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property that any double sequence x with finite P-limit point has- a A-rearrangement z
such that each finite P-limit point of x is a P-limit point of Az.
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1. Introduction

In [1] Agnew presented the following theorem: if x is a bounded sequence and A is a reg-
ular summability matrix, then there exists a subsequence y of x such that each limit point
of x is a limit point of Ay. Fridy [2] extended this result by replacing subsequence with
rearrangement. Keagy [3] presented two theorems that strengthened the results of both
Agnew and Fridy. This was accomplished by weakening the regularity conditions and re-
placing finite limit point for bounded sequence. The goal of the paper is to present two
multidimensional theorems analogou to Keagy’s theorems with A-rearrangement replac-
ing rearrangement, RH-regularity replacing regularity, and convergent in the Pringsheim
sense replacing convergent. Other implications will also be presented.

2. Definitions, notations, and preliminary results

Definition 2.1. Let A denote a four-dimensional summability method that maps the com-
plex double sequences x into the double sequence Ax, where the mnth term to Ax is as
follows:

00,00

(Ax)m,n: z Am,n k1 Xk, - (21)
kl=1,1



2 International Journal of Mathematics and Mathematical Sciences

Definition 2.2 (see Pringsheim [4]). A double sequence x = [xx;] has a Pringsheim limit
L (denoted by P-limx = L) provided that given € > 0 there exists N € N such that [xy; —
L| < € whenever k,I > N. Such an x will be more briefly described as “P-convergent.”

In addition to P-convergent, Pringsheim also presented the following notion of diver-
gent.

Definition 2.3. A double sequence x is called definite divergent if for every (arbitrar-
ily large) G > 0 there exist two natural numbers #n; and n, such that |x,x| > G for n >
ni, k= ny.

In [5], Robison presented a four-dimensional notion of regularity for double sequences
with an additional assumption of boundedness. This assumption was made because a
double sequence which is P-convergent is not necessarily bounded. In addition to this
notion, Robison and Hamilton both presented a Silverman-Toeplitz-type multidimen-
sional characterization of regularity in [5, 6]. The definition of the regularity for four-
dimensional matrices will be stated next, followed by the Robison-Hamilton characteri-
zation of the regularity of four-dimensional matrices.

Definition 2.4. The four-dimensional matrix A is said to be RH-regular if it maps every
bounded P-convergent sequence into a P-convergent sequence with the same P-limit.

THEOREM 2.5. The four-dimensional matrix A is RH-regular if and only if
RH;: P-limy, , @k, = 0 for each k and I;
RH;: P‘limm,n z}(:l’iol’l Am,n,k,l = 1;
RH,: P-limy, X5y l@munkil = 0 for each I;
RHy: P-limy,, 2020 l@mnki| = O for each k;
RHs: X007 | |amnkil is P-convergent; and
RHg: there exist positive numbers A and B such that X'y ;o5 |@mnki] < A.

The following definition of the subsequence of a double sequence was presented in
[7].

Definition 2.6. The double sequence [ y] is a double subsequence of the sequence [x] pro-
vided that there exist two increasing double-index sequences {#n;} and {k;} such that if
Zj = Xn, k;» then y is formed by

21 22 25 210

Z4 Z3 Z6 — (2 2)
Z9 Z8 Ve )

Using this concept of subsequence, the following definitions for Pringsheim limit
points and divergence of double sequences were presented in [7].

Definition 2.7. A number f is called a Pringsheim limit point of the double sequence
X =[x, ] provided that there exists a subsequence y = [y, ] of [x,x] that has Pringsheim
limit 8: P-limy,x = 5.
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Definition 2.8. A double sequence x is divergent in the Pringsheim sense (P-divergent)
provided that x does not converge in the Pringsheim sense (P-convergent).

In addition to these definitions, the author also presented the following theorem in [8].

THEOREM 2.9. Ifeach of T and A is an RH-regular matrix, x is any bounded double-complex
sequence, and € is any bounded positive term double sequence with P-limy;€x; = 0, then
there exists a subsequence y of x such that T(Ay) exists and each P-limit of x is a P-limit of
T(Ay).

In [9], Patterson and Rhoades presented the following definition for rearrangement of
double sequences.

Definition 2.10. Fix A > 1. The double sequence y™ is called a “A-rearrangement” of
the double sequence x provided that there is a one-to-one function 7 from the positive
integers into themselves such that
(1) {2{,y,} is a one-dimensional sequence constructed from the double sequence
{Xmn} as follows:

1 _ 2 _ 3 _ 4 _ 5 —
Z(l,l) = X1,1» Z(I,Z) = X1,2» Z(2,2) = X2, Z(Z,l) =X2,1> Z(1)3) = X1,3>

6 _ 7 _ 8 _ 9 _ 10 _ .
Z(2,3) = X2,3> 2(3,3) = X33, Z(3’2) = X3,25 2(3,1) = X3,1» Z(1’4) = X1,4 >
(2.3)

(2) let z;in,ﬂ) be a subsequence of z{,, , consisting of all elements z{,, , such that

/A <m/n <A
(3) let Z::iu,n') be a rearrangement of zéjm,n);
(4)
in; L1 om , ,
(mA) _ ., (mh) (1) 1f1573,1,m IR
= ypa = (2.4)
Y pa ; 1l m m
Zlmm) 1fX>;,;>A,m:p,n:q.

