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1. Introduction

One of the important and basic topics in the theory of classical point set topology and sev-
eral branches of mathematics, which have been researched by many authors, is continuity
of functions. This concept has been extended to the setting of I-continuity of functions.
Jankovi¢ and Hamlett [1, 2] introduced the notion of I-open sets in topological spaces.
Abd El-Monsef et al. [3] further investigated I-open sets and I-continuous functions.
Dontchev [4] introduced the notion of pre-I-open sets and obtained a decomposition of
I-continuity. The notion of semi-I-open sets to obtain decomposition of continuity was
introduced by Hatir and Noiri [5, 6]. In addition to this, Caksu Guler and Aslim [7] have
introduced the notion of b-I-sets and b-I-continuous functions. In the light of the above
results, the purpose of this paper is to study b-I-open sets and b-I-continuous functions
and to obtain several characterizations and properties of these concepts.

2. Preliminaries

Throughout this paper, int(A) and CI(A) denote the interior and closure of A, respec-
tively. An ideal is defined as a nonempty collection I of subsets of X satisfying the
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following two conditions. (1) f A€l and BCA,thenBel. 2)IfAcland Bel,
then A U B € 1. An ideal topological space is a topological space (X,7) with an ideal
I on X, and it is denoted by (X,7,I). For a subset ACX, A*(I)={xeX:UnNnA¢&I
for each neighborhood U of x} is called the local function of A with respect to I and
7 [8]. We simply write A* instead of A*(I) to be brief. X* is often a proper subset of
X. The hypothesis X = X* [9] is equivalent to the hypothesis 7 NI = & [10]. For every
ideal topological space (X, 7,I), there exists a topology 7*(I), finer than 7, generated by
B(I,7) ={U—-1:U € rand I € I}, but in general 3(I,7) is not always a topology [1].
Additionally, CI*(A) = A U (A)* defines a Kuratowski closure operator for 7*(I). For
a subset A C X, A is called *-dense in itself [9] (resp., T*-closed [1], *-perfect [9]) if
A C A* (resp., A* CA, A=A*). Given a space (X,7,I) and A C X, A is called I-open if
A Cint(A*) and a subset K is called I-closed if its complement is I-open [3].

3. b-I-open sets
First we will recall some definitions used in sequel.

Definition 3.1. A subset S of a topological space X is said to be

(a) a-open set [11] if S C int(cl(int(S))),

(b) semiopen set [12] if S C cl(int(S)),

(c) preopen set [13] if S C int(cl(S)),

(d) B-open set [14] if S C cl(int(cl(S))),

(e) b-open set (or y-open [15]) [16] if S C cl(int(S)) U int(cl(S)).

The class of all semiopen (preopen, a-open) sets in X will be denoted by SO(X, )

(PO(X,1),aO(X,1)).

Definition 3.2. A subset S of an ideal topological space X is said to be

(a) a-I-open set [5] if S C int(cl* (int(S))),

(b) semi-I-open set [5] if S C cl* (int(S)),

(c) pre-I-open set [3] if S C int(cl™(S)),

(d) B-T-open set [5] if S C cI* (int(cl*(S))),

(e) I-open set [1] if S C int(S*),

(f) b-I-open set [7] if S C cI* (int(S)) U int(cl*(S)).

The class of all semi-I-open (pre-I-open, a-open, and b-I-open) sets in X will be de-

noted by SIO(X, 1) (PIO(X, 1), «IO(X, ), and BIO(X,1)).

ProrosriTioN 3.3. For a subset of an ideal topological space, the following conditions hold:
(a) every b-I-open set is b-open;
(b) every pre-I-open set is b-I-open [7];
(c) every semi-I-open set is b-I-open [7];
(d) SIO(X,7) UPIO(X, 1) C BIO(X,T).

