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The aim of this paper is to investigate the Stoneley waves in a non-homogeneous or-
thotropic granular medium under the influence of a gravity field. The frequency equa-
tion obtained, in the form of a sixth-order determinantal expression, is in agreement with
the corresponding result when both media are elastic. The frequency equation when the
gravity field is neglected has been deduced as a particular case.

1. Introduction

Problem of Stoneley waves play an important role in the earthquake science, optics, geo-
physics, and plasma physics. Many authors such as Abd-Alla and Ahmed [1, 2], El-Naggar
et al. [8], Das et al. [6], and others studied the effect of gravity of the propagation of sur-
face waves (Stoneley waves, Rayleigh waves, and Love waves) in an elastic solid medium.
Goda [9] studied the effect of inhomogeneity and anisotropy on Stoneley waves.

The study of granular medium has been necessiated by its possible application in soil
mechanics, geophysical prospecting, mining engineering, and so forth. The theoretical
outline of the development of the subject from the mid-1930s was given by Paria [13].
The present paper, however, is based on the dynamics of granular media as propounded
by Oshima [11, 12].

The medium under consideration is discontinuous such as one composed numerous
large or small grains. Unlike a continuous body, each element or grain cannot only trans-
late but also rotate about its centre of gravity. This motion is the characteristic of the
medium and has an important effect upon the equation of motion to produce internal
friction. It is assumed that the medium contains so many grains that they will never be
separated from each other during the deformation and that the grain has perfect elasticity.
The propagation of Rayleigh waves in granular medium was given by many authors such
as Bhattacharyya [5], El-Naggar [7], Ahmed [4], and others. In [3], Ahmed discussed the
influence of gravity on the propagation of Rayleigh waves in granular medium.

This paper is devoted to the study of the effect of granular body and also of the gravity
field in the propagation of Stoneley waves. The wave velocity equation has been derived in
the form of a sixth-order determinant. The roots of this equation are in general complex
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and the imaginary part of an appropriate root measures the attenuation of the waves. It
is shown that the frequency of Stoneley waves contains terms involving the acceleration
due to gravity and so the phase velocity changes with respect to this acceleration due to
gravity. When the gravity field is neglected, the frequency equation has been deduced as
a particular case. Also when both media are elastic, the frequency equation reduces to the
corresponding result obtained by Abd-Alla and Ahmed [2] in the form of a fourth-order
determinant.

2. Formulation of the problem

Let M; and M, be two non-homogeneous orthotropic granular media. They are perfectly
welded in contact and are under the influence of gravity. These two media extend to
infinitely great distance from the origin and are separated by a plane horizontal boundary
and M, is to be taken above M. Let Ox;x,x3 be a set of orthogonal Cartesian coordinates,
the origin O being any point on the plane boundary, x3-axis is vertically downwards into
the medium M;.

We consider the possibility of a type of wave traveling in the direction Ox;, in such
a manner that the disturbance is largely confined to the neighborhood of the boundary
which implies that the wave is a surface wave.

Notice that at any instant all particles in any line are parallel to Ox,, having equal
displacement, therefore all partial derivatives with respect to u, are zero and there is no
propagation of displacement u; [2].

The state of deformation in the granular medium is described by the displacement
vector U(u1,0,u3) of the centre of gravity of a grain and the rotation vector £(&,#,() of
the grain about its centre of gravity. There exist a stress tensor and a stress couple and are
non-symmetric, that is,

Tij :,é Tji) Ml] =,'é Mji’ i= 1,2,3. (21)

The stress tensor 7;; can be expressed as the sum of symmetric and anti-symmetric ten-
sors

Tij = 0ij + O'i,j, (2.2)

where

1 o
oij =S (mj+7ie)s  of =5 (7~ 7). (2.3)

The symmetric tensor 0;; = 0j; is related to the symmetric strain tensor

1/ ou; auj
€ = ei= (axj ¥ a_> (2.4)

by the Hook’s law.
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The anti-symmetric stress 0j; are given by

, 0¢ , on , o(
03 = _F§> 031 = _FE) 01 = —ng
0y =03, =033 =0,
where F is the coefficient of fraction.
The stress couple M;; is given by
M;j = Mvij,
where M is the third elastic constant,
o a(
=3 > = 0’ =3 > = 0)
Y11 o1 V22 V33 x5 V23
=, tw), vp= +w),
V31 3 2 3 (77 wz) 32 9 (fl wz)
0
V13 = 8351 , V21 =0,

where w, = 0u1/0x3 — dus/0x;.
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(2.5)

(2.6)

(2.7)

If g is the acceleration due to gravity, then the components of body forces are X = 0,
Z = g. Assuming that the initial stress field due to gravity is hydrostatic, the states of initial

stress 7;; are [10]

T,'jZT, j:j,
- hj=123
7;=0, i#],

where 7 is a function of depth Ox3 only.
The equilibrium conditions of the initial stress field are [10]

or or or
a—xl—a—xz—o, +pg—0,

where p is the density of the material medium.