The word A-permutation will be reserved to indicate the reordering of a finite double
sequence. In addition, we will say that the ordered pair (k,!) is in the A-wedge [10] of x if
/A <k/l<A.

3. Main results

The theorems presented in this section are multidimensional analogs of Keagy theorems
in [3]. Throughout the proofs of the main results, we will use the ordering presented in
Definition 2.6.

THEOREM 3.1. Let A be a four-dimensional matrix transformation with P-null pairwise
rows and pairwise columns. Also let x be a bounded double-complex sequence. If y is a double
Pringsheim subsequence of x such that Ay exists and has a finite P-limit point, then there
exists a A-rearrangement z of x such that Az exists and each P-limit point of Ay is a P-limit
point of Az.



4 International Journal of Mathematics and Mathematical Sciences

Proof. In [8], Theorem 2.9 grants us a double sequence v constructed from u such that
each term of u is a P-limit point of T(Ay) and each P-limit point is a term of v. In ad-
dition, v has the property that each term of u is not only a P-limit point and/or a term
of T(Ay) but also a term in the A-wedge of v. Let us choose the order pairs (m;,#;) and
(a1,1). Also let us denote the A-permutation of {xx;}’swith ] <k <ajand1<I<p; as
By, g, (i.e., a1 fi-block). In addition, let (k,]) be the first (B2 + a2 — 1 — a1 — 1)-terms of
{x;j} with the following properties:

(1) (k,1) is in the A-wedge of {x;;},

(2) (k,1) is not in the a1 B1-block of {x;;},

(3) (k,1) is not in {yijrar<i<ooUpf;<j<ool,
where the first (8, + a; — 1 — a; + 1)-terms has an ordering as in Definition 2.6. Also let
us choose (m3,n,) and (ay,B2) such that my > my, ny > ny, az >y, and B, > 51, where
(a1,2) and (a2, B1) are in the A-wedge of v such that

‘xlvﬁl 1 1
> N amumkizki| < e > lammkixi | < e
k,l=1,1 k>a &1<I<f)
1 1
> ammkixki | < e > Nampmkiyes —vin | < e
1<k<a; &I>p; k> &I>p4
a—1,6-1
1 1
Z Ay kol Vil — V2,2 | < S0 Z Ay k1 V1| < S0
kl=ai+1,B1+1 k=,
1 1
> ammkixi| < e > ammkixki] < e
k=, &P <I<p; I=fr&ar <l<a,

1 1
sup Z |am,n,tx1,j| |Za1,j _)’al,j| < bR sup Z |am,n,i,ﬁ1 | |Zi,ﬁ1 —Jip | < bYS

MR < i<, M o <icay

(3.1)

Let us define z as follows: zx; = yx if a1 <k <ay and 1 << s, za,,; = x5 if f1 < j < fa,
zig, = xg7 if @1 < j <&y, and zx) = xx, otherwise. Suppose in general that the double-
index sequences (as_1,f:-1) and (ms_;,n¢-1) have been chosen with as_; > a;—», -1 >
Bi-2, ms_1 > mg_y, and n;1 > ;. Also let us denote the A-permutation of By, g, , of x
by {z,',j}g};lffl . In addition, let (k,]) be the first (Bt + s — Bt — &g — 1)-terms of {x; ;} with
the following properties:

(1) (k,1) is in the A-wedge of {x;;},

(2) (E,Z) is not in the afB;-block of {x;},

(3) (k,I) is not in {yijras<i<ooUB;<j< oo},
where the first (B + as — fi-1 — as—1 — 1)-terms have an ordering as in Definition 2.6.
Now let us choose (m;,n¢) and (as, ;) such that m > ms_y, ne > ne_y, s > a5y, and By >
Bi-1, where (as-1,f¢) and (as, 5;—1) are in the A-wedge of v with the following properties:

o1, -1

1 1
2 Nammiizi] < 25+ > | @it | < 2
k,J=1,1 k> 1 &1<I<fi-y
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_1 1
Z | Amg,ngk,1 Xk, | < st 5 z | Amgng kol Ykl — Vst < ﬁ)
l<k<os &>piy k>0 &I>py
asflxﬁtfl
1 1
Z Amonohl Yl =~ Vst | < Dstt’ z Amgnik,l Vil | < Jstt?
kl=as1+1,8-1+1 k=,
1 1
2 Namrm] < 5o > Nammkisir] < 55
kZas&ﬁr—1<lsﬂt ‘Xs—1<k50¢g&l2ﬁ5

sup Z | Arm,nyo 1, | | 2o 1,j T Vas1,j

< 2s+1’
B <j<pi

1
sup D lammig, | 1Zig, = yipo, | < ST

MR g <i<ag

(3.2)