Proof. The proofis obvious. O
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Remark 3.4. For several sets defined above, we have the following implications:
a-open

open ———> a-I-open ———=> semi-I/-open ——> semiopen

ﬂ o

I-open =—=> pre-I-open =——=> b-I-open ———= b-open

H

Example 3.5. Consider the set R of real numbers with the usual topology with ideal I =
{o} and let S = [0,1] U ((1,2) N Q), where Q stands for the set of rational numbers.
Then § is b-I-open set but neither semi-I-open nor pre-I-open. On the other hand, let
T =1[0,1) n Q. Then T is not b-I-open.

preopen

Example 3.6. Let (R, ) be the real numbers with the usual topology and I the ideal of
all finite sets of R. Let Q be the set of all rationals. Since Q*(I) = R, then Q is b-I-open.
Since cl* (intQ) = @, Q is not semi-I-open.

Example 3.7. Let X = {a,b,c,d} be the topological space by setting

= 1{X,9,{b},{c,d},{b,c,d}}, I={{c},{d},{c,d}, o} (3.2)

Then A = {a,b} is not pre-I-open but it is b-I-open.
ProprosiTION 3.8. Let S be a b-I-open set such that intS = &. Then S is pre-I-open set.

Proof. Since S C cI*(intS) U int(cl*(S)) = cI* (@) U int(cl*(S)) = int(cl*(S)), then S is
pre-I-open. (]

LemMa 3.9. Let A and B be subsets of a space (X, ,I) [1]. Then
(1) if A C B, then A* C B*;
2)ifUer, thenUnA* C(UnA)*.

ProrosritioN 3.10. Let (X, 7,I) be an ideal topological space and A, B subsets of X.
(a) If Uy € BIO(X, 1) for each o € A, then U{U,: a € A} € BIO(X, 7).
(b) If A € BIO(X, 1) and B € 7, then An B € BIO(X, 1) [7].
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Proof. (a) Since U, € BOI(X, 1), we have U, C cI*(int(U,)) U int(cl* (U,)) for each a €
A. Then by using Lemma 3.9, we have

U Ua c | [e* (int (Uy)) uint (I* (Ua))]

acA acA

c U {[(int (Us) v (int (Un)) "] U [int (Ue U (Ua) ") 1}

() (om0
[(U)%( ) Jo (Y] () )

o (g ()]

Hence Jyen Uy is b-I-open.
(b) Let A € BIO(X, 1) and B € 7. Then A C cI*(intA) U int(cl*(A)) and

(3.3)

ANnBc[d*(intA) uint(cd*(A))]nB

c*(intA) nB] U [int (cl*(A)) N B]

[(intA) U (intA)*] nB]u [int (AU (A)*) N B]

((intA) N B) U ((intA) nB)*] U [int[(A N B) U (A* N B)]]
[(int(ANB))*] U (int(ANB))] U [int[(ANB)* U(ANB)]]
= (int(A N B)) uint (cI*(A N B)).

[l
=[d
B (3.4)
cl
cl

This shows that A n B € BIO(X, 7). [l
Definition 3.11. A subset A of a space (X, 7,I) is said to be b-I-closed if its complement is
b-I-open.

THEOREM 3.12. If a subset A of a space (X, 7,1) is b-I-closed, then int(cl* (A)) N cI*(intA)
C A.

Proof. Since A is b-I-closed, X — A € BIO(X, 7) and since 7*(I) is finer than 7, we have

X-Acd (int(X-A))uint(c* (X -A)) cc(int(X —A)) uint (I(X — A))
= [X - [int (cl(4))]] U [X = [cl(intA)]]
C [X - [int(cI*(A)
=X —[[int (I*(A

1TU[X - [d*(intA)]] (3.5)

)
NN [cd*(intA)]].
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Therefore, we obtain
[int (c1"(A))] N [cl*(intA)] C A. (3.6D)

COROLLARY 3.13. Let A be a subset of (X,7,I) such that X — [int(cI*(A))] =
d*(int(X — A)) and X — [cI*(intA)] = int(cl* (X — A)). Then A is b-I-closed if and only if
int(cl*(4)) nc*(intA) C A.

