in Sostak’s sense. Thus, the converse implications in Theorem 3.4 are not true in
general.

Definition 3.6. A family {K;:i€J} in {K:K € (X, 7*(K) > (a,8)}, wherea € Iy, € I;
with a+ f < 1 has the finite intersection property (FIP) if and only if for any finite subset
Jo of J, Niej, Ki # 0-.

TaEOREM 3.7. An IFTS (X,1) is (o, B)-intuitionistic fuzzy compact, if and only if every
family in {K : K € &, v*(K) > (a,B)}, where, « € Iy, f € I with o+ < 1 having the FIP,
has a nonempty intersection.

Proof. Let an IFTS (X, ) be (a,3)-intuitionistic fuzzy compact, and consider the family
{Ki:i€J}in{K:K € X, 7%(K) > (a, )} having the FIP. Now suppose that N/ K; = 0~
then, U;g;K; = 1., from 7(K;) = *(K;) > () and (X, 7) is (a,f)-intuitionistic fuzzy
compact, we have U;c;, K; = 1.; this implies that N;cj, K; = 0-, which is a contradiction.
Conversely, let {G;:i € J} be a family in {G: G € {¥, 7(G) > (a,)}, where «a € I,
B el with a+f <1 such that Ui;G; = 1.. If Ujg, G; # 1. for every finite subset Jy of
J, then Nic;,G; # 0~ and the family {G;:i € J} has the FIP and hence from the given

condition, we have N;c;G; # 0~ so, U;c;G; # 1., a contradiction. O

Definition 3.8. AnIFTS (X, 7) is called («, 8)-intuitionistic fuzzy regular if and only if for
each IFS A in X such that 7(A) > (a,3), where a € I, f € I with a + 3 < 1, can be written
asA=U{B:Be X, 1(B) = 7(A), clop(B) = A}.

THEOREM 3.9. Let (X,7) be an IFTS. If (X, 1) is (a, 5)-intuitionistic fuzzy almost compact
and (a, 3)-intuitionistic fuzzy regular, then it is («, B)-intuitionistic fuzzy compact.

Proof. Let {G;:i €]} be a family in {G: G € X, 7(G) > (a,8)}, where a € Iy, B € I,
with &+ 8 < 1 such that U;c;G; = 1.. From the fuzzy regularity of (X, 1), it follows that
G; = U{Bi :B; € CX, T(B,‘) = T(G,‘), Cla,[;(Bi) < G;}. Since U,‘e]G,‘ = U,‘e]Bi =1, T(B,‘) =
7(G;j) > {(a, B) then from almost compactness of (X, 7) there exists a finite subset Jy of ]
such that U;ej, clgg(Bi) = 1-. Butclyg(B;) € G, this implies that Uje;, G; 2 Uieg, clag(B;) =
1. that implies Uj¢j, G; = 1~. Hence, (X, ) is (a, f)-intuitionistic fuzzy compact. O

THEOREM 3.10. Let (X,7) be an IFTS. If (X, 1) is (a, B)-intuitionistic fuzzy nearly compact
and (a, 3)-intuitionistic fuzzy regular, then it is («, B)-intuitionistic fuzzy compact.

Proof. Let{G;:i€J}beafamilyin {G:G € (%, 7(G) > (a, f) }, where a € Iy, B € I; with
a+f3 < 1such that Ujg;Gi = 1..
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From fuzzy regularity of (X,7) it follows that G; = U{B;: B; € X, 7(B;) = 7(G)),
Cla)[;(Bi) c G;} then, 1. = UiE]G,' = Uie]Bia T(Bi) > T(Gi) > ((X,/)’). Since (X, 1) is (06,/;)—
intuitionistic fuzzy nearly compact, there exists a finite subset Jo of J such that
UieJ, inta,ﬁ(claﬁ G,) = 1..But, inta)/g(du,l;B,’) < Cla)ﬁ B; € G; then, UieJ, Gi=1..

Hence, (X, 7) is (a, )-intuitionistic fuzzy compact. O

TaeoreM 3.11. An IFTS (X, 7) is («, )-intuitionistic fuzzy almost compact if and only if
every family {G;:i €]} in {G: G € X, 7(G) > (a, )}, wherea € Iy, € I witha+f < 1
having the FIP, Nicyclap Gi # 0-.