Let us define z as follows: zx; = yx 1, if -1 <k < s and By <1< s, Zoi = x5 if fr-1 <
i< P zjp =xgpif a1 < j <@, and zx) = xx, otherwise. Let us consider the following:

as—l»ﬁt—l

|A) = vse| = | 2. @momizes + 2. Amgnik Vel — Vst
kl=1,1 51 <k<os &P <I<f:

t Z Amg,ng k1 Xk,] T Z Ay g e, 1 XK,
a1 <k<co&l<I<f; I<k<os 1 &Bi-1<I<oo

" 2. Bkl Xl > Qe k1 XK ]
os<k<oco&PB;_1<I<p; a1 <k <o, &y <l<co

D AmankiZk]

k>o &I>pBy
0‘171,/3571
= Z |ams,nf,k,le,l | + Z Aokl Vil — Vst

kl=1,1 051 <k<ots &P <I<f:

+ Z | ams,n[,k,lxk,l | + Z | ams,n,,k,lxk,l |
a5 <k<oo&1<I<f; I<k<a, &P 1<I<co

* Z |am5’”f’k’lxk’l | + Z | Apmgng k1 Xk, |
0t5<k<00&,81—1<lsﬂr “371<k5a5&l3;51<w

+ > | amankizi]
k> &I>p;

(3.3)
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Thus
at—bﬁs—l
| (Az)ms,n; — Vst | =< Z |am5,n,,k,lzk,l | + Z Amgngkl Yk — Vst
kl=1,1 o <k<a &P 1<I<py
+ Z | @ kXt | + Z | @ ki Xk |
a1 <k<oo&1=<I<f 1=<k<o 1 &Py <l<oo
+ z |ams,nhk,l-xk,l| + z |ams,nt,k,lxk,l|
ag<k<co&P; i <I<p; o5 <k <o &P <l<oo
00,00 e ﬂP
+ Z |ams,m,k,l| |)/k,l| + Z Z |ams,nf,ap,j | |szp,j = Vay,j |
kl=at5, B p=sj=1
oo ag—1
+ 22 Z |ams,m,i,/§q | |Zi’ﬁq - yi’ﬁq < Ds+t’
=t i=1

q
(3.4)

Therefore, each P-limit point of Ay is a P-limit of Az. This completes the proof of this
theorem. O

THEOREM 3.2. Ifx is a double-complex sequence and A is a row pairwise-finite four-dimen-
sional matrix satisfying conditions RH; through RHs of RH-regularity, then there exists a
A-rearrangement y of x such that every limit point of x (finite or infinite) is a limit point of
(Ay).

Proof. We will assume without loss of generality that x has a definite divergent subse-
quence and at least one finite P-limit point. Let us consider the double sequence v de-
fined in the proof of Theorem 3.1. Let («y,81), (m1,m1), and (7;,%;) be selected index
pairs and let {z; ]}7;511 be the A-permutation of the terms in the &, 3;-block of x. Let us

select (my,n,) such that m, >, and n, > n; such that

‘Xlxﬁl
> lammpizki] < 5. (3.5)
k=11
Since A is pairwise finite and we have RH3 and RHy, we are granted the following:
1
>, | G kit | < 5
(k>ayul<l<pi)N(1/A<k/I<A)
1
Z | Army,na k1 Xk, | < 24’
(k>ayul<I<pi)N(k/I<1/AUk/I=1)
! (3.6)
| @ms ki | < PYS
(I<k=<aynI>p1)N(1/A<k/I<A)
| G ikt | < 7

(1=k=a;nI>p1)N(k/I<1/AUk/I=A)
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The RH-regularity conditions RH; through RHs imply that

1
Z Ay o el — 1 ‘ <—F— 7. (3.7)
k>ay, 1>, 24( | V2,2 | + 1)

Kyl

Letky = sup{k: [am,m k1| >0} and [ = sup{l: |@pm,n, k1| >0} and choose {z;;};72; 11 5,41

in a Pringsheim subsequence sense from x\ {z; ]}?;fil with elements in the A-wedge of x
such that
kol
2502 1
Z Amyngk, 2kl — V2,2 | < 51
Kl=(o+1,B1+1)N(1/A<k/I<))
(3.8)
ka,l
Z |amz,n2,k,1xk,l < ?

kl=(a1+1,B1+1)N(k/I<1/AUk/I=A)