Proof. Necessity. This is an immediate consequence of Theorem 3.12.

Sufficiency. Letint(cl*(A)) ncl*(intA) C A. Then

X—-AcX-[int(d*(A)) ncd*(intA)]
C [X —[int(d*(A))]] U [X — [d*(intA)]] (3.7)
=cl* (int(X — A)) Uint (I* (X — A)).

Thus X — A is b-I-open and so A is b-I-closed. O

If (X, 7,I) is an ideal topological space and A is a subset of X, we denote by 7|4. the
relative topology on A and I|4 = {ANI:1 €1} is obviously an ideal on A.

LemMa 3.14 (see [1]). Let (X, 7,1I) be an ideal topological space and A, B subsets of X such
that B C A. Then B*(7|4,114) = B*(7,I) N A.

THEOREM 3.15. Let (X, 1,I) be an ideal topological space. If U € T and W € BIO(X, 1),
then UNn W € BIO(U,1|y,Ilv).

Proof. Since U is open, we have inty A = intA for any subset A of U. By using this fact
and Lemma 3.14, we have

UnWcUn|[d* (int(W)) uint(cl*(W))]
=[Un[(intW)u (intW)*]]u [Un [int(W U W*)]]
c{Un[Un(@imtW)uUn@GntW)*|} u{Un[Un [int(W U W*)]]}
c{Un[Un(@intW)u (UnintW)*]}
u{Un[Un [int(Wu W*]]}
c{[Un (intg(Un W))]U (U Nnintg(Un W))*}
u{Un[int((UnW)u(UnW)*)]}
= {[inty(Un W)] U [inty(U N W)] ;000 )
ul{Un[int((UnW)u(UnW)*)]}
=dclj; [intg(Un W)] U [inty (i (U N W))].

(3.8)

This shows that Un W € BIO(U, t|y-,Ily-). O
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ProposITION 3.16 (see [7]). For an ideal topological space (X, 7,I) and A C X, we have the
following.
(1) IfI = @, then A is b-I-open if and only if A is b-open.
(2) IfI = P(x), then A is b-I-open if and only if A € 1.
(3) IfI = N, then A is b-I-open if and only if A is b-open, where N is the ideal of all
nowhere dense sets.

LEMMA 3.17 (see [1]). Let (X,7,I) be an ideal topological space and let A C X. Then if
Uer, UnA*=Un(UnA)*C(UnA)*.

ProrosritioN 3.18. Let (X,7,I) be an ideal topological space with A being an arbitrary
index set. Then

(1) if A € BIO(X, ) and B € 1% then An B € BO(X,1);

(2) if A € PIO(X, 1) and B € SIO(X, 1), then An B € SO(A);

(3) if A € PIO(X, 1) and B € SIO(X, 1), then An B € PO(B).

Proof. (1) Since intersection of b-open and a-set is always a b-open set [16, Proposition
2.4], then the claim is clear due to Proposition 3.3.

(2)-(3) It was proved in [17] that the intersection of a preopen and a semiopen set is
a preopen subset of the semiopen set and a semiopen subset of the preopen set. Thus the
claim follows from [5, Proposition 2.5] and [6]. O

ProprosITION 3.19. Each b-I-open subset which is T*-closed is semi-I-closed.
Proof. Let A be b-I-open and 7*-closed set. Then
Acint(c*(A)) uc®(intA) =intA U [intA U (intA)*]
=intA U (intA)* = I*(intA). (3'95)

Definition 3.20. 1f S is a subset of a space (X, 7,I), then
(a) the b-I-closure of S, denoted by cl;; (S), is the smallest b-I-closed set containing

S;
(b) the b-I-interior of S, denoted by int, I(S), is the largest b-I-open set contained in
S.
LemMA 3.21. (1) Let A be a subset of a space (X,1,I). Then A is b-I-closed if and only if
i (A) = A.

