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Two conditional expectations in unbounded operator algebras (O*-algebras) are dis-
cussed. One is a vector conditional expectation defined by a linear map of an O*-algebra
into the Hilbert space on which the O*-algebra acts. This has the usual properties of
conditional expectations. This was defined by Gudder and Hudson. Another is an un-
bounded conditional expectation which is a positive linear map € of an O*-algebra Jl
onto a given O*-subalgebra N of Jl. Here the domain D(%€) of € does not equal to Jil in
general, and so such a conditional expectation is called unbounded.
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1. Introduction

In probability theory, conditional expectations play a fundamental role. A noncommuta-
tive analogue of conditional expectations in von Neumann algebras has been studied in
[2—4]. A typical feature of probability in von Neumann algebras is that the observables
permitted are usually bounded and some finiteness is imposed. But, unbounded observ-
ables occur naturally in quantum mechanics and quantum probability theory [1, 5-8]
and so it is natural to consider conditional expectations in algebras of unbounded ob-
servables (O*-algebras). The first study of conditional expectations in O*-algebras was
done by Gudder and Hudson [1]. Let A be an O*-algebra on a dense subspace % in a
Hilbert space # with a strongly cyclic and separating vector & and N an O*-subalgebra
of JL. These notions are defined in Section 2. Gudder and Hudson have defined a condi-
tional expectation given by (N, &) by the map A — PyA&, of M into the closed subspace
¥y = N& of %, which has the usual properties of a conditional expectation, where Py
is the projection of # onto . We call this the vector conditional expectation given by
(N,&). On the other hand, it is natural to consider when a conditional expectation of
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the O*-algebra Jl onto the O*-subalgebra N exists. Such a conditional expectation does
not necessarily exist even for von Neumann algebras. In fact, Takesaki [2] has shown that
there exists a conditional expectation of the von Neumann algebra . onto the von Neu-
mann subalgebra ' if and only if Af NA." = N for all t € R, where Ay, is the modular
operator of the left Hilbert algebra . &,. Here we consider amap €(- | N') : A — PyA[N¢
of Jl into the partial O*-algebra LT (N&y, 7). We will show that €(- | N') has proper-
ties similar to those of conditional expectations, so it will be called a weak conditional-
expectation of A with respect to (N,&). Unfortunately, the range €(M[N') of the weak
conditional-expectation €(- | N') is not necessarily contained in N, and so we define an
unbounded conditional-expectation € of M onto N with respect to &, as follows: € is a
map of Jl onto N satisfying
(i) the domain D(€) of € is a T-invariant subspace of /M containing N such that
ND(€) c D(€);

(ii) €(A)t = €(At), forall A € D(€) and €(X) = X, forall X € N}

(iii) €(AX) = €(A)X and €(XA) = X€(A), forall A € D(€), forall X € N;

(iv) we, (€(A)) = wg, (A), for all A € D(€),
where wg, is a positive linear functional on Jl defined by wg, (A) = (A& | &), A € JM.

By restriction of the weak conditional-expectation €(- | N'), we will show that there
exists a maximal unbounded conditional expectation €y of Jl onto N with respect to
&o. Furthermore, we will investigate unbounded conditional-expectations in case that Jl
and N are generalized von Neumann algebras which are unbounded generalization of von
Neumann algebras and that the von Neumann algebra (N,)" (the usual commutant of the
weak commutant N7, of N') satisfies the Takesaki condition. As an application of vector
conditional expectations we will establish the existence of coarse graining for absolutely
continuous positive linear functionals.

2. Preliminaries

In this section we introduce the basic definitions and properties of (partial) O* -algebras.
We refer to [6-9] for O*-algebras and to [10] for partial O* -algebras.