(2.8)

(2.9)



3148  Stoneley waves in granular medium

The six equations of motion are [2, 5]

9, 9ms o Ous _ O
ax v Pox,  Por
9rp Ot _
ax1 8x3 o
oms 9ty O Ot
o Poax, Por
(2.10)
oMy oMz
T3 — T3+ o _8x3 =0,
oM,  oMs
T31 — T13+ o s 0,
OMi; OMs; _
T2 — T2t 9%, s 0.
These equations, when the stresses are substituted, take the forms
0 ouy 8u3] 0 [ <8u3 %) 817] ous 0*uy
ax [C“ax T T o L\ o, Tan ) Tl TP8e TP o
9 (_ poC ) ( %) _
8x1< Foe +8x3 F5¢) =%
N PR ) R PR O RN
ox1 [C55<8x1 T ) Tl ax Cis 3 RRSY ol B il b R o
—Fg—g +VA(ME) =0,
—Fa—’7+v2[M( +%—%>] =0
ot T 9%~ oy ’
—Fa—( +V3(MQ) =0,
where C;; are elastic constants.
3. Solution of the problem
We assume that the non-homogeneities are of the form
C,'j = ai]-emx3, pP= poemx3 F = Foe’”x3, M = M()€mx3, (3.1)

where a;j, po, Fo, My, and m are constants.
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Substituting from (3.1) into (2.11), we get

an

82u1 ta 82 ( 82u3 +82u1>
ox? b ax18x3 > 0x10x;  Ox?

ou; %)_ arl]_ 8(817) odus  d'uy
+m[a55<8x1+8x3 Fogp | = Fo5i\5x, ) P08 0, PO 32

%(mrf+a—£—a—c> 0,

8x3 ox 1

. (82u3 N 0*u, ) s 0*u, i 0%us
b} P b}
> ax% 8x1 8x3 ’ ax1 8x3 3 ax§

+< ou; 8u3)+ 8(811) ouy us
m““ax oxs) " P9t \ax, ) P80k, TP o

+as3

_p, % 2 9% _
Fy o +MyV €+mMoax3 =0,

—Foa—rl+M0V2<;7+% au3)+mMOi<’7+%_%) 0,

ot ox; Ox ox3 ox3;  oxy
g9 2 o _
Fy at+M0V ('f‘l’l’lM()ax3 =0.
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(3.2)

We assume that the displacements u; and u3 are derivable from the displacement po-

tentials ¢(x1, x3, t), ¥(x1,%3,t) by the relations

9% oy 9%

M=o o P T o ax1

(3.3)

Substituting from (3.3) into (3.2), we get the following wave equations satisfied by ¢,

v, & n,and (¢

¢ ’¢ 9 oy ¢
5 +(a13+2a55)a—x§+2ma558—)%+(ma55 +p0g)a =pPo=, atz,

ox}
El o )
ot (’“f o ) 0

ar

02 0? 0
ass = axl + (ass —as1 — ass) E¥ lé/ +massa—w + (mas1 — pog)

9 P’y
o, +F3! a =P

(3.4)

(3.5)

(3.6)
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o ol
2 =
Viema —S5 =0, (3.7)
on an 0
2 _ 4 2
v ;7+m8x3 So 05 - Viy - ms - (V V) = (3.8)
o . 9¢ _
2 - _
v (+max3 Sog; =0, (3.9)

where Sy = Fo/M,.
Eliminating # from (3.6) and (3.8), we get

FOV4(a—w)+mF0 s (Vy)

ot 0x30t
+(V2+maa—So§t>[a55(§w+(033 asi —a55)8271/2/ (3.10)
X3 X7 0x3
+ma33§7w + (masz; — pog) aaqﬁ —Poa;];q =0.
Assuming that
(¢,9) = {¢1(x3),y1 (x3) }exp {i(Lxy — bt)}, (3.11)
(&m,) = {&1(x3),m1 (x3),{ (x3) Fexp {i (Lxy — b1) }. (3.12)
Substituting from (3.11) into (3.4) and (3.10), we get
((a13 +2ass) D* + 2mass D — ay L + pob®) ¢y +iL(mass + pog) y1 = 0, (3.13)

{[(ass — as1 — ass) — ibFo| D* + m[ (2as3 — as1 — ass) — ibFy|D?
— [(L%ass — pob* + m*az; — 2ibLFy) + (L? — ibso) (a3 — as; — ass) | D?
—m((L*ass — pob*) +as3 (L* — ibSy) — ibFoL*) D (3.14)
(% - ibSo) (L2ass — pob?) — ibFoL*) 1y
iL(pog — masy) (D* +mD — (L* — ibSo) )1 = 0,

where D = d/dxs.