(2) Let B be a subset of a space (X,1,I). Then A is b-I-open if and only if int, I(B) = B.

ProrosITION 3.22. Let A, B be subsets of a space (X, 7,I) such that A is b-I-open and B is
b-1-closed in X. Then there exist a b-I-open set H and a b-I-closed set K such that AN B C K
and HC AUB.

Proof. Let K = cl} (A) N B and H = A U int, I(B). Then, K is b-I-closed and H is b-I-
open. A C clj(A) implies AN B C cl;(A) N B =K and int,I(B) C B implies A U
int, I(B) =H C AUB. O

Definition 3.23. (1) A subset S of a space (X,7,I) is called b-dense if cl,(S) = X, where
clp(S) is the smallest b-closed set containing S [15].
(2) A subset S of a space (X, 7,I) is called b-I-dense if cl; (S) = X.
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Remark 3.24. Every b-I-dense subset in a space (X, 7,I) is b-dense.

4. b-I-continuous mappings

Definition 4.1. (a) A function f : (X,7) — (Y, 0) is called b-continuous (or y-continuous)
if the inverse image of each open set in Y is b-open set in X [15].

(b) A function f : (X,7) — (Y,0) is called precontinuous if the inverse image of each
open set in Y is preopen set in X [13].

(¢) A function f : (X,7,I) — (Y,0) is called pre-I-continuous if the inverse image of
each open setin Y is pre-I-open set in X [18].

(d) A function f: (X,7) — (Y,0) is called semicontinuous if the inverse image of each
open set in Y is semiopen set in X [12].

(e) A function f : (X,7,I) — (Y,0) is called semi-I-continuous if the inverse image of
each open set in Y is semi-I-open set in X [5].

(f) A function f : (X,7) — (Y,0) is called a-continuous (or y-continuous) if the in-
verse image of each open setin Y is a-open set in X [14].

(g) A function f : (X,7,I) — (Y,0) is called a-I-continuous if the inverse image of
each open setin Y is a-I-open set in X [5].

(h) A function f : (X,7,I) — (Y,0) is called b-I-continuous if the inverse image of
each open set in Y is b-I-open set in X [7].

Remark 4.2 (see [7, Propositions 6 and 7]). (1) b-I-continuity implies b-continuity.
(2) semi-I-continuity implies b-I-continuity.
(3) pre-I-continuity implies b-I-continuity.

Definition 4.3 (see [19]). Let A be a subset of a space (X, 7,I).
Then the set N{U € 7: A C U} is called the kernel of A and denoted by Ker(A).

LEmMA 4.4 (see [20]). Let A be a subset of a space (X, ), then
(a) x € Ker(A) if and only if AN F #+ & for any closed subset F of X with x € F;
(b) A c Ker(A) and A = Ker(A) if A is open in X;
(c) if A C B, then Ker(A) C Ker(B).

Definition 4.5. Let N be a subset of a space (X,7,I) and let x € X. Then N is called b-I-
neighborhood of x, if there exists a b-I-open set U containing x such that U C N.

THEOREM 4.6. The following statements are equivalent for a function f : (X,1,I) — (Y,0):

(a) f is b-I-continuous;

(b) for each x € X and each open set V in Y with f(x) € V, there exists a b-I-open set
U containing x such that f(U) C V;

(c) for each x € X and each open set V in Y with f(x) € V, f~Y(V) is a b-I-
neighborhood of x;

(d) the inverse image of each closed set in (Y, o) is b-I-closed;

(e) for every subset A of X, f(int, I(A)) C Ker(f(A));

(f) for every subset B of Y, int, I(f~1(B)) C f~!(Ker(B)).
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Proof. (a)=(b). Let x € X and let V be an open set in Y such that f(x) € V. Since f is
b-I-continuous, f~!(V) is b-I-open. By putting U = f (V) which is containing x, we
have f(U) C V.