Proof. Let {G;:i €]} be a family in {G: G € {X, 7(G) > (a, )}, where a € Iy, B € I,
with a + 8 < 1 having the FIP. Suppose that Njcj clo g Gi = 0-, then we have Uje;cly s Gi =
Uieyintag Gi = 1. Since 7(inte G;) = (a, ) and X is (a, f)-intuitionistic fuzzy almost
compact, there exists a finite subset Jy of J such that Uj¢y, cla‘ﬂ(intayﬁa) = 1. this im-
plies that Uie, cla)ﬁ(inta,ﬁa) = Uiej, clap (clapGi) = Uigjintag(clyp Gi) = 1. Thus,
Nicj, integclyp Gi = 0, but from G; = int, 3 G; < integclyp Gi, we see that Nef, G = 0-,
which is a contradiction with the FIP of the family.

Conversely, let {G;:i€ ]} be a family in {G: G € &, 1(G) > (o, )}, where o € I,
B €I, with a+f3 < 1 such that U;;G; = 1.. Suppose that there exists no finite subset
Jo of ] such that Uicj, clap Gi = 1.. Since 7(clop Gi) = 7*(clop Gi) = (a, ), then by our
hypothesis, the family {cl, g G;: i € J} has the FIP. So, we have

miE] Cla’ﬁ (Cla"g G,) ://: 0.

= Uie]m F1. (3.3)
= Ujeyinteg (clapGi) # 1<,

since G; S intag(clapg Gi), for each i € J then, U;c;G; # 1., which is a contradiction with
Uie]G;’ =1.. O

LemMma 3.12. Let (X,7) be an IFTS and V € {X. Then, x.; € clog V if and only if for each
U e X witht(U) = (a,p) and x,;qU, UqV, wherer,a € Iy, s,f € I, withr+s, a+ < 1.

Proof. Let x,; € clapV and let U be any IFS in X such that 7(U) = (a,) and x,,qU.
Suppose for a contradiction that VgU. Then, we have V < U. Since x,,qU, then x,; ¢
U 2V, and since 7%(U) = 7(U) = (a,8), then x,; ¢ clop V, which is a contradiction,
then VqU. Conversely, suppose that for any U € (¥ with 7(U) > (a,8) such that x, ;qU,
we have UqV'. Suppose, for a contradiction, that x,; & clo g V. Then, there exists B € X
with 7%(B) > (a,8), B2 V and x,, ¢ B. Thus, 7(B) = 7*(B) > (a,) and x,qB. Then,
from our hypotheses VgB, which implies that V ¢ Bj; this is a contradiction. Hence, x,; €
clap V. 0

LEmMA 3.13. Let (X,7) bean IFTS. For a € Io, f € I witha+ 8 < 1, clo g(inta g(clepA)) =
clap A, for each A € (X with 1(A) = (a, ).

Proof. Let A € {¥ with 7(A) > (&, 8). A < clup A implies A < intg(clegA). Then,

Cla,ﬁA c Cla)ﬁ (int,x,ﬁ (CLx,ﬁ A)) (3.4)
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Let x5 & clagA, where r € Iy, s € I with r +s < 1. Then by Lemma 3.12, there exists
U € {* with 7(U) = (a, ) such that x;;,qU and AGU. From A4U, it follows that A < U,
so using the fact that 7*(U) = 7(U) > (a,3), we obtain that clagAc U. Thus clogAqU.
This implies that int,g(clegA)GU. Since 7(U) = (&, ) and x;,qU, then by Lemma 3.12,
we have x; s & clop(intyg(clagA)). Thus

Cla)lg (inta’lg (Cl,x’l; A)) c Cla,ﬁA. (3.5)

From (3.4) and (3.5) we have
Cla)/; (int,x,/; (Cl,x,ﬁ A)) = Cla,/;A. (3.6)
O

THEOREM 3.14. In an IFTS (X, 1) the following conditions are equivalent.

(1) (X, 1) is (a, B)-intuitionistic fuzzy almost compact.

(ii) For every family G = {G;:i € J}, where G; = {{x,uc,,vs,) :i € J} of (a, B)-IFRC sets
such that NicjG; = 0., there exists a finite subset Jo of ] such that Ney int, g G; = 0, where
acl,fel,witha+pf =<1

(iii) Nieyclap Gi # 0~ holds for every family {G; € (¥ :i € J} of (a, §)-IFRO sets having
the FIP, where a € Iy, f € I with a+ 8 < 1.

(iv) For every family {G; € (X :i € J} of (a,B)-IFRO sets such that U,e;G; = 1., there
exists a finite subset Jo of J such that Ujcj, clap Gi = 1.