Also let us select the following z’s: ({zig+1: 1l <i<hLb+1} N {l/A<i/(ky+1) <A}) U

({zn+1i:1 <i<k} n{1/A < (L, +1)/i<A}) and denote these z’s by {z;,}. In addition,

{z¢y} are selected such that {{,n} corresponds to the first index of x in x\{z; j}Z;;}’fz_l

By the RH-regularity conditions, there exist 71, > my, i, > 1y, 2 > ky +1,and 2> L +1
Dcz—l,ﬂz—l

such that |az, 7, a,,8,| > 0and |z, 7, k1| =0, where k > a or [ > B>. Choose {zij}; ;1)\ 142

. . . kot1,b+1 -
in a Pringsheim subsequence sense from x\ {z; j}ijil,lﬁ in the A-wedge of x. Let us de-

note ({zig, : 1 < i<}t N{I/A<i/fy <A}) U ({za,i: 1 i< Bot n{l/A < ay/i < A}) by

{z¢ 1, where {z;,} are selected such that {{,n} corresponds to the first index of x in
a—1,B-1

x\ {Zi,j}i,jzl’l such that
az,ﬁz

Z Aty 7ip k12K,
kl=1,1

> 24, (3.9)

Thus, in general we select two double sequences (m,,n;) and (m,,%;) as follows: let

(etr—1, Bs-1), (my—1,n5_1), and (7,_1,75-1) be selected index pairs and let {z,',j}?f}:fi’l be
the A-permutation of the terms in the «,_;8;_1-block of x. Let us select (m,,#,) such that

m, >m,_; and n, > 711,_1 such that
1,1

1
klZ: |am,,ns,k,zzk,1| < s (3.10)
J=1,1

Since A is pairwise finite and we have RH3 and RH4, we are granted the following:

1
> | @iz | < 5750
(k>ar_1Ul<I<fs 1)N(1/A<k/I<A)

1
> | @it | < 505
(k> Ul=<I<fs 1)N(k/I<1/AUk/I=A)
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1
| Ay yng k1 2k, | <=

Drts?
(I<k=a, N> 1)N(1/A<k/I<A)
. | @, ki | < ,l .
2
(I<k=a,_1NI>Ps_1)N(k/I<1/AUKk/I=A)

(3.11)

The RH-regularity conditions RH; through RHs imply that
Z Am,nokl — 1] < m (3.12)

k>o_1,1>B-1 Vs

kel

Letk,=supik: |am, nkil >0} and ls=sup{l: |as, n kil >0} and choose {Zﬂj}i,j:tx,,ﬁrl,ﬁ;,ﬁl

ar—l,ﬁs—l

in a Pringsheim subsequence sense from x\{z;;};-;; with elements in the 1-wedge of

x such that

kel

A, ngk, 12k, — Vr,s
k= (@141, B 1+ 1) N (1/A<k/I<A)

<>
or+s

(3.13)
kel

1
|am,,n5,k,lxk,l | < ﬁ

k=01 +1, fso1+1) N (K/I<1/AUK/I=N)

Also let us select the following z’s : ({zjg+1: 1 <i<L+1}Nn{l/A<i/(k;+1)<A}) U
({zi41i: 1 <i<k,-+1} n{1l/A < (L +1)/i<A}) and denote these z’s by {z;,}. In addition,

{z¢y} are selected such that {{,n} corresponds to the first index of x in x\ {z,-,]-}ff};i’ff]

By the RH-regularity conditions, there exist 1, > m,, ni; > ng, ar >k, +1, and s > L+ 1
a—1,B—-1

such that |am, 7,«.8,| >0and |am, 7.kl = 0, where k > a, or I > . Choose {zi};; "5 142

. . . kot LI+
in a Pringsheim subsequence sense from x\ {z; ; },-fjfl,f* in the A-wedge of x. Let us de-

note ({zjp,: 1 <i<o} N{I/A<i/Bs<A}) U ({za,i: 1 <i< B} n{1/A < a,/i<A}) by
{z¢qt, where {z;,} are selected such that {{,n} corresponds to the first index of x in
a—1,5—1

x\{zij};5-11  such that
s

Z A, g,k 12k,
kil=1,1

> 2, (3.14)

This process grants us two positive integer double sequences and a A-rearrangement z
of x having the following properties: |(Az)m,n — Vrs| = 0(1) and {|(Az)m, 5 |} which is
definite divergent. This completes the proof. O

CoROLLARY 3.3. If there exists a four-dimensional matrix A satisfying RH, through RHs
such that Az is definite divergent for every A-rearrangement z of x, then x is definite divergent.

CoOROLLARY 3.4. If there exists a four-dimensional matrix A satisfying RH, through RHs
such that Az is bounded for every A-rearrangement z of x, then x has only bounded subse-
quence.
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