Let # be a Hilbert space with inner product (- | -) and 9 a dense subspace of 7. We
denote by L(%, %) the set of all linear operators X in # such that 9(X) (the domain of
X) =9, and

L@, = {X € LB, I); D(X*) > D},

(2.1)
PHD) = (X € L1 D, H); XD D, X*D C D}.
Then £(9,%) is a vector space with the usual operations X + Y and AX, and £1(%, %)
is equipped with the following operations and involution:
(i) thesum X +7Y;
(ii) the scalar multiplication 1X;
(iii) the involution X — Xt = X*[ %, thatis, (X +AY)t = XT+ YT, Xt = X;
(iv) the weak partial multiplication XOY = X1*Y, defined whenever X is a left mul-
tiplier of Y, (X € L¥(Y) or Y € R¥(X)), that is, if and only if Y& C %(X*) and
Xt cB(Y™).
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Then £1(%, %) is a partial *-algebra, that is, the following hold:

(i) X € L¥(Y) ifand only if Y1 € L¥(X ) and then (XOY)t = YTOXT;

(ii) if X e LY¥(Y) and X € L¥(Z), then X € LY(AY +uZ) forallA,u € Cand XO(AY +

uZ) = MX0OY) +u(X0Z).
Pt(D) is a *-algebra with the usual multiplication XY (which coincides with the weak
partial multiplication X(Y) and the involution X — X . A partial *-subalgebra of £1 (%,
#) is called a partial O*-algebra on &, and a *-subalgebra of £1(%) is called an O*-
algebra on %. Here we assume that a (partial) O* -algebra contains the identity operator I.
In analogy with the notion of a closed symmetric (selfadjoint) operator, we define the

notion of a closed O*-algebra (a selfadjoint O* -algebra). Let /M be an O*-algebra on 9.
We define a natural graph topology on %. This topology t is a locally convex topology
defined by a family {|| - |lx; X € M} of seminorms ||&[lx = €]l + [ XEIl, (£ € D), and
it is called the graph (or induced) topology on 9. If the locally convex space & [ty] is
complete, then Jl is said to be closed. We denote by %B(M) the completion of the locally
convex space %[t ] and put

X =X[DBM), X eM;

—_ . (2.2)
M={X; X € M}.

Then Al is a closed O* -algebra on @D(J‘/L) in # which is the smallest closed extension of

M, and QND(J(/L) = Nxen D(X). M is called the closure of L.
We next define the notion of selfadjointness of M. If % = D* (M) = xecy D(X*), then

M is said to be selfadjoint. If (M) = D* (M), then J is said to be essentially selfadjoint.
It is clear that
% < BM) € D* (),

~ (2.3)
XcXcX* VvVXel.

We define commutants and bicommutants of Jl. The weak commutant A, of M is de-
fined by

M, ={CeB(H); (CXE|n)=(CE|XTy), VX e M, VEn €D}, (2.4)

where B(F) is a *x-algebra of all bounded linear operators on #. Then JL;, is a weakly

~

closed *-invariant subspace of B(#) such that (M);, = M,,. If M;, 2D C D, then M), is a
von Neumann algebra; in particular, if Jl is selfadjoint, then JM;,% € 9. The unbounded
commutants and unbounded bicommutants of [l are defined by
My = {S € L(D,%); (SXE ) = (SE1XTy), VX €M, VE&n e D};
M, = My 0 LD, H);
M= M, LT (D); (2.5)
My, = (X € LD, %); (CXE 1) = (CE| XTn), VC e M, VEneD;
My = My 0N EHD).
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Then the following hold.
(i) My is a subspace of L(D, I).
(ii) AL} is a t-invariant subspace of $1(%, %) and (M), = {S€ M); S € B(H)} =
M.
(iii) JL. is a subalgebra of £1(%).
(iv) M}, is a t-invariant Te-closed subspace of (%, %) containing J, where the
strong™ topology 7+ is defined by the family {p; (-); § € D} of seminorms

PEX) = IXEN+IXTEll, X € £1(D,%0). (2.6)

(iiv) M}, is a Te+-closed O* -algebra on @ such that Jl C M, and (M.,.);, = A},

W w

(iiiv) If M, D € D, then M, is a partial O*-algebra on & such that

M, = {X € LT(D,90); X is affiliated with (M)}

B , (27)
= (M) TD (the 7y« -closure of (ML,,) [% in £1(D, %)),
and JL,,. is an O*-algebra on ¥ such that
M. = (X € T(D); X is affiliated with (L))"}
(2.8)

M) TD T AL D).

We introduce the notions of generalized von Neumann algebras and extended W*-
algebras which are unbounded generalizations of von Neumann algebras. If % C %
and M = M, then M is said to be a generalized von Neumann algebra (or a GW*-algebra)
on 9. A closed O*-algebra M on P is said to be an extended W*-algebra (simply, an
EW*-algebra) if (I + X1X) ! exists in A, = {A € M; A € B(¥)} forall X € M and My, =
{A; A € My} is a von Neumann algebra on ¥.