Proof. (i)=(ii). Let G = {G;:i € J} be a family of (a, )-IFRC sets in X with N;c;G; = 0-.
Then, Uj¢;G; = 1. By, Theorem 2.2, G; is (a, 8)-IFRO set then, Uje;intyg(clap Gi) = 1-.
Since 7(intqg(clag Gi)) = (a,B) and (X,7) is (a,f)-intuitionistic fuzzy almost compact
then, there exists a finite subset Jo of J such that Ujcj, cly g(inty p(clag G;)) =1., thisimplies

that Uiej, Clzx,ﬁ(inta,ﬁ(dzx,ﬁ 61)) = Nigj, Cla,ﬁ(inta,ﬂ(da,ﬁ G)) = Nigj, inta,ﬁ(da,ﬁ(inta,ﬁ Gy)) =
Nie, inta,ﬁ Gi=0..

(ii)=>(iii). Let {G; € (X :i € J} be (a,B)-IFRO sets having the FIP and suppose that
Niej clop Gi = 0~. Since Gj is (a, 3)-IFRO set, then by Theorem 2.2, 7(G;) = («, ) and by
Theorem 2.4, we have {cl,sG;:i € J} is a family of (&, 3)-IFRC sets then, by (ii), there
exists a subset Jy of J such that Niej, inty g(clag Gi) = Nigj, Gi = 0, which is a contradic-
tion.

(iii)=(iv). Let {G; € (X :i € ]} be a family of (a,B)-IFRO sets such that U;c;G; =
1. Suppose that for every finite subset Jy of ], Uicj, clap Gi # 1~. Then, by Theorems
2.2 and 2.4, we have {cl,p3(G;) :i € J} is a family of («,)-IFRO sets having the FIP.
Since, intyg(clap(clag(Gi))) = intyp (intep(clag(Gi))) = int,x,ﬁ@ = clo g Gi, hence by (iii)
Niesclap(clep Gi) # 0~ implies Niey intep(clapGi) # 0~ which implies Niey G; # 0.
which implies U;e; G; # 1. which is a contradiction with U;e;G; = 1..

(iv)=(i). Let {G;:i € J} be afamily in {G: G € (¥, 7(G) > (a, f)}, wherea € I, € I;
with a+f < 1 such that Ujg;G; = 1.

G; c Cla,ﬁ G, = G; ¢ inta,ﬁ (Cla,ﬁ Gi). (3.7)
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Thus, Ueyintyp(clag Gi) = 1. Since inty g(cla g Gi) is (a, B)-IFRO, then by (iv), there ex-
ists a finite subset Jo of J such that Ujcj, clag(intyp(clag Gi)) = 1.. By using Lemma 3.13,
we have, Uiej, clop Gi = 1. Hence, (X, 7) is (&, f3)-intuitionistic fuzzy almost compact.

|

TaeoreM 3.15. Let (X,11), (Y,12) be two IFTSs and f : X — Y an intuitionistic fuzzy
continuous mapping. If A is (a, B)-intuitionistic fuzzy compact in (X, 1)) then, sois f(A) in
(Y, 1), wherea € Ip, eI witha+ < 1.

Proof. Let{G;:ie]} beafamllyln {G:Ge Y, 12(G) > (a,p)}, where a € Iy, B € I; with
a+ B <1 such that f(A) € Ui;Gi. Then, A < f~1(f(A)) € f N (Vig)Gi) = Uies f1(G))
Since f is an intuitionistic fuzzy continuous, then 71 (f~1(G;)) = 72(G;) > {(a, ) and since
A is (a, B)-intuitionistic fuzzy compact in (X, 7;), there exists a finite subset Jy of J such
that A Uiejofil(G,‘); this 1mp11es that f(A) < f(U,'g]ofil(Gi)) = Uiejof(ffl(Gi)) <
Uiej, Gi. Hence, f(A) is (&, f)-intuitionistic fuzzy compact in (Y, 12). O

TaEOREM 3.16. Let (X,11), (Y,12) be two IFTSs and f : X — Y a surjection intuitionistic
fuzzy continuous. If (X, 1) is (&, B)-intuitionistic fuzzy compact, then so is (Y, 1,), where
acl,fel,witha+pf=<1.

The proof is similar to that of Theorem 3.15.

THEOREM 3.17. Let f : (X,71) — (Y, 72) be a surjective intuitionistic fuzzy continuous map-
ping with respect to T, and 15, respectively. If (X, 1) is (a, 3)-intuitionistic fuzzy almost com-
pact, then so is (Y, 15), wherex € I, f € I witha+f < 1.

Proof. Let {G;:i €]} bea family in {G: G € (¥, 12(G) > (&, )} such that U;c;G; = 1-,
where WS Io, B €I, with o+ < 1. Since f is intuitionistic fuzzy continuous, we have
71(f"HGi)) = 12(Gi) > (a, ) but, Ujes f ! = f N (ViecGi) = 1-.

