WEIGHTED NORM INEQUALITIES FOR A CLASS OF
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Weighted norm inequalities are proved for a rough homogeneous singular integral oper-
ator and its corresponding maximal truncated singular operator. Our results are essential
improvements as well as extensions of some known results on the weighted boundedness
of singular integrals.

1. Introduction

Throughout this paper, we let £ denote &/|&| for £ € R"\{0} and p’ denote the dual
exponent to p defined by 1/p+1/p’ = 1. Let n > 2 and S"! represent the unit sphere
in R” equipped with the normalized Lebesgue measure do = do(-). Let K be a kernel of
Calderon-Zygmund-type on R” given by

~Qx)
x|

K(x) , (1.1)

where Q) is a homogeneous function of degree 0, integrable over $"~!, and satisfies

. 1Q(u)da(u) =0. (1.2)
Let w be a measurable, almost everywhere positive function on R”. We call such w a
weight function. We denote by L?(w) the L?(p > 0) space of all measurable functions f
on R" such that || f | () = (Jgn | f(x) [P0 (x)dx)VP < co.
Let I'(¢) be a C! function on the interval R,. We define the singular integral operator
Tr,q and its maximal truncated singular integral operator Tt by

Traf(x) = p.v. wa(x ~I(lyDy")K(y)dy,
(1.3)
Tio f (x) = sup

>0

‘yle(x— T(lyl)y )K(y)dy|,

where y' = y/|yl € S"" 1, and f € $(R"), the space of Schwartz functions.
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If I'(t) = t, we will denote Trq by Tq, Tf'q and by T¢.

The investigation of the L? boundedness of T and T¢ was begun by Calderén and
Zygmund in [3] and then continued by many authors. In 1956, Calderén and Zygmund
showed that the L? (1 < p < o) boundedness of Tq and T¢ holds if Q € Llog" L(S"™!)
and that this condition is essentially the weakest possible size condition on ( for the L?
(1< p < ) boundedness of T, to hold (see [3]). Some years later, Connett (see [5]) and
Coifman and Weiss (see [4]) independently showed that Tq is bounded on L? (1 < p < o)
for Q € H'(S"!). Here, H'(S""!) is the Hardy space on the unit sphere which contains
the space Llog" L(S""!) as a proper space. The study of the L? boundedness of the more
general class of operators Tr,q and Ty was initiated by Fan and Pan in [8] and continued
by many authors. For a sampling of past studies of these operators, see [1, 2, 7, 8, 9].

In 1998, Grafakos and Stefanov in [12] introduced the condition

)1+a

sup |, 190 | (logl- yI™) "do(y) < o0 (1.4)

fesn1

and showed that it implies the L? boundedness of T and T for p in a range dependent
on the positive exponent a. For any a > 0, let F_ (§""!) denote the family of (’s which are
integrable over $"~! and satisfy (1.4).

Tueorem 1.1 (see [12]). Let Q € F_(S""!) for some a > 0 and satisfy (1.2). Then
(a) ifa >0, Tq is bounded on LP(R") for p € ((2+a)/(1 +&),2 + a);
(b) ifa > 1, T is bounded on LP(R™) for p € (1+3/(1+2a),2(2+«)/3).

The range for p was later improved (even for the more general operators Tr,q and Tt
and I' is a polynomial) to ((2 +2«)/(1 +2a),2 + 2«) (in part (a)) and ((1 +2a)/2a, 1 4 2a)
with a > 1/2 (in part (b)) (see [7]). However, it is still unknown whether the latter ranges
of indices are sharp. It should be noted that Grafakos and Stefanov in [12] showed that

JLa(s" 1)GF,(8"!) foranya >0,

q>1

(E(8")ZH' (s"") Z [JE.(8").

a>0 a>0

(1.5)

In the meantime, the study of the weighted L? boundedness of Tq, has also attracted
the attention of many authors. For relevant results, one may consult [6, 10, 13, 14, 16,
17, 20], among others. We will content ourselves here with recalling only the following
pertinent results.

