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Let L2
a be a Bergman space. We are interested in an intermediate Hankel operator HM

φ

from L2
a to a closed subspace M of L2 which is invariant under the multiplication by the

coordinate function z. It is well known that there do not exist any nonzero finite rank
big Hankel operators, but we are studying same types in case HM

φ is close to big Hankel
operator. As a result, we give a necessary and sufficient condition about M that there does
not exist a finite rank HM

φ except HM
φ = 0.
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Let D be the open unit disc in C and let dA be the normalized area measure on D. When
dA = r dr dθ/π, let L2 = L2(D,dA) be the Lebesgue space on the open unit disc D and
let L2

a = L2 ∩Hol(D) be a Bergman space on D. When M is the closed subspace of L2

and zM ⊆M, M is called an invariant subspace. Suppose that zL2
a ⊆M. PM denotes the

orthogonal projection from L2 onto M. For φ in L∞, the intermediate Hankel operator
HM

φ is defined by

HM
φ f = (I −PM

)
(φ f )

(
f ∈ L2

a

)
. (1)

When M = L2
a, HM

φ is called a big Hankel operator and when M = (z̄L̄2
a)⊥, HM

φ is called
small Hankel operator. L2 has the following orthogonal decomposition:

L2 =
∞∑

j=−∞
⊕�2ei jθ , (2)

where �p = Lp([0,1),2r dr) for 1≤ p ≤∞. Set

H2 =
∞∑

j=0

⊕�2ei jθ , (3)

then L2
a ⊂H2 ⊂ (z̄L̄2

a)⊥.
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2 Finite rank intermediate Hankel operators

For an invariant subspace M, set

Mj =
{

f j ∈�2; f ∈M, f (z)=
∞∑

j=−∞
f j(r)ei jθ

}

. (4)

We call {Mj}∞j=−∞ the Fourier coefficients of M and then rMj ⊆Mj+1. If Mjei jθ belongs
to M for any j, then M has the following decomposition:

M =
∞∑

j=−∞
⊕Mje

i jθ. (5)

When M ⊆H2, HM
φ is close to big Hankel operator. In this case, we give a necessary and

sufficient condition about M that there does not exist a finite rank HM
φ except HM

φ = 0.
The following lemma is proved in previous paper [1].

Lemma 1. Suppose M is an invariant subspace which contains zL2
a, and φ is a function in

L∞. HM
φ is of finite rank ≤ � if and only if φ belongs to M∞,� , where

M∞,� =
{

φ∈ L∞; bφ(z)∈M, b(z)=
�∑

j=0

bjz
j and bj ∈ C

}

. (6)

Note that we have proved in the previous paper [1, Theorem 5.4(1)] only when k = 0.
We improve [1, Theorem 5.4]. That is the following theorem.

Theorem 2. Suppose M is an invariant subspace between zL2
a and e−ikθH2 where k ≥ 0,

and φ =∑∞
j=1+k φ− j(r)e−i jθ is a function in L∞. Then there does not exist any finite rank

HM
φ except for HM

φ = 0 if and only if M−(k− j)∩ r j+1�∞ = {0} for any j ≥ 0.

Proof.

∫ ∞∑

j=1+k

φ− j(r)e−i( j−m)θ dθ

2π
= φ−m(r) (1 + k ≤m≤∞), (7)

and so

∣
∣φ−m(r)

∣
∣≤

∫
∣
∣
∣
∣
∣
∣

∞∑

j=1+k

φ− j(r)e−i( j−m)θ

∣
∣
∣
∣
∣
∣

dθ

2π

=
∫ ∣
∣e−imθ

∣
∣

∣
∣
∣
∣
∣
∣

∞∑

j=1+k

φ− j(r)e−i( j−m)θ

∣
∣
∣
∣
∣
∣

dθ

2π
=
∫

|φ|dθ
2π

<∞.

(8)

Hence φ−m(r)∈�∞ for 1 + k ≤m≤∞. If r(HM
φ )≤ �(<∞) by Lemma 1 then there exist

complex numbers b0, . . . ,b� such that b� = 1, b =∑�
j=0 bjz j :

bφ =
�−(1+k)∑

n=−∞

⎛

⎝
�∑

m=0

bmr
mφn−m(r)

⎞

⎠einθ ∈M. (9)
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Since M ⊆ e−ikθH2,

bφ =
�−(1+k)∑

n=−k

⎛

⎝
�∑

m=0

bmr
mφn−m(r)

⎞

⎠einθ ∈M
(− (� + k)≤ n−m≤ �− (1 + k)

)
. (10)

Since M =∑∞
j=−∞⊕Mjei jθ , by (10),

�∑

m=0

bmr
mφn−m(r)∈Mn

(− k ≤ n≤ �− (1 + k)
)
. (11)

As n= �− (1 + k),

�∑

m=0

bmr
mφn−m(r)= r�φ−(1+k)(r)∈M�−(1+k). (12)

If φ−(1+k)(r) �= 0, then M�−(1+k) ∩ r��∞ �= {0}. So we assume φ−(1+k)(r) = 0. As n = � −
(2 + k),

�∑

m=0

bmr
mφn−m(r)= r�φ−(2+k)(r)∈M�−(2+k). (13)

If φ−(2+k)(r) �= 0, then M�−(2+k) ∩ r��∞ �= {0} and so M�−(2+k) ∩ r�−1�∞ �= {0}. So we
assume φ−(2+k)(r)= 0. Repeating the same way from n= �− (3 + k) to n= �− (�− 1 + k),
we can get φ−(3+k)(r)= ··· = φ−(�−1+k)(r)= 0. As n=−k,

�∑

m=0

bmr
mφn−m(r)= r�φ−(�+k)(r)∈M−k. (14)

If φ−(�+k)(r) �= 0, then M−k ∩ r��∞ �= {0} and so M−k ∩ r�∞ �= {0}. If φ−(�+k)(r)= 0, then
φ−(1+k)(r) = φ−(2+k)(r) = ··· = φ−(�+k)(r) = 0 and φ = 0 by (10). This result contradicts
HM

φ �= 0, and so Mj−k ∩ r j+1�∞ �= {0} for j ≥ 0.

If r j+1 f ∈Mj−k ∩ r j+1�∞( f ∈�∞), then put φ = f e−i(k+1)θ ∈ L∞. If f �= 0, then φ /∈
M and

z j+1φ = r j+1 f ei( j−k)θ ∈Mj−kei( j−k)θ. (15)

Since M =∑∞
j=−∞⊕Mjei jθ , Mj−kei( j−k)θ ⊆M and so z j+1φ∈M. Lemma 1 gives a contra-

diction. �
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