Then from the almost compactness of (X Tl), there exists a subset J; of J such that
Uies, clap(f 71 (Gi)) = 1., this implies that

f(Uieg clag (f71(Gi))) = Viep f (clap (f71(Gi))) = 1. (3.8)

But from Theorem 2.13, we have f ! claﬁ( Gi))=2d
ity of f, we have cla,l;(G) = f(f N (dep(Gi))) 2 f(daﬁ(f Gi))). So, Ulgjo clop(Gi) 2
Uie]of(clu,!;(f’l(Gi))) ~. Then, Ujgj, clag(G) = 1.. Hence, (Y 1) is (&, 8)-intuition-

istic fuzzy almost compact U

ap(f~ (G) ) and, from the surjectiv-

TaeoreM 3.18. Let (X, 1)) and (Y,1,) be IFTSs and let f : X — Y be («, B)-intuitionistic
fuzzy weakly continuous surjection mapping. If (X, 1) is («, §)-intuitionistic fuzzy compact,
then (Y, 12) is (a, B)-intuitionistic fuzzy almost compact.

Proof. Let {G;:i €]} be a family in {G: G € (¥, 1,(G) > (a, )}, where a € Iy, B € I
with a4+ f3 < 1 such that U;¢;G; = 1. Since f is (a, §)-intuitionistic fuzzy weakly contin-
uous, we have 7, (f71(G;)) > (a, ) then, Uie;(f~H(G)) = f1(UigyGi) = fH(1.) = 1..
Since (X, 1) is (&, 8)-intuitionistic fuzzy compact, there exists a finite subset Jy of J such
that Ujej, f71(Gi) = 1= but, f(clap Gi) 2 f~1(G)), this implies that Ujcj, f ! (clop Gi) 2
Uiep f 1(Gi) = 1-.
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Then, Uiy, f ' (clap Gi) = 1-. Since f is surjective,

F(Vics, £ (clap Gi)) = Viey, f (f ' (clap Gi)) = Vieg, clap Gi = 1. (3.9)

Thus, Ujej, clag Gi = 1. Hence, (Y, 1) is (a, B)-intuitionistic fuzzy almost compact. [

References

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986), no. 1, 87-96.
, Review and new results on intuitionistic fuzzy sets, Mathematical Foundation of Artifi-
cial Intelligance seminar, Sofia, 1988, pp. 1-8.
[3] C.L.Chang, Fuzzy topological spaces, ]. Math. Anal. Appl. 24 (1968), 182-190.
[4] K. C. Chattopadhyay, R. N. Hazra, and S. K. Samanta, Gradation of openness: fuzzy topology,
Fuzzy Sets and Systems 49 (1992), no. 2, 237-242.
[5] D. Coker, An introduction to intuitionistic fuzzy topological spaces, Fuzzy Sets and Systems 88
(1997), no. 1, 81-89
[6] D.Coker and M. Demirci, On intuitionistic fuzzy points, Notes IFS 1 (1995), no. 2, 79-84.
, An introduction to intuitionistic fuzzy topological spaces in Sostak’s sense, BUSEFAL 67
(1996), 67—76.
[8] ——, On fuzzy inclusion in the intuitionistic sense, . Fuzzy Math. 4 (1996), no. 3, 701-714.
[9] D. Coker and A. H. Es, On fuzzy compactness in intuitionistic fuzzy topological spaces, J. Fuzzy
Math. 3 (1995), no. 4, 899-909.
[10] A. A. Ramadan, Smooth topological spaces, Fuzzy Sets and Systems 48 (1992), no. 3, 371-375.
[11]  A. Sostak, On a fuzzy topological structure, Rend. Circ. Mat. Palermo (2) Suppl. (1985), no. 11,
89-103.
, On compactness and connectedness degrees of fuzzy sets in fuzzy topological spaces, Gen-
eral Topology and Its Relations to Modern Analysis and Algebra, VI (Prague, 1986), Res.
Exp. Math., vol. 16, Heldermann, Berlin, 1988, pp. 519-532.
[13] L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338—353.

A. A. Ramadan: Department of Mathematics, Faculty of Sciences, King Saud University, P.O. Box
237, Burieda 81999, Saudi Arabia
E-mail address: aramadan58@yahoo.com

S. E. Abbas: Department of Mathematics, Faculty of Science, South Valley University, Sohag
82524, Egypt
E-mail address: sabbas73@yahoo.com

A. A. Abd El-Latif: Department of Mathematics, Faculty of Science, Cairo University, Beni Suef,

Egypt
E-mail address: ahmeda73@yahoo.com


mailto:aramadan58@yahoo.com
mailto:sabbas73@yahoo.com
mailto:ahmeda73@yahoo.com