We define the notion of strongly cyclic vectors for a closed O*-algebra M on & in #.
We denote by ¥ the closure of a subset J{ of  with respect to the Hilbert space norm
and denote by M the closure of a subset M of B with respect to the graph topology
tu. Let 91 be an JM-invariant subspace of %. Then M9 = {X[DM; X € M} is an O*-
algebra on 901 and its closure Moy (= (M[IMN)™) is a closed O*-algebra on M in M. I
M is essentially selfadjoint, that is, Jlgn is selfadjoint, then the projection Pg; of # onto
M belongs to M., Pey@* (M) = M c G and Mon = Mpy; = {Xpg,; X € A}, where
Xpg; Poii€ = PgX& for X € M and & € 9. A vector & in 9 is said to be strongly cyclic if

— =t

ME " = D, and & is said to be separating if M/, & = H.

We define the notions of (unbounded) s-representations of -algebras. Let s{ be an
*-algebra with identity 1. A (*-)homomorphism 7 of & into an O* -algebra £ (%) with
7(1) =1 is said to be a (-)representation of sd. In this case, & and ¥ are denoted, re-
spectively, by @ () and #,.
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Let 7r; and 7, be (k-)representations of sf on the same Hilbert space. If 7, (x) C m(x)
for each x € o, then 7, is said to be an extension of 71; and it is denoted by 7m; C 7. Let 7
be a (-)representation of . We put

G(n) = N D(a(x), #x)=7x)[%(n), x€A (2.9)
xed

If 7 = 71, then 7 is said to be closed; 7 is a closed (-)representation of s{ which is the
smallest closed extension of 77 and it is called the closure of 7. Let 7 be a *-representation
of o{. We put

D*(m) = ﬂ G(n(x)*), n*(x) =n(x*)[D*(n), xed. (2.10)
xed

Then 7* is a closed representation of o such that 7 C 7 C 7* and is called the adjoint of
n. If m = %, then 7 is said to be selfadjoint. We remark that 7 is closed (resp., selfadjoint)
if and only if the O*-algebra () is closed (resp., selfadjoint).
3. Vector conditional expectations
Let J be a closed O*-algebra on 9 in ¥, & € D a strongly cyclic and separating vector
for M, and N an O* -subalgebra of M. Then
NE& c NE™ < N&™ ¢ NE,
N c . (3.1)
M—&)t.m -9

If N is closed, then N'&, C N_Eom C N—fow cY = Jl/t—fom. The following is easily shown.
LEmmMA 3.1. Put
D (my) = Néo,
ﬂW(X)Y£O:XYEO) VX3Y€N)
@(ml) = NG,
ml(X)E=XE VXeN, VEeB(ml).

(3.2)

Then my and ﬂj‘f are faithful x -representations of N in 3y = N& such that my C ﬂj‘f C 7N,
and

B(ny) c DY) CcDAR),  D*(my) = D* (). (3.3)

We denote by Py the projection of % onto ¥y = N&. Then we have the following
lemma.

LEMMA 3.2. PxD* (M) C D*(my) and nfi(X)PxE = PyXT*E, for all X € N and for all
Ec ().
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Proof. Take arbitrary X € N and & € 9*(JL). For any Y € N, we have
(XTY& | Py§) = (XTYE [§) = (Y& | XTE) = (Y& | PyX ), (3.4)

and so Px%* (M) € D* (my) and 75 (X)Pyé = Py XT*E. ]

First we introduce the notion of a vector conditional expectation defined by Gudder
and Hudson [1].

Definition 3.3. A map E of Jl into D* (my) is said to be a vector conditional expectation of
M given by (N, &) if the following hold.

(i) E(XA) =n(X)E(A), forall A € M, forall X € N.

(ii) wg, (A) = (E(A) | &), forall A € M.

A map E satisfying the conditions of Definition 3.3 was called a conditional expecta-
tion of Jil given by (N, &) by Gudder and Hudson [1]. They gave the following theorem.
We prove the theorem for the sake of completeness.