In 1993, Duoandikoetxea [6] proved the following two results.

THEOREM 1.2 (see [6]). Suppose that Q € L1(S*1) for some q > 1. Then Tq and T¢ are
bounded on LP(w) if ¢ < p< oo, p# 1 and w € Ayyy, where Ay(R") denotes the Muck-
enhoupt class of weights for which the classical Hardy-Littlewood maximal function M f is
bounded in LP(w). (For the definition and properties of A, weights, see [11].)

For a special class of radial weights EP(IRJr) (see the definition in Section 2),
Duoandikoetxea proved the following sharper result.
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THEOREM 1.3 (see [6]). Ifw € Kp([&)for 1 < p < oo, then Tq is bounded on LP(w) pro-
vided that Q € Llog" L(S"!).

Later on, Theorem 1.3 was improved and extended by Fan, Pan and Yang as described
in the following theorem.

THEOREM 1.4 (see [10]). Ifw € E{,([RQ for 1< p < oo, then Trq and Ty o are bounded
on LP(w) provided that O € H'(S""!) and T satisfies either hypothesis I or hypothesis D
defined below. Here, gﬁ,([RJr) is a subclass ofgp([RJr) and its definition will be reviewed in
Section 2.

In this paper, we will investigate the weighted L? (w) boundedness of the operators Tt,o
and T, for w € Kﬁ,([kh) and Q € F_(§""!) for some « > 0. To state our main results, we
need some definitions.

We will need the following definitions from [10].

Definition 1.5. A function T satisfies “hypothesis I” if
(a) I'is a nonnegative C! function on (0, %);
(b) T is strictly increasing, I'(2f) = AT'(¢) for some fixed A > 1 and I'(2¢) < cI'(¢) for
some constant ¢ > A > I;
(c) I'(t) = CI'(¢)/t on (0, ) for some fixed C; € (0,log, c] and I (¢) is monotone on
(0,00).

Definition 1.6. T satisfies “hypothesis D” if
(2") T is a nonnegative C! function on (0, o);
(b’) T is strictly decreasing, I'(¢) > AT'(2¢) for some fixed A > 1 and I'(¢) < c['(2¢) for
some constantc > A > 1;
(&) IT"(t)] = CiI'(¢)/t on (0, ) for some fixed C; € (0,log, c] and I"(¢) is monotone
on (0,00).

Model functions for the T satisfying hypothesis I are I'(¢) = t4 with d > 0, and their lin-
ear combinations with positive coefficients. Model functions for the T satisfying hypoth-
esis D are I'(t) = t" with r < 0, and their linear combinations with positive coefficients.

Tueorem 1.7. Suppose that Q satisfies (1.2) and Q € F_(S§*7!) for some a > 0. Assume
that T satisfies either hypothesis I or hypothesis D. If p € ((2+2a)/(1 +2a),2 + 2a) and
wEe Zﬁ,(ﬂh), then the operator Tr,q is bounded on LP(w).

Tueorem 1.8. Suppose that Q satisfies (1.2) and Q € F_(S"7!) for some a > 1/2. Assume
that T satisfies either hypothesis I or hypothesis D. If p € ((1+2a)/2a,1 +2a) and w €
Kﬁ,([&), then Tt is bounded on L (w).

Remark 1.9. Obviously, Theorems 1.7 and 1.8 represent an extension of Theorem 1.1
and an improvement and extension over Theorem 1.2 in the case w € Af,([R{Jr) because Q)

is allowed to be in the space F,(§"7!) for some « > 0; and bearing in mind the relation,
L4(S" 1) CF (8" ') foralld > 1.

Throughout this paper, the letter C will stand for a positive constant that may vary at
each occurrence. However, C does not depend on any of the essential variables.
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2. Some definitions and lemmas

We start this section by reviewing the definition of some special classes of weights and
some of their important properties which are relevant to our current study.