(b)=(c). Let V be an open set in Y and let f(x) € V. Then by (b), there exists a b-
I-open set U containing x such that f(U) C V.Sox € U C f~1(V). Hence f"1(V)isa
b-I-neighborhood of x.

(c)=(a). Let V be an open set in Y and let f(x) € V. Then by (¢c), f~1(V) is a b-I-
neighborhood of x. Thus for each x € f ), there exists a b-I- open set Uy containing
x such thatx € Uy C f~1(V). Hence f! V) C Uxef vy Ux and so f~1(V) € BOI(X, 7).

(a)e(d). Itis obvious.

(a)=>(e). Let A be any subset of X. Suppose that y ¢ Ker(f(A)). Then, by Lemma 4.4,
there exists a closed subset F of Y such that y € F and f(A) N F = @. Thus we have
An f7Y(F)=@and (int, [(A)) n f~1(F) = @. Therefore, we obtain f(int, I[(A)) N F = &
and y ¢ f(int I(A)). This implies that f(int, I(A)) C Ker(A).

(e)=(f). Let B be any subset of Y. By (e) and Lemma 4.4, we have f(int, I(f~}(B))) C
Ker(f(f~%(B))) c Ker(B) and int, I(f~*(B)) C f~!(Ker(B)).

(f)=>(a). Let V be an open set of Y. Then by Lemma4.4 and (f), we have
int, I(f~1(V)) € f1(Ker(V)) = f~1(V) and int, I(f~1(V)) = f~1(V). This shows that
fY(V) is b-I-open. O

The following examples show that b-I-continuous functions do not need to be semi-

I-continuous and pre-I-continuous, and b-continuous function does not need to be b-I-
continuous.

Example 4.7. Let X =Y = {a,b,c,d} be the topological space by setting 7 = ¢ = {{a},
{d},{a,d},X,@},and I = {&,{c}} on X.

Define a function f : (X, 7,I) — (Y,0) as follows: f(a) = f(c) =d and f(b) = f(d) =
b. Then f is b-I-continuous but it is not pre-I-continuous.

Example 4.8. Let (X,T) be the real line with the indiscrete topology and (Y, 0) the real
line with the usual topology. Then the identity function f : (X,7,P(X)) — (Y,0) is b-
continuous but not b-I-continuous.

Example 4.9. Let X =Y = {a,b,c} be the topological space by setting 7 = 0 = {X, 2, {g,
b}}andI = {{c},@}. Define a function f : (X,7,I) — (Y,0) as follows: f(a)=a, f(b)=c,
and f(c) = b. Then f is b-I-continuous but not semi-I-continuous.

ProrosritioN 4.10. Let f : (X,71,I) = (Y,0,]) and g : (Y,0,]) — (Z,») be two functions,
where I and ] are ideals on X and Y, respectively. Then g o f is b-I-continuous if f is b-I-
continuous and g is continuous.

Proof. The proof is clear. O

TaeoreM 4.11. Let f : (X,7,I) — (Y,0) be b-I-continuous and U € 1. Then the restriction
fiu:(U,niu, L) = (Y,0) is b-I-continuous.
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Proof. Let V be any open set of (Y,0). Since f is b-I-continuous, f~1(V) € BIO(X, 1)
and by Theorem 3.15, (fju) (V) = f~Y(V) n U € BIO(U,I,y). This shows that fy :
(U,tiu,Ljv) — (Y,0) is b-I-continuous. O

TaeoreM 4.12. Let [ : (X,7,I) — (Y,0,]) be a function and let {U, : « € A} be an open
cover of X. If the restriction function f|uyy is b-I-continuous for each o« € A, then f is b-I-
continuous.

Proof. The proof is similar to that of Theorem 4.11. O

TaeoreM 4.13. A function [ :(X,7,I) — (Y,0) is b-I-continuous if and only if the graph
function g : X — X X Y defined by g(x) = (x, f (x)) for each x € X is b-I-continuous.

