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An element a in a ring R is called left morphic if there exists b € R such that 1z(a) = Rb
and 1g(b) = Ra. Ris called left morphic if every element of R is left morphic. An element a
in a ring R is called left 7-morphic (resp., left G-morphic) if there exists a positive integer
n such that a” (resp., a” with a” # 0) is left morphic. R is called left 7-morphic (resp., left
G-morphic) if every element of R is left 7-morphic (resp., left G-morphic). In this paper,
the G-morphic problem and 7-morphic problem of group rings are studied.
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1. Introduction

An element a in a ring R is said to be left morphic if R/Ra = Ig(a), which is equivalent to
that there exists b € R such that Iz(a) = Rb and 1z(b) = Ra, where 1zx(a) denotes the left
annihilator of a in R. R is called left morphic if every element of R is left morphic. Right
morphic elements and rings are defined analogously. Nicholson and Sdnchez Campos
introduced and investigated left morphic rings in [1] (see also [2—4] for more detailed
discussion).

Left morphic rings are generalized to left 7-morphic rings and left G-morphic rings by
Huang and Chen [5]. An element a € R is called left 7-morphic (resp., left G-morphic)
if there exists a positive integer n such that a” (resp., a” with a” # 0) is left morphic. R
is called left m-morphic (resp., left G-morphic) if every element of R is left 7-morphic
(resp., left G-morphic). R is called w-morphic (resp., G-morphic) if it is left and right -
morphic (resp., left and right G-morphic). Moreover, they find examples which show that
left m-morphic rings are proper generalizations of left morphic rings, and left G-morphic
elements need not be left morphic.

Example 1.1 [5, Example 2.13]. Let R = F[x,0]/(x*) = {a+xb | a,b € F}, where F is a
field with an isomorphism ¢ from F to a subfield F # F and cx = xo(c) for all c € F.
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S=R®R, then A = (1,xb) € S (where b € F, but b ¢ F) is left G-morphic, but not left
morphic.

The question of when a group ring is morphic was studied by Chen et al. [6]. In this
paper, we investigate when a group ring is w-morphic (resp., G-morphic). In Section 2,
several general results about m-morphic and G-morphic group rings are obtained. In
Section 3, necessary and sufficient conditions for RG to be left G-morphic are also given,
where R = Z,, G is a finite Abelian group. In particular, we prove that if G is a finite
Abelian group or a finite p-group, r > 1, then Z,- G is 7-morphic.

All rings in this paper are associative rings with identity. Let R be a ring and let G be
a group. We denote by RG the group ring of G over R. The following concepts in group
rings play very important roles in our discussion and will be used frequently later. For any
element u = Xa;g; € RG, where a; € R, g; € G, the augmentation of u, denoted by €(u),
is defined by €(u) = Za;. The augmentation ideal of RG, denoted by A(G), is defined by
A(G) = {u € RG| €(u) = 0}.If Gis a cyclic group generated by g, then A(G) = RG(1 —g).
For any finite subgroup H of G, H is defined to be H = 3y, h. When H is a normal
subgroup, H is a central element in RG. For any group element g € G of finite order,
definegby g=1+g+---+g°®~1, where o(g) is the order of g. It is not hard to verify
that if 0(g) < oo, then Igg(1 — g) = RGZ, and if | G| < oo, then Izg(G) = A(G). So if Gis a
finite cyclic group, then G is always left morphic in RG. For more background knowledge
about group rings, we refer readers to [7, 8].

2. General results

In this section, several general results about 7-morphic and G-morphic group rings are
given.

THEOREM 2.1. Let R be a ring and let G be a locally finite group. If RG is left m-morphic
(resp., left G-morphic), then R is left m-morphic (resp., left G-morphic).

Proof. For any a € R, since a is left m7-morphic (resp., left G-morphic) in RG, there exist a
positive integer # (resp., a" # 0) and u € RG such that Izg(a") = RGu and lgg(u) = RGa™.
Letu = Z?:l aigiand H = (g1,...,gs). Since G is a locally finite group, H is a finite group.
Since a"u = ua™ = 0, we have a"€(u) = €(a"u) = 0 and €(u)a" = €(ua™) = 0, where €(u) is
the augmentation of u. Thus Rb < Iz(a") and Ra" < 1x(b), where b = €(u). Next we show
that in fact, Rb = Iz(a") and Ra" = Iz(b). So a is left m-morphic (resp., left G-morphic)
in R, and thus R is left 7-morphic (resp., left G-morphic).