Definition 2.1. Let w(t) = 0 and w € L}, (R,). For 1< p < o0, w € Ap(R,) if there is a
positive constant C such that for any interval I C Ry,

<|1|*1 Lw(t)dt) <|1|*1 Lw(t)l/(l’l)dt>p_1 <C<ow. 2.1)

A;(Ry) is the class of weights w for which the Hardy-Littlewood maximal operator M
satisfies a weak-type estimate in L' (w).

It is well known that the class A;(R.) is also characterized by all weights w for which
Muw(t) < Cw(t) for a.e. t € Ry and for some positive constant C.

Definition 2.2. Letl < p<co.w € KP([RJr) if w(x) = v (Ix])v2(Ix])'~?, where either v; €
A;(R;) is decreasing or v} € Aj(Ry),i=1,2.

Let A}(R") be the weight class defined by exchanging the cubes in the definitions of
A, for all n-dimensional intervals with sides parallel to coordinate axes (see [15]). Let
Kﬁ, =A pN Aé. fwel ps it follows from [6] that the Hardy-Littlewood maximal function
M f is bounded on L?(R",w(|x|)dx). Therefore, if w(t) € KP(DL), then w(|x|) € Ap(R").

By following the same argument as in the proof of the elementary properties of A,
weight class (see, e.g., [11]), we get the following lemma.

LEMMAN 2.3. {f 1 < p < oo, then the weight class Kﬁ,(ﬂh) has the following properties:
i) Af,l C Af,z, if 1 < p1 < pa<oo;
(ii) for any w € A}, there exists an & > 0 such that w'** € A};

(iii) for any w € Kf, and p > 1, there exists an € >0 such that p —e > 1 and w € Kﬁ,_s.

Definition 2.4. Let I'(¢) be a C! function on the interval R;. Define the sequence of mea-
sures {ox,o : k € Z} and its corresponding maximal operator o on R” by

Q r
J fdffk,o=J F(TyNy) (yn)dy»
R 2k<yl<2kh Iyl (2.2)

a5 f(x) =iup| local * f(0) ],
(VA

where |0k, | is defined in the same way as oy o, but with Q replaced by |Q].

For k € 7, set a; = ['(2¥) if T satisfies hypothesis I and a; = (I'(2¥))~! if T satisfies hy-
pothesis D. Then by the conditions of I', {ax} is a lacunary sequence of positive numbers
with infrez(ak1/ax) = A > 1.
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LEmMA 2.5. Suppose that Q satisfies (1.2) and Q € F_(S"7!) for some a > 0. Then if T
satisfies hypothesis I,

lloxall < C, (2.3)
|oa(§)| < Clak], (2.4)
|Gra(®] = Cllogla&| | for |a| >e, (2.5)
and if T satisfies hypothesis D,
llokall < C,
|Gka@)] < Clag'El, (2.6)

|Gra(@)| <Clloglag e 17" for |a'E] > e,

for some positive constant C independent of k and &, where || oy || stands for the total vari-
ation of oy, .

Proof. We will only present the proof of the lemma if T satisfies hypothesis I, since the
proof for the case that I satisfies hypothesis D will be essentially the same. It is easy to
verify that (2.3) holds for some positive constant C. By a change of variable, we have

2
o ® = [ e 0m % dot) 2.7)
st )1
By (2.7) and the mean zero property (1.2) of Q2, we get
A~ 2 T(2k dt
|Gka(8)] sj J [e=TEDEx | | Q(x) | = do (). (2.8)
s )1

which easily yields the estimate in (2.4).
Now, we turn to the proof of (2.5). Again, by (2.7), we have

Gra(®) < [ 116081000 dot) 29)
where
2
Ii(t,x,&) :J e—'mk”f'x%. (2.10)
1
We notice that
2 dt bk
Ik(t,x,£)=J HOY,  HE =J TG 1 <s<2 (211)
1 1

Now, using the assumptions on I', we obtain

k k
%(F(st)) = 2k17 (2ks) = CIQ > CIQ forl<s<t<2. (2.12)
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By applying van der Corput’s lemma (see [18]), |H(t)| < C;H[T(2%)E|~1|E" - x|~'¢, for
1 <t <2. Thus by integrating by parts, we have

| Ik(t,x,8)| < CIT(25)E] 71 x| (2.13)

