Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2007, Article ID 46851, 8 pages

d0i:10.1155/2007/46851

Research Article
Nonderogatory Unicyclic Digraphs

Diego Bravo and Juan Rada
Received 6 October 2006; Accepted 9 February 2007

Recommended by Dalibor Froncek

A digraph is nonderogatory if its characteristic polynomial and minimal polynomial are
equal. We find a characterization of nonderogatory unicyclic digraphs in terms of Hamil-
tonicity conditions. An immediate consequence of this characterization ia that the com-
plete product of difans and diwheels is nonderogatory.
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1. Introduction

A digraph is nonderogatory if its characteristic polynomial and minimal polynomial are
equal. Relations between nonderogatory digraphs and their automorphism groups have
appeared in the literature (see [1] and [2, Theorem 5.10]). More recently, several articles
(see, e.g., [1, 3-8]) address the problem of determining when certain operations between
nonderogatory digraphs are again nonderogatory.

The aim of this paper is to characterize unicyclic nonderogatory digraphs (i.e., non-
derogatory digraphs which have exactly one cycle), in terms of Hamiltonicity conditions.
The results obtained by Gan [4] concerning the complete product of difans and diwheels
are an immediate consequence of this characterization.

A digraph (directed graph) IT' consists of a finite set of vertices together with a set of
arcs, which are ordered pairs of vertices. The vertices and arcs are denoted Vr and Er,
respectively. If (u,v) € Er, then u and v are adjacent and (u,v) is an arc starting at vertex
u and terminating at vertex v. A walk in T’ from vertex u to vertex v is a finite vertex
sequence

U= Ugy UL, Uy s U =V (1.1)
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(sometimes denoted by ug — u; — - -+ — uy), where (u;_;,u;) isanarcof D forall 1 <t <
k. The number k is the length of the walk. If u = v, we say that the walk is a closed walk.
A path is a walk in which no vertex is repeated, and a closed path is a cycle.

Suppose that {u,...,u,} is the set of vertices of I'. The adjacency matrix of I', denoted
Ar, is the square matrix of order n whose entry ij is the number of arcs starting at ; and
terminating at ;. The characteristic polynomial of the digraph T', denoted by ®r(x) (or
simply @r), is the characteristic polynomial of the adjacency matrix Ar, that is, ®r(x) =
|xI — Ar|, where I is the identity matrix and |M]| is the determinant of M.

By the Cayley-Hamilton theorem, ®r is an annihilating polynomial of Ar, which
means that Or(Ar) = 0. The monic polynomial of least degree which annihilates Ar is
called the minimal polynomial of I and will be denoted by ur(x) (or simply ur). Recall
that if

Op(x) = (x =) " (x=2)® -+ (x=2)) 7, (1.2)
where qy,...,g, are positive integers, then
ur(x) = (x=A)P (x =) (x=2), (1.3)

where 1 < p; < g;foralli=1,...,r.
Definition 1.1. Say that I is a nonderogatory digraph if ®r(x) = pr(x).

Recall that a linear directed graph L is a digraph in which every vertex has indegree and
outdegree equal to 1; in other words, its components are cycles. The coefficient theorem
for digraphs relates the coefficients of the characteristic polynomial of a digraph I' with
the set of linear directed subgraphs of I'.

THEOREM 1.2 (see [2, Theorem 1.2]). Let I be a digraph with n vertices. Then the charac-
teristic polynomial @y of T is

24ty (1.4)

DOp = x"+ 1 x" L+ opx"
where ¢; = Y. ;e (—1)PV). Here, &; is the set of linear directed subgraphs L of T with exactly
i vertices, and p(L) is the number of components of L.

A spanning path in a digraph T is called a Hamiltonian path. A path-Hamiltonian
digraph is a digraph which contains a Hamiltonian path. Then we have a characterization
of acyclic nonderogatory digraphs.

PropositioN 1.3. Let T be a digraph with n vertices. The following are equivalent:
(1) T is an acyclic nonderogatory digraph;
(ii) T is path-Hamiltonian.

Proof. Recall that the entry uv of the power matrix A"~ is precisely the number of walks
in T of length n — 1 from u to v (see [2, Theorem 1.9]). By Theorem 1.2, if T is an acyclic
digraph with » vertices, then its characteristic polynomial is simply @ = x". Hence, I' is
nonderogatory if and only if A"~! # 0. If T is acyclic, any walk is necessarily a path, and a
path of length n — 1 is necessarily spanning and hence Hamiltonian. From this, it follows
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that I' is a nonderogatory acyclic digraph if and only if there exists a walk of length n — 1
if and only if T is path-Hamiltonian. O
2. Nonderogatory unicyclic digraphs

Let T'p(u,v) denote the set of walks in I' of length p from vertex u to vertex v. By [2,
Theorem 1.9], the entry uv of A? is the number of walks from u to v of length p.