Let x € Izx(a"). Then x € 1zg(a") = RGu, so x = vu, v € RG. Taking the augmentation
on both sides, we obtain x = €(x) = €(vu) = e(v)e(u) = e(v)b € Rb Therefore, Iz(a") <
Rb, and thus lR(a") = Rb. Next, let y € lR(b) Then yb = 0. Let A= > hemh. Since u €
RH, we have Hu = e(u)H bH. Thus yHu = ybH 0, so yH € lgg(u) = RGa". Hence
yH = Ya,ga”. Comparing the coefficients of the identity on both sides, we obtain that
y = a.a" € Ra", and so Ig(b) € Ra". This implies that 1z(b) = Ra". Therefore, a is left
n-morphic (resp., left G-morphic) and so is R. g

CoroLLARY 2.2. If G = H X K is a locally finite group and RG is left m-morphic (resp., left
G-morphic), then RH and RK are both left m-morphic (resp., left G-morphic).
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Proof. Note that RG = R(H X K) = (RH)K. By Theorem 2.1, RH is left m-morphic (resp.,
left G-morphic). Similarly RK is left 7-morphic (resp., left G-morphic). O

THEOREM 2.3. Let G be a locally finite group. If RH is left m-morphic (resp., left G-morphic)
for every finite subgroup H of G, then RG is left m-morphic (resp., left G-morphic).

Proof. Letu = > a;gi. Now we show that u is left 7-morphic (resp., left G-morphic) in
RG. Denote H = (gi,...,£,). Since G is locally finite, H is a finite group. By the assump-
tion, RH is left m-morphic (resp., left G-morphic). Since u € RH, there exist a positive
integer n (resp., u" # 0) and ¢ € RH such that Iz (u") = RHc and Izy (c) = RHu". Since
u"c = cu" = 0, we have RGc < Igg(u") and RGu" < Izg(c). We next show that the other
inclusions also hold.

Let v € Igg(u") and let {1,g],£,...} be a left coset representative of H in G. That is,
G=HUgiHUgHU ---. Now v can be written as v = > g/ b;, where b; € RH. Since
0 =vu" = g/(bju") and b;ju" € RH, we obtain that b;u” = 0 for all i. So b; € Iz (u") =
RHc, and thus b; = cic for some ¢; € RH. It follows that v = > g/b; = >.(g/¢i)c € RGg,
s0 Irg(u") € RGc, and thus lgg(4") = RGc. Similarly, we can prove that Izg(c) = RGu™.
This shows that u is left m-morphic (resp., left G-morphic) in RG, and therefore RG is left
n-morphic (resp., left G-morphic). g

Recall that a group G is called a semidirect product of H by K, denoted by G = H x K,
if H, K are subgroups of G such that (1) H<G; (2) HK =G; (3) HNK = 1.

THEOREM 2.4. Let G=H X K, |H| < co. If RG is left m-morphic (resp., left G-morphic),
then RK is also left m-morphic (resp., left G-morphic).

Proof. We show that for any a € RK, a is left m-morphic (resp., left G-morphic) in RK.
Since a is left m-morphic (resp., left G-morphic) in RG, there exist a positive integer n
(resp., a" # 0) and u € RG such that Igg(a") = RGu and lzg(u) = RGa". Let u = > u;k;,
where u; € RH, k; € K (since G = H x K, the expression of u is unique) and a" = > ak;
where a; € R. Denote b = > €(u;)k;, so b € RK. We will show that Izx(a") = RKb and
Irk (b) = RKa". So a is left m-morphic (resp., left G-morphic) in RK, and thus RK is left
s-morphic (resp., left G-morphic).

Let w : G — G/H be the natural group homomorphism. We extend w to a ring ho-
momorphism (still denote it by w). That is, w : RG — R(G/H) defined by w(> aigi) =
> a;jw(g;). Clearly, ker(w) N RK = {0} and w(v) = €(v) for all v € RH. Since 0 = a"u, we
have 0 = w(a"w(u) = w(@"w(X uiki) = w(a") X e(u)w(k;) = w(a" X €(u;)k;) = w(ab).
Since a"b € RK, we conclude that a”b = 0. Similarly, ba" = 0. This shows that RKb <
Irk (a™) and RKa" < Iz (b). We next show that the other inclusions also hold.