Proof. Necessity. Let f be b-I-continuous. Now let x € X and let W be any open set in
X XY containing g(x) = (x, f(x)). Then there exists a basic open set U X V such that
g(x) cUXV c W. Since f is b-I-continuous, there exists a b-I-open set U; in X such
that x € U; ¢ X and f(U,) C V. By Proposition 3.10, Uy n U € BOI(X,7) and Uy N U C
U, then g(U; NnU) Cc U XV C W. This shows that g is b-I-continuous.

Sufficiency. Suppose that g is b-I-continuous and let V be open set in Y containing f (x).
Then X X V is open set in X X Y and by the b-I-continuity of g, there exists a b-I-open
set U containing x such that g(U) € X x V. Therefore, we obtain f(U) C V. This shows
that f is b-I-continuous. O

THEOREM 4.14. Let {X, : « € A} be any family of ideal topological spaces. If f : (X,7,I) —
(ITaea Xa»0) is a b-I-continuous function, then Py o f : X — X, is b-I-continuous for each
a € A, where P, is the projection of [ [ Xy onto X,.

)

P1 00’. We WIH C()nSldeI‘ a ﬁXed o, € A. Let GO(() be an ()pen set ()fXao' Then (Pao) (
[o% )
0

is open set in [ [y, Xa. Since f is b-I-continuous, f~1((Py,) ' (Gay)) = (Pa, © f)71(
is b-I-open in X. Thus P,, o f is b-I-continuous.

G
G

LemMa 4.15 (see [21]). For any function f : (X,7,I) — (Y,0), f(I) is anideal on Y.

Definition 4.16 (see [21]). An ideal topological space (X, 7,I) is said to be I-compact if
for every I-open cover { W, : a € A} of X, there exists a finite subset A, of A such that
(X-u{Ws:aeA}) el

Definition 4.17. Anideal topological space (X, 7,1) is said to be b-I-compact if for every b-
I-open cover { W, :a € A} of X, there exists a finite subset A, of A such that (X — U{W,:
acel}) el

THEOREM 4.18. The image of a b-I-compact space under a b-I-continuous surjective func-
tion is f (I)-compact.

Proof. Let f:(X,7,I) = (Y,0) be a b-I-continuous surjection and {V,:a € A} be an
open cover of Y. Then {f~!(V,):a € A} is a b-I-open cover of X due to our assump-
tion on f. Since X is b-I-compact, then there exists a finite subset A, of A such that
(X —U{fY(Vy) :a € A.}) €1.Therefore (Y — U{V,:a € A.}) € f(I) which shows that
(Y,0, f(I))is f(I)-compact. O
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Definition 4.19. An ideal topological space (X,7,I) is said to be b-I-normal if for each
pair of nonempty disjoint closed sets of X, it can be separated by disjoint b-I-open sets.

Definition 4.20. An ideal topological space (X, 7,I) is said to be b-I-connected if X is not
the union of two disjoint b-I-open subsets of X.

Definition 4.21 (see [22]). A topological space (X, 7) is said to be ultra normal if for each
pair of nonempty disjoint closed sets of X, it can be separated by disjoint clopen sets.

TaeoreM 4.22. If f : (X,71,I) — (Y,0) is a b-I-continuous, closed injection and Y is nor-
mal, then X is b-I-normal.

Proof. Let F; and F, be disjoint closed subsets of X. Since f is closed and injective, f(F;)
and f(F,) are disjoint closed subsets of Y. Since Y is normal, f(F;) and f(F,) are sep-
arated by disjoint open sets V; and V5, respectively. Hence F; C f~1(V1), F, C f~1(V),
f~1(Vy) € BIO(X, 1), f~1(V2) € BIO(X,7),and f~1(Vy)n f~1(V,) = @. Thus X is b-I-
normal. O

Cororrary 4.23. If f : (X, 71,I) — (Y,0) is a b-I-continuous, closed injection and Y is ultra
normal, then X is b-I-normal.