Now combining this bound with the trivial bound | It (t,x,&)| < (log2) and using the fact
that t**!/logt is increasing on (e, ©), we get

(log ((3/2)[€" - x|~1))*"!
(log |T(2)&])*"

Therefore, by (2.7), (2.9), and the assumption on (), we obtain (2.5). This completes the
proof of the lemma. 0

if [T(2K)¢E| >e. (2.14)

|Ik(t,x,f)| <C

LemMA 2.6. Let w € A,(R;) and Q € L' (S™1). Assume that T satisfies either hypothesis I
or hypothesis D. Then

o& NIy < Coll Qi1 | f 1l o) (2.15)

for 1< p < oo, where C, is independent of f.

Proof. By definition of ox,q, we have

2k+1
| lowal * f(0)] = (L [ 19001 F=Twy)| do(y’)dtt)

(2.16)

< C(LM |Q(}")|J‘/Lr,y/(|f|)(x)d0(y')),

where
2k+1
Ay f(x) = sup j Fle—T@)y) 3| (2.17)
kez | J2* t

Let s = T'(¢). Assume first that I satisfies hypothesis 1. By the assumptions on I', we have
dt/t < ds/Cys. So, by a change of variable, we have

1"(21‘“)
M= s ([ 1901 %)

C r(2k
1 kez (2%) (2.18)
1 <J—r(7’) | ( ,) | ds)
< —su xX—s — .
G ,>op I(r/2) / P
Now, by condition (a) or condition (b), we have
1 cI'(r/2) ds
My f(x) < = j =
T,y fx) C Srliop ( r2) {f(x sy") | s (2.19)

< CM,, f(x),
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where

R
My f(x) =supR™" | |f(x—sy')|ds (2.20)
R>0 0

is the Hardy-Littlewood maximal function of f in the direction of y". On the other hand,
if T satisfies hypothesis D, we use a similar argument as above to get dt/t < —ds/C;s and

I'(r/2) d
Mry £1) < & sup (j |G =sy)| j)

I'(r)
1 JW” , ds) (2.21)
< —Ssu X—S —
G r>0p< (1/0T(r/2) | flx=sy] s
< CM, f(x).

So in either case, by (2.19)—(2.21) and Minkowski’s inequality for integrals, we get

1o Pl = ©( |, 190 1My £ s dot3)). 222)

By [6, (8)] and since w € Kp(ﬂh), we have
||My’f||Lp(w) < Cllifllzr(w) (2.23)

with C independent of y’. By (2.22) and (2.23), we get (2.15) which finishes the proof of
the lemma. a

LEMMA 2.7. Let1<p< oo and w € KP([RJr). Then there exists a positive constant C,, such
that the inequality

12 12
‘<Z||Uk,ﬂ|*gk|2) <G <z|gk|2> (2.24)
kez LP(w) kez LP(w)
holds for any sequence of functions {g}rez on R™.
Proof. By Lemma 2.6, we get
sup | |oxa | *gk|H < aé(sup|gk|) SC‘ (sup|gk|> (2.25)
kez LP (w) kez LP (w) kez LP(w)

On the other hand, there exists a nonnegative function f in LY (w) with || fllrw =1
such that

> Hokal * gl

kez

N J[Rn > | lokal * ge(x) [w(x) f(x)dx. (2.26)
LP(w)

kez
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Thus, by Fubini’s theorem and Holder’s inequality, we get

> Hokal * g < J[Rn > 18 |08 ((0f)) (~x) dx
kez L?(w) kez (2.27)
<|[Zleel||  loa (@M,
kez LP(w)

where %(x) = u(—x). Since w € KP([RJr) ifand only if w!~#" € Kpr([&), by Lemma 2.6, we
get

=G, (228)

LP(w)

> gl

kez

> | lokal * gl
kez

LP(w)

Therefore, we can interpolate (2.25) and (2.28) (see [11, page 481] for the vector-valued
interpolation) to get (2.24). The lemma is proved. O