Let x € Izx(a"). Then x € Igg(a”) = RGu. So x = vu. Let v = X vjkj and ¢ = > €(v;)kj,
where v; € RH, kj € K. Then w(x) = w(v)w(u) = > e(vj)w(kj) > e(u)w(ki) = w(ch).
Thus x — ¢cb € kerw N RK = {0}. Therefore x = cb € RKb. This shows that Igx(a") <
RKb, and thus Igx (a") = RKb.

Let y e lRK(b) Then yb = 0. Since H <G, H= > e h is central in RG. Now we
have yHu = yH Y uik; = y> He(u;)k; = yHb = ybH = 0. So yH € lzg(u) = RGa". Thus
Hy = yH = wa", where w = > hjuj, hj € H, uj € RK. Hence
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zhjyzﬁy=wa"=2hj(uja”). (2.1)

Since H N K = {1}, the expression of wa" is unique. Comparing the coefficients of the
identity hy = e in (2.1), we obtain y = upa" € RKa". Thus Igx (b) < RKa", and therefore
lRK(b) = RKa". O

From now on, we always assume that G is a finite group.

PROPOSITION 2.5. Assume that p is a prime number and r > 1. If Z,r G is left G-morphic,
then p does not divide |G|.

Proof. Assume that p| |G|. Then there exists g € G such that o(g) = p. Let u = p"'G,
where G = 2.gec&- Since u is left G-morphic in Z,- G, there exists a positive integer # such
that u” is left morphic in Z,-G. Since u? = 0, u is left morphic in Zy G. By Chen et al. [6,
Theorem 2.7], this is impossible. So p t |G]. O

THEOREM 2.6. Assume that p is a prime number and G is a finite p-group. Z, G is left
G-morphic if and only if G is a cyclic group and r = 1.

Proof. “=” It follows from Proposition 2.5 that r = 1. Since R = Z, is a field and G is a
finite p-group, RG is a local ring by Nicholson theorem [9]. Because RG is left Artinian,
the Jacobson radical J(RG) is nilpotent. Since RG is left G-morphic, RG is left special by
Huang and Chen [5, Theorem 2.8]. So it is left morphic. According to Chen et al. [6,
Theorem 2.9], G is a cyclic group.

“«”1If G = (g), clearly Z,G is a special ring. Therefore it is left G-morphic. O

THEOREM 2.7. Assume that p is a prime number and G is a finite p-group, r > 1, then Z, G
is T-morphic.

Proof. Since R = Z,r is local and G is a finite p-group, RG is a local ring by Nicholson’S
theorem [9]. Because R is Artinian and G is a finite group, RG is Artinian by Connell
[10, Theorem 1], and so the Jacobson radical J(RG) is nilpotent. According to Huang and
Chen [5, Lemma 2.10], every element of RG is either nilpotent or invertible. So RG is
n-morphic. |

Remark 2.8. By Theorem 2.6, when r > 1 and G is a finite p-group, Z,-G is not left G-
morphic, but by the above theorem, it is 77-morphic.

3. Abelian group rings

In this section, we discuss when an Abelian group ring RG is left m-morphic (resp., left
G-morphic).

LeEmMA 3.1 [6, Lemma 3.1]. (Ri @R, ®--- @ R,)G = &]_|R;G.

LemMa 3.2. IfR=Ry ® R, ® - - - @ R, is left m-morphic (resp., left G-morphic), then each
R; is left m-morphic (resp., left G-morphic).

Proof. For any r; € R;, v = (0,...,0,7;,0,...,0) € R. Since R is left 7-morphic (resp., left
G-morphic), there exist u = (u1,...,Uj_1,Uj,...,Us) € R, where ux € Ry, k =1,...,s, and
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a positive integer n (resp., r" # 0) such that Ig(u) = Rr" and Iz(+") = Ru, so we have
Ig,(u;) = Rir]" and Ig,(r]") = Rju;. Then r; is left m-morphic (resp., left G-morphic) in R;,
and thus R; is left 7-morphic (resp., left G-morphic). O

LemMa 3.3. Let D be a division ring and s > 2. The the following statements are equivalent:
(1) D(Cpyy X - - = X Cy,) is left G-morphic;
(2) D(Cy, X Cy)) is left G-morphic forany 1 <i# j<s;
(3) at most one of my,my,...,ms is not invertible in D.

Proof. We will prove (3)=(1)=(2)=(3).