THEOREM 3.4. A vector conditional expectation E of M given by (N',&y) exists uniquely, and
E(A) = PyA&, VAeM. (3.5)
Denote by E(A | N') the unique vector conditional expectation of M given by (N, &), that is,
E(A|N)=PyA&, VAc. (3.6)

Proof. We put
E(A) = PyA&, Ac. (3.7)

By Lemma 3.2 E is a map of Al into @* (my ). It is clear that E is linear. For any A € J/l and

X € N we have, by Lemma 3.2,
E(XA) = PyX A&y = m}(X)Px A&y = nf(X)E(A), )
wg, (XA) = (Ad | XT&) = (PxA& | XT&) = (m¥(X)E(A) | &); ’

in particular,
wg, (A) = (E(A) | &). (3.9)

Hence E is a vector conditional expectation of Jl given by (N, &).
We show the uniqueness of vector conditional expectations. Let E’ be any vector con-
ditional expectation of .l given by (N, ). For any A € M and X € N we have

(E'(A) 1 X&) = (ni (XT)E'(A) 1 &) = (E'(XTA) 1 &) = wg, (XTA) 5.10)
= (A& | X&) = (PyA& | X&), '
which implies that

E'(A) = PyA&,. (3.11)
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4. Unbounded conditional expectations for O*-algebras

We begin with the definition of unbounded conditional expectations of O*-algebras. In
this section let Jl be a closed O* -algebra on 9 in ¥ with a strongly cyclic and separating
vector & and N an O*-subalgebra of L.

Definition 4.1. A map € of A onto N is said to be an unbounded conditional expectation
of M onto N with respect to & if
(i) the domain D(€) of € is a t-invariant subspace of Jl containing N such that
ND(€) c D(€);
(ii) € is a projection; that is, it is hermitian (€(A)t = €(A"), for all A € D(€)) and
E(X) =X, forall X € N;
(iii) € is N'-linear, that is,

E(AX) =¢(A)X, ¢(XA)=X€(A), VAeD(€), VXeN; (4.1)

(iv) wg,(€(A)) = wg,(A), for all A € D(€).
In particular, if D(€) = JIL, then € is said to be a conditional expectation of M onto N

For unbounded conditional expectations we have the following lemma.

Lemma 4.2. Let € be an unbounded conditional expectation of M onto N with respect to &.
Then the following statements hold.

(1) €(A)éy =E(A | N), forall A € D(€).

(2) € is an N'-Schwarz map, that is,

E(AT)€(A) <€(ATA) onD(ml) whenever A € D(€) s.t. ATA € D(€). (4.2)
Proof. (1) Forall A € D(€) and X € N we have
(€(A)& | X&) = (XTE(A) | &) = (€(XTA)& | &)

— g (XTA) = (A& | XE) = (PeAdy | XE), )
which implies
€(A)E = PyA&y = E(A | N). (4.4)
(2) Take an arbitrary A € D(€) s.t. ATA € D(€). Then we have
(E(ADEA)XE | X&) = [[€AXE|” = [E(AX)&|I
= ||PyAX&|” < [JAXE|”  (by (1)), s
(€(ATA)XE | X&) = (E(XTATAX)E | &) = wg, (€(XTATAX))
= wg, (XTATAX) = [|AX&],
for each X € N, which by B(r!) = N& * implies that
E(ATA) <€(A)T€(A) onD(ml). (4.6)
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Let € be the set of all unbounded conditional expectations of Jil onto N with respect
to &. Then € is an ordered set with the following order C.

%1 C %2 lﬂ:D(C(g1) C @(%2), %1(A) = %2(A), VA e D(%l) (47)

In Theorem 4.6 we will show that there exists a maximal unbounded conditional expec-
tation of Jl onto N with respect to &.

Definition 4.3. A map € of Jl into the partial O*-algebra LT (D (m), ¥ ) is said to be a
weak conditional expectation of M with respect to (N, &) if

(i) € is hermitian, that is, €(A)t = €(A1), forall A € JM;

(ii) €(M)D () c B* () and

il (X)O€(A) =€(XA), VXeEN, VA, (4.8)

(iil) wg,(A) = (€(A)& | &), for all A € JM.
For weak conditional expectations we have the following.