THEOREM 4.24. A b-I-continuous image of a b-I-connected space is connected.

Proof. Let f:(X,71,I) = (Y,0) be a b-I-continuous function of a b-I-connected space
X onto a topological space Y. If possible, let Y be disconnected. Let A and B form a
disconnected set of Y. Then A and B are clopen and Y = A U B, where AN B = @. Since
f is b-I-continuous, X = f~1(Y) = f (A U B), where f!(A) and f~!(B) are nonempty
b-I-open sets in X. Also f~1(Vy)n f~1(V,) = @. Hence X is non-b-I-connected, which
is a contradiction. Therefore, Y is connected. O

Definition 4.25. A function f : (X, 7,I) — (Y,0,]) is called b-I-open (resp., b-I-closed) if
for each U € 7 (resp., closed set F), f(U) (resp., f(F)) is b-J-open (resp., b-J-closed).

Remark 4.26. Every b-I-open (resp., b-I-closed) function is b-open (resp., b-closed) and
the converses are false in general.

Example 4.27. Let X = {a,b,c}, 11 = {X,9,{b,c}}, 1o = {X,2,{a,b},{b},{a}},and [ =
{{a},2}. Then the identity function f : (X, 7)) — (X, 12,I) is b-open but not b-I-open.

Example 4.28. Let X = {a,b,c}, 11 = {X,2,{a}}, 1o = {X,9,{b,c},{b},{c}}, and I =
{{c},@}. Define a function f : (X, 1)) — (X, 12,1) as follows: f(a) = a, f(b) = f(c) = b.
Then, f is b-closed but not b-I-closed.

Definition 4.29. (a) A function f : (X,7,I) = (Y,0,]) is called semi-I-open (resp., semi-
I-closed) if for each U € 1 (resp., closed set F), f(U) (resp., f(F)) is semi-J-open (resp.,
semi-J-closed) [6] .
(b) A function f: (X,7,I) — (Y,0,]) is called pre-I-open (resp., pre-I-closed) if for
each U € 7 (resp., closed set F), f(U) (resp., f(F)) is pre-J-open (resp., pre-J-closed).
(c) A function f : (X,71,I) — (Y,0,]) is called a-I-open (resp., a-I-closed) if for each
U € 7 (resp., U is closed), f(U) is a-I-open (resp., a-I-closed).
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Remark 4.30. (1) Every semi-I-open (resp., semi-I-closed) function is b-I-open (resp.,
b-I-closed); (2) every pre-I-open (resp., pre-I-closed) function is b-I-open (resp., b-I-
closed).

Tueorem 4.31. A function f:(X,7,I) — (Y,0,]) is b-I-open if and only if for each x € X
and each neighborhood U of x, there exists V € BJO(Y,0) containing f(x) such that V C
F(U).

Proof. Suppose that f is a b-I-open function. For each x € X and each neighborhood
U of x, there exists U, € 7 such that x € U, C U. Since f is b-I-open, V = f(U,) €
BJO(Y,0) and f(x) € V C f(U). Conversely, let U be an open set of (X,7). For each
x € U, there exists V, € BIO(X, ) such that f(x) € Vi C f(U). Therefore we obtain
f(U) =u{Vy:x € U} and hence by Proposition 3.10, f(U) € BJO(Y,o). This shows
that f is b-I-open. O

Tueorem 4.32. Let f : (X,71,I) — (Y,0,]) be b-I-open (resp., b-I-closed). If W is any subset
of Y and F is a closed (resp., open) set of X containing f~1(W), then there exists a b-I-closed
(resp., b-I-open) subset H of Y containing W such that f~'(H) C F.