“(3)=(1)” We may assume that m,,...,m,_; are invertible in D. So |Cy,,, X - - - X Cyp, |
=my X - -+ X m,s_ is invertible in D. By Maschke’s theorem, D(Cy, X - -+ X Gy, ) is
semisimple. It follows from [6, Lemma 3.5] that D(Cp, X - - - X Cyy,, , X Cyy,,) is strongly
morphic, so it is G-morphic and (2.1) holds.

“(1)=(2)” Note that D(Cyy, X - = - X Cpp,) = D(Cpy, X Cpy ) ([ £1,j Cimy) for any 1 <ii #
j <s. It follows from Theorem 2.1 that D(C,, X Cyp;) is left G-morphic.

“(2)=(3)” We prove it by contradiction. We may assume that m,, m, are not invertible
in D. Let char(D) = p > 0. By assumption, p divides both m; and m,. So we have m; =
p'it;, where (t;, p) =1, > 1,i=1,2.

Note that Cy,, X Cp, = (Cpn X Cpra) X (Ct, X C, ), 50 D(Cypyy X Cpy) = D(Cpni X Cpra ) X
(Cy, X Cy,). Since D(Cyp, X Cyp,) is left G-morphic, D(Cyn X Cpr) is left G-morphic by
Theorem 2.1. Because Cpn X Cpn, is a finite p-group, D(Cyn X Cpn) is a local Artinian
ring, so the Jacobson radical of this group ring is nilpotent. This ring is a left special ring,
and then it is left morphic by Huang and chen [5, Theorem 2.8]. Thus Cyn X Cp. must
be cyclic, a contradiction. O

PrOPOSITION 3.4. Let G be a finite Abelian group and r > 1. Then Z G is G-morphic if and
only if (p,|Gl) = 1.

Proof. “<” By Chen et al. [6, Corollary 3.13], if (p,|G|) = 1, Z,+G is morphic, so it is
G-morphic.

“=” By Proposition 2.5, if r >1 and Z» G is G-morphic, then p 11Gl, thatis, (p,|Gl) = 1.

O

TaEOREM 3.5. Let G be a finite Abelian group. 7,G is G-morphic if and only if for each
prime number p if p | (n,|Gl), then p?t n and the Sylow p-subgroup G, of G is cyclic.

Proof. Let G = qul X oo X qu}g‘n, t; > 1 be a finite Abelian group and let « = q1 - - - -
Suppose that Z,,G is G-morphic. Let (1, |G|) = p{' - - - p&'. If r; > 1 for some i (i.e., p,~2 | n),
then n = p;'n;, where s; > r; > 1 and (ny, p;) = 1. Thus 7Z,G = priG ® Z,,G. Since Z,G
is G-morphic, Z,:G is also G-morphic by Lemma 3.2. By Proposition 3.4, (p;,|Gl) = 1.
However, p; | (n,|G|). This leads to a contradiction. Thus r; < 1 for all i. Next we show
that p? t a. Otherwise, assume that p7 | a. There exists k # [ such that gx = q; = p;. Hence
G= Cq,t(k X quz, X H. Since p; | n and p,-zfn, we have n = p;n; with (p;,n) = 1. So Z,G =
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Z,,Ge Z,,G. By Lemma 3.2, Z,,G is G-morphic. Since Z,,,G = ZP[(Cq’t(k X qu, )H, we con-
clude that Zp[(Cqu X qur,) =17,/(C e X C Pg) is G-morphic. This contradicts the result of
Theorem 2.6. Therefore, p7 { a, and thus Gy, is cyclic. g

Remark 3.6. According to Proposition 3.4 and Theorem 3.5, the following group rings
are not G-morphic:

Z,C,, 74Cy, Z4(C, X Cy), Z,(Cy x Cy), Z>(Cy X Cy). (3.1)

But by Theorem 2.7, the above group rings are all 7-morphic.

LemMa 3.7. Let R be a ring and let G be a group. If a € R is left morphic in R, then a is left
morphic in RG.

Proof. 1f a € R is left morphic, there exists b € R such that 1z(a) = Rb and 1z(b) = Ra.
Since ba = ab = 0, we have RGb < Izg(a) and RGa < Igg(b). We next show that the other
inclusions also hold.