3. Proof of Theorems 1.7 and 1.8

Proof of Theorem 1.7. We will present the proof of Theorem 1.7 only for the case where
I satisfies hypothesis I, since the proof for the case where I' satisfies hypothesis D is es-
sentially the same. Let {yy}%,, be a smooth partition of unity in (0, ) adapted to the
intervals Iy = [(ax+1)~%, (ak—1)"!]. To be precise, we require the following:

yec™,  O=y<l, > (w®n)’=1,
k

‘ dsllfk(t) ‘ - g

dts T

(3.1)

supp vk < I, R
where C*® denotes the class of all infinitely differentiable functions on (0,0) and C; is
independent of the lacunary sequence {T'(2¥) : k € Z}. (We remark at this point that if T
satisfies hypothesis D, the partition of unity needed in our proof should have the same
properties as above except that we need it to be adapted to the intervals [ax_1,ak+1]).
Define the multiplier operators S in R" by

(Scf)(E) =y (IED) F(£). (3.2)
Define
Qi(f) =D Sksj(0k0 * Sksj f)- (3.3)
kez
Now

Tra(f) =D oo * f =D oka* (zsk+jsk+jf> = > Qi(f) (3.4)

kez kez j€z jez
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holds at least for f € ¥(R"). By Plancherel’s theorem, we have

Qs < 3 [ 17 Pr, ) deal®) | de, (35)
kez’ R
where
A= {EER": (arm) " = 1€ < (ap) '] (3.6)

By a straightforward computation and (2.3)—(2.5), we get

NQi(Nlle < ClLiI* M flle ifj < -1,

_ . (3.7)
QN < CA|Iflle ifj=0,
and hence,
QN =C+1i1) " lifle Vjez (3.8)
On the other hand, for every p € (1,0) and w € Kf,([RJr),
12
2
10, e = G 2 Tonax 17 1)
kez LP(w)
1/2 (39)
=G (Z |Sk+jf|2>
kez 17 (w)
< Collfllze(w)»

where the first and the last inequalities follow by the weighted Littlewood-Paley the-
ory since w € Kl{,(ﬂh) - XP([RJr) C A, (R, ), whereas the second inequality follows from
Lemma 2.7. Thus, by Lemma 2.3, there is an € > 0 such that

||Qj(f)||Lp(w1+s) = Cp”fHLP(wa) (3.10)

foreveryw € Eﬁ,([RJr) and 1 < p < co. By interpolating between (3.8) and (3.9) with w = 1,
for every p € ((2+2a)/(1 +2a),2 + 2a), there is a 6, > 1 such that

1Qi (e = CA+1D ™I flus (3.11)
holds for j € Z. Using Stein and Weiss’ interpolation theorem with change of measure,

we interpolate (3.10) with (3.11) to get that, for every p € ((2+2a)/(1 +2«),2 +2«) and
wE Eﬁ,([&), there is an 77, > 1 such that

||Qj(f)||u>(w) <C(1+ |j|)7ﬂp||f||LP(w) (3.12)
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holds for j € Z. Therefore, by (3.4) and (3.12), we get

ITra(N)ew = 2 NQi (Nl = Cllif e (3.13)

jEZ
for every p € ((2+2a)/(1 +2a),2+2a) and w € XL([RJr). This completes the proof of
Theorem 1.7. U
Proof of Theorem 1.8. Assume that p € ((1+2a)/2a,1+2a) and w € ELID(IRJr). For any € >
0, there is an integer k such that ax < € < aj4;. So we have

Tio(f) <ag(f)+H(f), (3.14)

where H(f) = supye, | Te(f)] and Ti(f) = Z;’-ik oja* f. By (3.14) and Lemma 2.6, we
notice that the proof of Theorem 1.8 is completed if we can show that

HH (@) < Coll fllLrw) (3.15)

for p € ((1+2a)/2a,1 +2a) and w € Ef,([lh). So, we turn to the proof of (3.15). Let
e J(R") be such that ¢(&) =1 for |&] < 1/A and ¢(&) = 0 for [£] > A. Define ¢, ¢x by