Equations (3.13) and (3.14) must have exponential solutions in order that ¢;, y; will
describe surface waves; they must become vanishingly small as x3 — c. Hence, for the
medium M;,

¢ =Aje i, (3.15)
V/l = Bjei)ljxa) (] = 3)4)5)) (316)

where the constants A; are related with the constants B;, respectively, by means of (3.13).
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Equating the coefficients of the exponentials e % (j = 3,4,5) to zero and using (3.13)
and (3.14), we have

A] :ﬂij, (317)
where

—iL(pog + mass) .
;= R =3,4,5), 3.18
"j (ﬂ13 + 26155)/\? - Zmasslj +p0b2 - a11L2 (] ) ( )

A3, A4, As are the roots which have a positive real part of the equation

koA® + ki A + koA + ks + kaA> + ksA + k6 = 0,
ko = (a13+2ass)[(ass — as1 — ass) — ibFo],
ki = —m{(ai3 +4ass)[(as3 — as1 — ass) — ibFo| +as3 (a3 +2as5) },
ky = [(ass — as1 — ass) — ibEy| (pob* — a11L* + 2m*ass) + 2m*assass
— (a13 +2as5) (L*ass — pob* + m*as3 — 2ibL*Fy + (L* — ibSy) (ass — as1 — ass)),
ks = —m{(pob® — anL*)[(2as3 — as; — ass) — ibFy]
—2as5(Lass — pob* + m*azs — 2ibL*Fo + (L> — ibSy) (a3 — as1 — ass) )
— (a3 +2ass) (L*ass — pob* — ibL*Fy + as3 (L* — ibSp) ) },
ks = (a11L* — pob*) (L*ass — pob* + m*ass — 2ibL*Fy + (L* — ibS,) (ass — as; — ass))
—2m?ass| (Lass — pob*) + ass (L* — ibSy) — ibFyL*]
— (a13 +2as5) [ (L* — ibSo) (pob* — L?ass ) +ibFoL* |
+ L*(mass + pog) (mas1 — pog),
ks = m{L*ass — pob* + as3 (L* — ibS,) — ibFyL*
+2ass ((L* = ibSp) (pob® — L*ass) + ibFoL*) — L* (mass + pog) (mas, — pog) }»
ks = (a11L* — pob*) ((L* — ibSy) (pob? — assL?) + ibFyL*)

— L*(mass + pog) (mas1 — pog) (L* — ibSp).
(3.19)

Using (3.8), (3.11), (3.12), and (3.16), one gets

m = Q;(Bje M=), (3.20)
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where

A4 - m)L§ - 2L2/\;% +mL*A;+ L4

Q== A2 —mh +ibS, — 12 (3.21)
Also, substituting from (3.12) into (3.5), (3.7), and (3.9), we get
(D+m)é& —iL{ =0, (3.22)
(D*+mD+h*)& =0, (3.23)
(D*+mD+h*)( =0, (3.24)
where h? = ibS, — L2.
The solutions of (3.23) and (3.24) are
& = Aje e, (1 = Bye o, (3.25)
where hy = (—m+ /m? — 4h2)/2.
From (3.25) and (3.22), one can obtain
Ay = hzjkLim 2 (3.26)

We use the symbols with a bar for the upper medium (except x3, L, b, g) and the
functions &y, {1, 71, ¢1, and ¥, must vanish as x — —co.
For the upper medium M, we have

£ = Ayel, & = Bye™,
o ) e e (3.27)
i = Q;Bjeli®, ¢y =A;eM™, gy =Bjeh™  (j=3,4,5).
4. Boundary conditions and frequency equation

The boundary conditions on the interface x3 = 0 are

(i) uy = iy,

(11 Uus = 1:{3,
(iii) & =&,

(iv) n =17,

(V (: C’ B
(vi) M33 = Ms3,
(vil Y
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where
ke VI A 95
Mss—Ma3 Msz—Maxa(ﬂ V), M31—Max
¢ ¢ o’y
733 =C138—X%+C33£)—X§+(C33—C13)m> (4.1)
o€ 3 ry vy ¢ on
m=—Fa, = C55<ax% o +28x18x3) o
From the boundary conditions (iii), (v), (vi), and (vii), we get
Ay =A,, B, =B, hyMy = —hy M, (4.2)

whenceAzzAzszsz=0,€=(=£_=f:0.
The other significant boundary conditions are responsible for the following relations:

(i) (iLnj+A;)B; = (iLa; — A;)B;,
(ii) (iL—n;Aj)B; = (1L+n]/\ )B],
(iv) Q;B; = Q B;,
(vm) Mo[(L +Q )/1 AS]B = My[— (L2+Q )/1 +)L3]

ix) [(6133A —a;3L?)nj —iL(ass — a13)Ai]Bj = [(asslg - a13L2)r‘1]~ +iL(ass — ai3)Ail B,

(x) [a55(L2 + A3 +2iLnjA;) — ibFoQ;1B; = [ass(L* + A; — 2iLii;A;) — ibFoQ);1B;
Eliminating the constants B}, B; (j = 3,4,5), we obtain the wave velocity equation in the
form of a sixth-order determinantal equation,

iLns+As ilng+Ay ilns+As iliis —As iliy — Ay iLiis — As
il — 7’13A3 il — 7’14)L4 il — T’ls)ts il + fl3i3 il + 1714i4 il + ﬂsis

Qs Q4 Qs 93 94 95 =0, (4.3)
Q13 Qu4 Q15 Qi3 Qua Qis
Qa3 Qa4 Qzs Qa3 Qa4 Qs
Q33 Q34 Qss Q33 Q34 Qss

where
Quj = Mo(L+Q; = A)A,
Q) = nj(assh? — aisL?) — il(ass — ar3) A,
Qsj = ass(L? + A7 +2iLnjA;) — ibFoCy),
2 (4.4)
Qij = —Mo(L*+Q; = A))A;,
Quj = iL(as — a13)ij —1j(a;3L* - a33)-t?)>
Quj = ass (L = 2iLA;A; +47) = ibFoQy, - j=3,4,5.

Equation (4.3) is the frequency equation of Stoneley waves in a non-homogeneous or-
thotropic granular medium under the influence of gravity, this equation depends on the
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particular values of 1; and A; creating a dispersion of the general wave form. Moreover,
the wave velocity C (= b/L) depends on the gravity field, the non-homogeneous of the
material medium and the granular rotations.

From (3.18), (3.19), and (4.3), we can assert that when L is Large, so that the length of
the wave is small, the effect of gravity is sufficiently small, that is, the wave length of the
wave is large, the effect of gravity is no longer negligible and plays an important role on
the determination of the wave velocity C.

If we neglect the gravity field, we obtain the wave velocity equation for Stoneley waves
in a non-homogeneous orthotropic granular medium which is the same equation as (4.3)
with

—imLﬂss

.= N i =3,4,5), 4.5
"j (a13 + 26155))Ll2 — 2ma55/1i +p0b2 — a11L2 (] ) ( )

where A; are the roots of the equation
koA® + kiA® + koA* + ksA® + kA2 + kil + ki = 0,
ky = (a11L* — pob*)[L*ass — pob* + m*ass — 2ibL>Fy + (L — ibsy) (as3 — as1 — ass) |
—2m*ass| (L*ass — pob?®) + as3 (L* — ibsg) — ibFoL?]
— (a3 +2ass) [ (L* — ibsy) (pob® — L?ass) +ibFyL*] + m*Lassas:,
ki = m{L*ass — pob* + as3 (L* — ibsy) — ibFyL*
+2ass[ (L? — ibsy) (pob® — L?ass) +ibFoL*] — m*L?assas },

ké = (a11L2 —p0b2) [(L2 — ibSo) (p0b2 — a55L2) + ibF0L4] — m2L2a55a31 (L2 — ibSo).
(4.6)

When both media are elastic (M, = 0, Fy = 0), by using (3.4) and (3.6); (3.18) becomes

—iL(mass + pog) )
i = > = )4 > 4.
7’1] (a13 + 2055)A§ — 21’}’1055/\]' — a11L2 +p0b2 (J 3 ) ( 7)

A; are the real roots of the equation

(a13+2as5) (ass — as — ass)A*

—m(2ass(as; — as) — ass) +as3 (a3 + 2ass) ]A°
+[(pob® — a1 L?) (ass — as) — ass) + (a13 + 2ass) (pob® — assL?) +2m*assas; |\
+mL?[as3 (a;1 — pob?) + (a3 + 2ass) (ass — pob*) |1

+L*[(pob® — anr) (pob® — ass) + (maz1 — pog) (mass + peg)] = 0,
(4.8)
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and the frequency equation (4.3) takes the form
iLny+As ilng+Ay il —A;  iLig— A4
iL—n3ds iL—ngdy iL+izhs  iL+ sy

Q23 Qu Q3 Qa4
Qs3 Q34 Qs3 Q34

=0. (4.9)

Equation (4.9) determines the wave velocity equation for Stoneley wave in a non-
homogeneous orthotropic elastic medium under the influence of gravity and is in com-
plete agreement with that obtained by Abd-Alla and Ahmed [2].
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