Let x € Igg(a), x = X.r;gj, where r; €R, gj € G. Then >.r;jgja =0 or >.(rja)g; = 0, so
allrja=0.Thusrj € Rband r; = r]'-b, r]f € R. Therefore, x = X(r]'-b)gj = Er]'-gjb € RGb.
This shows that 1zc(a) € RGb, and thus lzg(a) = RGb.

Using a similar proof, we can show that Izg(b) < RGa, and thus Iz¢(b) = RGa. So a is
left morphic in RG. U

Recall that if n = p¥ny, (n1, p) = 1, we denote that p¥||n.

LEmMa 3.8. Let p be a prime number, r > 1, p"|lm, and 1 <n < m.
(1) If (p,n) = 1, then p" | C%.
(2) If ptlin, r > t, then p™ ' | C".

Proof. Letm =m;p", (my,p) = 1. Then
mm-1)---(m-(n-1)) m

no_ _ M en-1 _ mlpr n—1
o= e o =M, (3.2)

(1) If (p,n) = 1, then (p",n) = 1,s0 p" | C%,.
(2) If p*lin, t < 7, then n = n; p', where (p,n;) =1, so

o _mp’ o _mpt o mpt
cn = np Gt =" ﬁt crl = fl crl. (3.3)
We have p™~* | C#ny. Since (p,n1) =1, (p"!,my) =1,s0 p ' | CI. O

ProrosITION 3.9. Let p be a prime number and let G be a finite Abelian group. If for some
rt>1,x€Zy(Cp X G)=Zy({g) X G), then x?" € Zy (Cp1t X G) = Zy ({gF) X G).
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Proof. For x € Zy (Cpi X G) = (ZyrG)Cpt = (L G)(g), x =10+ 118+ -+ rp:_lgpt‘l,
where r; € Z,;G. Since

(X1+XZ+ - -+x5)k

Z Z Z C <1 k klxkl_kz xks 2—ks-1 ksl
5—

k] Okz kg 1= 0
: - (3.4)
X = (ro+ng+---+rp_igf ")
Pom Mpt—2
Myt "—n n—n 1\ Npt_
= Z Z Z Cn}CZIZ..'Cn;:Lzlr(I; l(rlg) ! 2"-(1’pr_1gp 1) Pl
n1=0 ny=0 iyt =0
O

Claim 3.10. Let n; be the first number in ny,...,n, 1 such that n; is not divisible by p.
Then p" | CyiC2 - - - Cy.,.
Proof. 1fi =1, then (n;,p) = 1, and by Lemma 3.8, p" | C}/.
Now we seti > 1. Let ng = nj p*, 1 < k <i— 1, where (n, p) = 1. Since Cuf_, =Cp~} ™,
we can assume that u; < uk—;. By Lemma 3.8, we have p“—1—% | it , 1<k <i—1, and
p*-1 | Ci_, because (p,n;) = 1. So

P(f*ul)‘*'(ul*u2)+'"+(ui—2*ui—1)+ui—1 | C;} C:f . CZ: - (35)
Hence, p" | Cpr C2 - - - Cnl_,.

By the above claim, if there exists n; such that p { n;, then C,iCr2 - - - Cpl, = 0in Z.
So assume that p | nj, j = 1,..., p* — 1, and then we have

= 3 S s

Pln, 0K <pr plng, 0<ny <y plnge_1, 0Ky Knpt_y
XCpC e Gty irg " (ng)" " (rpeag? ) (3.6)
= S a(g?)' € (2, G) (gh) = (Zy)Cpr. .

Tueorem 3.11. If p is a prime number, r > 1, and G is a finite Abelian group, then 7, G is
n-morphic.

Proof

Case 1. 1f (p,|GI) = 1, then (p”,|G|) = 1. By Chen et al. [6, Corollary 3.13], Z,r G is mor-
phic, so Z,-G is m-morphic.

Case 2. If p | |G|, then G = Cpn X - - - X Cps X H, where (p,|H|) = 1. Nowifx € Z,yG =
Zy (Cpo X+ + X Cpts X H)Cprry then xP" € Zyr (Cpio X+« = X Cpis X H)Cpu-1 by Proposition
3.9. So we have xk1 € Zp (Cpr X + -+ X Cpe X H) for some k;. Continuing the process, we
get x" € Z,-H for some n. By Chen et al. [6, Corollary 3.13], Z,-H is morphic. So x" is
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morphic in Z,-H. Thus x" is morphic in Z,-G by Lemma 3.7. Hence x is m-morphic in
ZyG. O
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