Proof. Suppose that f is a b-I-open function. Let W be any subset of Y and F a closed
subset of X containing f~!(W). Then X — F is open and since f is b-I-open, f(X —
F) is b-I-open. Hence H = Y — f(X — F) is b-I-closed. It follows from f~'(W) C F
that W C H. Moreover, we obtain f~!(H) C F. For a b-I-closed function, we can prove
Theorem 4.32 similarly. U

TaEOREM 4.33. For any bijective function f : (X,1) — (Y,0,]), the following are equivalent:
(i) f71:(Y,0,]) = (X,7) is b-I-continuous;
(ii) f is b-I-open;
(iii) f is b-I-closed.

Proof. Tt is straightforward. O

Definition 4.34 ([4]). A function f : (X,7,I) — (Y,0,]) is called *-I-continuous if the
preimage of every open set in (Y, 0) is *-dense in itself.

ProrosiTioN 4.35. For a subset A C (X, 7,1), if the condition (int(A*))* C int(A*) holds,
then the following are equivalent:

(1) Ais I-open;

(2) A is b-I-open and *-dense in itself.

Proof. (1)=(2) Let A be an I-open subset of (X,7,I). Then A C int(A*) C A*, which
shows that A is s*-dense in itself. Since A is I-open, then A is pre-I-open and so A C
int(cl*(A)) C int(cl* (A)) U cl*(intA). Thus A is b-I-open.

(2)=(1) Let A be a b-I-open and *-dense in itself.

Then since (int(A*))* C int(A*), A C int(cl*(A)) U cl™(intA) =int(AUA*) U (intAU
(intA)*) Cint(A*) Uint(A) U (int(A))* = int(A*) U (int(A))* = int(A*). a

ProrosiTioN 4.36. If a function f: (X,71,I) — (Y,0) is I-continuous and if (int(A*))* C
int(A*) for each subset A of X, then f is b-I-continuous and *-I-continuous.
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Proof. From Proposition 4.35, the proof is clear. O

Definition 4.37. A space (X, 1) is called
(1) b-space if every b-open set of X is open in X [23],
(2) submaximal if every dense set of X is open in X, and equivalently, if every pre-
open set is open,
(3) extremally disconnected if the closure of every open set of X is open in X.

CoroLLARY 4.38. Ifa function f : (X,1,I) — (Y,0) is continuous, then f is b-I-continuous.
CoroLLARY 4.39. If (X, ) is b-space, then for any ideal I on X, BIO(X,7) = BO(X, 1) = 7.

CoroLLARY 4.40 ([18]). If (X, ) is submaximal, then for any ideal I on X, PIO(X,7) =
PO(X,7) = 1.

CoroLLARY 4.41. If (X,T) is b-space, then for any ideal I on X, BIO(X,7) = BO(X,1) =
PIO(X,1) =PO(X,1) =T1.

CoROLLARY 4.42. If (X, 1) is extremally disconnected and submaximal, then for any ideal I
on X, PIO(X, 1) = SIO(X,7) = SO(X, 1) = PO(X,7) = aO(X,7) = 10X, 7) = 7.

CoRrOLLARY 4.43. If (X, ) is b-space, then for any ideal I on X, BIO(X,7) = BO(X,1) =
SIO(X,1) =SO(X,1) = 7.

CoRrOLLARY 4.44. If (X,7) is b-space, then for any ideal I on X, BIO(X,7) = BO(X,1) =
PIO(X,7) = SIO(X, 1) = SO(X,7) = PO(X,7) = a O(X,7) = «1O(X,T) = 7.

CoroLLARY 4.45. Let f: (X,7,I) — (Y,0) be a function and let (X,7) be b-space, then the
following are equivalent:
(1) f is b-I-continuous,
(2) f is b-continuous,
(3) f is pre-I-continuous,
(4) f is precontinuous,
(5) f is semi-I-continuous,
(6) f is semicontinuous,
(7) f is a-I-continuous,
(8) f is a-continuous,
(9) f is continuous.

Remark 4.46. For b-I-open, b-open, semi-I-open, semiopen, pre-I-open, pre-open, a-I-
open, and open functions, we have similar corollary if (X, ) is b-space.
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