ProprosITION 2.1. Let T be a digraph with n vertices and unique cycle C of length r > 2. The
following conditions are equivalent:
(1) T is a nonderogatory digraph;
(2) there exists u,v € Vr such that |T,_1 (u,v)| # |Tpr1 (u,v)].
Proof. From Theorem 1.2, the characteristic polynomial of T is
Or=x"—x""=x""(x"-1). (2.1)

Since x" — 1 is a product of distinct linear factors, the minimal polynomial yr has the
form

pr = xf (x" = 1), (2.2)

where 1 < p < n—r. Hence, I is a nonderogatory digraph if and only if

A"TTHAT 1) 40 (2.3)

or equivalently,
APl AL (2.4)
O

In the next results, we give further insight into condition 2 of Proposition 2.1.

Assume that {xi,...,x,} are the vertices of C, and (x;,xiy1), for i = 1,...,r — 1, to-
gether with (x,,x;) are the arcs of C. For each 1 < j < r, let C(x;) denote the closed walk
Xjs..osXpsX15...,Xj. For u,v € Vr, define

I, (u,v) = {m € Ty(u,v) : m contains C(x;) for some x; (1 < j <)}, 25)
[y (u,v) = {m € Ty(u,v) : m contains x; for some x; (1 < j <r)}. '

LemMa 2.2. Let T be a digraph with n vertices and unique cycle C of length r > 2. Then
ITy_ (u,v)| = IT5_,_(u,v)]| for every u,v € Vr.

Proof. Note that, 7 = u---xj---veT, . (uv)ifand only if 7 = u---Clx;j)---v €
e _1(u,v). Consequently, the function ¥ :T;_,_, (u,v) — [;_,(u,v) defined as V() =7
is bijective and the result follows. O

Note that, in particular, T'}_,_,(x,v) = @ ifand only if T';_, (4,v) = @ and in this case,

[T (w,v)| = |TF,_(w,v)| =0. (2.6)
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Let I' — C be the digraph obtained from I' by deleting the vertices of C and the arcs
incident to them.

Lemma 2.3. Let T be a digraph with n vertices and unique cycle C of length r > 2. Then
(1) Tpor (u,v)\T5_1 (u,v) s the (possibly empty) set of Hamiltonian paths of T from u
tov;
(2) Ty r1 (u,v)\T_,_ (u,v) is the (possibly empty) set of Hamiltonian paths of T — C
from u tov.

Proof. (1) Clearly, a Hamiltonian path of I' from u to v is a path of length n — 1 which
does not contain C. Conversely, assume that 7 € I',—; (1, v)\I',_; (4,v). Then 7 is a walk
of length n — 1 from u to v that does not contain the cycle C. Since C is the unique cycle
of T, then clearly 7 is a spanning path of T from u to v.
(2) First, note that I' — C is a digraph with n — r vertices. It is clear that every Hamil-
tonian path in T — C belongs to Ty, (4, V)\Ti_,_; (4, v). Conversely, if o € T,_p_1 (1, )\
_r_1(u,v), then ¢ isawalk in T — C of length n — r — 1. Since T’ — C is acyclic, it follows

that ¢ is a Hamiltonian path in I' — C. O

For every u,v € Vr, we define

he (u,v) = | Ty (i, v)\Tp_ (u,9) |, 27)
W (u,v) = | Toorot ()T, (1) | '

By Lemma 2.3, h°(u,v) (resp., h*(u,v)) is the number of Hamiltonian paths in T (resp.,
I' — C) from vertex u to vertex v.

If T — Cis path-Hamiltonian, then its structure is very simple, as we can see in the next
result.