(gb) ¢ and ¢ (&) = (1/(ar)™)pr(é/ax). Decompose T (f) as

Te(f) = (8 — ¢r) * zO']Q*f"'(pk*TFQ(f) br * Zajﬂ*f
= Pt (3.16)

(1) (2) (3)
T, f+Tf+ T f,

where § is the Dirac delta function. By Theorem 1.7 and since w € KP([RJr) CAp(Ry), we
immediately get

sup | T}£2)f| H = C||M(TF,Q)||Lp(w) = Cp”f”LP(w) (3.17)
keZ LP(w)

for p € ((14+2a)/2a,1+2a) and w € K;([RQ. By definition of T,£3)f, we get

iﬂPle)fl ZSUP|Uk]Q*¢k*f Z (). (3.18)
(SVA j=1

j=1kez
By Lemma 2.6, we have
Ui (Do) < IM (0 oy < Coll fllr ) (3.19)
for every w € gf,([lh) and 1 < p < . Thus, by Lemma 2.3, there is an ¢ > 0 such that

||Uj(f)||Lp(w1+e) < Cp”f”LP(wl“) (320)
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for every w € Xﬁ,(ﬂh) and 1 < p < 0. On the other hand,

1/2
Ui(f) < (Z |0kj,ﬂ*¢k*f|2) . (3.21)

kez

Thus, by Plancherel’s theorem and Lemma 2.5, we have

AT I WS GIRPAGIRTGIR:

kez
<[ 3 a1 d (322)
laxdl<A
<CA | fl3.

Thus, by interpolating between (3.22) and (3.20) (with w = 1), we get
U, < AP £l (3.23)
for 1 < p < co and for some B(p) > 0. Now, using Stein and Weiss’ interpolation theorem

with change of measures [19], we may interpolate between (3.20) and (3.23) to obtain a
positive number v, such that

||Uj(f)||u>(w) < CA | f 1o (w)> (3.24)
which implies

sup [T f | H < Cpll fllzr(w) (3.25)

kez L (w)

for every w € Eﬁ,([&) and 1< p < 0.
Finally, we will prove that

sup | Tf1|| < Gl (3.26)
kez LP(w)

for p € ((1 +2a)/2a,1+2a) and w € K;(RJ. The proof of this inequality is similar to
the proof of (3.25). In fact, we have

sup |T,E1)f| < Z (sup | Oks i % (8 — dr) * f(x) ) z (f). (3.27)
i1 o

kez
By Lemma 2.6 and the L?(w) boundedness of M, we get

HYj(f)HLP(a)) = Cp”f”LP(a)) (3.28)
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for every w € Xﬁ,(ﬂh) and 1 < p < c0. Also, by Plancherel’s theorem,

IGOIE= | 3 16wial®)F11-9u@ | 7)1

kez
- ZJM z|| a1 f©)7d
kez aj
| i —2a-2 7 2d
—ZmzoLkmakswl | log | ax;¢ | | | (&) déE (3.29)

< 3 3 (1) [ HOI

5 (k)

< Cj 2 £

Thus Theorem 1.8 is proved. O

We end this section with the following result concerning power weights |x|". One of
the important special classes of radial weights is the power weights |x|”, y € R. It is known
that |x|" € A,(R") ifand only if —n <y <n(p—1).

Our result regarding this class of weights is the following.

THEOREM 3.1. Let 1 < p < oo. Assume that T satisfies either hypothesis I or hypothesis D. If
Q € F, (") for some a > 0 and satisfies (1.2), then for w(x) = |x|" withy € (-1,p — 1),
Tr,q is bounded on LP (w) for p € ((2+2a)/(1+2a),2 + 2ax) and Tiq is bounded on LF (w)
for p e ((14+2a)/2at,1 +20x).

A proof of this theorem can be obtained by applying the results in Theorems 1.7 and
1.8 and noticing that |x|" € Af,([R{Jr) forye(-1,p-1).
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