ProprosiTION 2.4. Let Q be an acyclic path-Hamiltonian digraph with n vertices. Then Q) is

obtained from P, = u; — uy — - - - — u, by adding some edges of the form u; — uy, where
k> j.
Proof. Let m:uy; — uy — - -+ — u, be a spanning path of O and assume that u; — ux

belongs to Q, where k < j. Then
Up — o U — U (2.8)

is a cycle in Q, which is a contradiction. O

In particular, an acyclic path-Hamiltonian digraph Q has a unique Hamiltonian path:
it starts in the unique vertex of indegree 0 and it ends in the unique vertex of outdegree 0
of Q.
Now, we can characterize nonderogatory unicyclic digraphs in terms of Hamiltonicity
conditions. We distinguish the following two cases:
(a) T — C is path-Hamiltonian, and so ' — C has the form given in Proposition 2.4;
(b) T — C is not path-Hamiltonian.
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TaEOREM 2.5. Let T be a digraph with n vertices and unique cycle C of length r = 2.
(1) If T — C is not path-Hamiltonian, then

[ is nonderogatory <= T is path-Hamiltonian. (2.9)
(2) IfT — C is path-Hamiltonian with unique Hamiltonian path from u to v, then
T is nonderogatory < h°(u,v) # 1. (2.10)

Proof. By Proposition 2.1, T' is nonderogatory if and only if there exists u,v € V such
that |T—1(4,v)| # |Tp—r—1(u,v)|. Note that T',,_1(u,v) and T,,_,_;(4,v) can be expressed
as disjoint unions

Cpoi(u,v) =Ty (1,v) U [Tomy (i, v\ (1,9)],

2.11
Loor1(u,v) = Th oy (,v) U [Ty (u, VAT (14, 9) ] (211
It follows from Lemma 2.2 that
I is nonderogatory < h°(u,v) # h*(u,v) for some u,v € Vr. (2.12)

(1) Assume that I — C is not path-Hamiltonian. Then h*(u,v) = 0 for every u,v € V7. It
follows from (2.12) and Lemma 2.3 that

I is nonderogatory < h°(u,v) # 0 for some u,v € Vr

2.1
< T'is path-Hamiltonian. (2.13)

(2) Assume that T — C is path-Hamiltonian with unique Hamiltonian path from vertex
u to vertex v. Then h*(u,v) = 1 and h*(w,z) = 0 for every other pair of vertices w and
z in Vr. It follows from (2.12) that if 4°(u,v) # 1, then T is nonderogatory. Now, assume
that h°(u,v) = 1. We will show that h°(w,z) = 0 for every other pair of vertices w and z in
Vr, which implies that I is derogatory. Let 7 be a Hamiltonian path in T from u to v and
suppose that there is a Hamiltonian path ¢ in T from w to z. If w # u, then there exists an
arc w' — u in I'. Since 7 induces a path from u to w’, then a cycle in I' is formed different
from C. This is a contradiction, so w must equal . Similarly, z = v. O

Example 2.6. In this example we turn our attention to a well-known operation between
digraphs, the so-called coalescence of digraphs, considered in [8].

Let F, - W, be the coalescence of F, and W, with respect to the hub of both digraphs
(see Figure 2.1).

F, - Wy is unicyclic with unique cycle C = t,11,tr42,... 5 tr1g-2, trig-1, tr+1. Note that F, -
W, — C = F, which is path-Hamiltonian with unique Hamiltonian path ¢, — ¢, — - - - —
tr—1. Moreover, h°(t,,t,_1) = 0. Hence, by Theorem 2.5, F, - W, is nonderogatory.

Example 2.7. Consider the digraph D shown in Figure 2.2.
D is unicyclic with unique cycle C = us,u,,us, us, us of length 4. Observe that neither
D — C nor D is path-Hamiltonian. Consecuently, by Theorem 2.5, D is derogatory.
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The results of Gan [4] follow immediately from Theorem 2.5, as we can see in the next
example. But first recall that the complete product D; ® D, of digraphs D; and D; is the
digraph obtained by joining every vertex of D; to every vertex of D, with an arc directed
from the vertex of D; to the vertex of D,.

Example 2.8. (1) Consider the complete product F; ® W, (see Figure 2.3).

Note that F; ® W, is unicyclic with unique cycle C = vi,v,...,v,1,v1; (Fg ®

W,) - C is path-Hamiltonian with unique Hamiltonian path v, — vy11 — vr1p —
= Vrig-1 — vy and h°(vy44,v,) = 0. Thus, by Theorem 2.5, F; ® W, is non-

derogatory.

(2) Consider the complete product W, ® F; (see Figure 2.4).

Note that W, ® F, is unicyclic with unique cycle C = v,41,Vr12,. .5 Vitg-1,Vrt15

(W, ® F,) — C is path-Hamiltonian with unique Hamiltonian path v,,; — v, —

Vi =+ = V3 = V1 and h°(Vriq,vr—1) > 1. Thus, by Theorem 2.5, W, ® F, is

nonderogatory.
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