THEOREM 4.4. There exists a unique weak conditional-expectation €(- | N') of M with re-

spect to (N, &), and
E(A|N)=PyAID (), VAe.l. (4.9)

Proof. We first show the existence: we put €(A | N) = PNA[QD(H%), A € JL. Tt follows
from Lemma 3.2 that for any A € M, €(A | N') is a linear map of@(ﬂﬂ) into QD*(ﬂjV‘ft),
and furthermore

(AT N)En) = (PyAE | n) = (A& n)=(E| Aly)

— (£ PyAty) = (E1%(AT 1)) (10
for each &, € (), which implies that €(A | N') € LT(D (), %) and E(A | N)T =
E(AT | N). Thus €(- | N) satisfies the condition (i) in Definition 4.3. Furthermore, we
show that it satisfies the conditions (ii) and (iii) in Definition 4.3.

(ii) Take arbitrary X € N and A € Jl. Since €(A | N) € i*(gb(ﬂ%),%J\r) and €(A |
N )Qb(nj\k") C Qb*(ﬂj\'}) as shown above, it follows that ﬂj‘ﬁ(X YOE(A | N) is well defined
and

() T0EA | NN E = nl{(X)*PyATE = PyXTATE

4.11
=€(XTAT | N)E  (by Lemma 3.2) (#11)
foreachA e M, X e N,and & € Qb(nj\'?).
(iii) This follows from the equality
wg, (A) = (A& 1 &) = (PyA& | &) = (€(ATN)E | &) (4.12)

for each A € JM.
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We next show the uniqueness: let ‘€ be any weak conditional expectation of Jl with
respect to (N',&). By (i) and (ii) in Definition 4.3 we have

E(A)OmM(X) =€(AX), VAe, VX eN, (4.13)
which implies

(€(A)XE | Y&) = (m(Y)*€(AX)E | &) = (€(YTAX)& | &) = wg, (YTAX)

- (AXE | V&) = (PyAXE | YEy) e
for each A € M and X, Y € N. Hence, we have
€(A)XE = PyAXE, VAeul, VX eN, (4.15)
which implies
€(A) = PyA[D(ml), VAe M. (4.16)
([

The weak conditional expectation of Jl with respect to (N, &) has the following prop-
erties.

ProrosritioN 4.5. €(- | N') is a map of JM into the partial O*-algebra iﬁf(gb(nj‘f),%ﬂ)

satisfying

(1) €A | N)D(ml c D* (), for all A € M;

(i) €(- | N) is linear;

(iii) €A | N)T =€(AT | N), forall A€ MEX | N) = X[D(ml), forall X € N;

(iv) €(ATA | N) >0, forall A € JM;

(v) €(A | N)‘LIZI%(A [ N) < %(ATA | N) whenever €(A | N)T € LY(€(A | N));

(vi) €é(A | N)Dn (X) and my; WX)TOE(A | N) are well defined for each A € M and X €
N, and
EA | N)Or(X) =€(AX | N), M (X)OE(A | N) = €(XA | N); (4.17)

(vil) wg, (AX) = (€(AX | N)&y | &) foreach A € M and X € N.

Proof. The statements (i), (ii), (iii), and (vi) follow from Theorem 4.4.
(iv) This follows from the equality

(E(ATA|N)E|E) = (PyATAE | &) = (ATAE | §) = ||AE)? (4.18)

foreach A el and ¢ € Qb(nﬂ).
(v) Take an arbitrary A € M s.t. €(A | N)t € LY(€(A | N)). Then we have

(€A | N)TTE(A | N))E[€)
= (E(A|N)*EA I NETE) =8| N)E (4.19)
= ||PyAE|] < [|AE]2 = (€(ATA| N)EE)  (by (4.18))
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foreach ¢ € Qb(ﬂﬂ), which implies that

EA|N)TTEA | N) <E(ATA | N). (4.20)
(vii) This follows from
wg, (AX) = (AX& | &) = (PyAXE | &) = (€(AX | N)éo | &o) (4.21)
foreach Ae Ml and X e N. O
Here we put
D(¢éx) = {A e d; EA|N) e m (N} (4.22)

Since ﬂjfvt is faithful, for any A € D(éy) there exists a unique element X4 of N’ such that
EA|N)= nﬂ(XA). Hence, the map €y from D(€ y) to N is defined by

Ex(A)=Xs, AeD(Ey). (4.23)

Then we have the following.

THEOREM 4.6. €y is a maximal among unbounded conditional expectations of M onto N
with respect to &.

Proof. We show that D(€y) is a T-invariant subspace of Jl containing N such that
ND(€x) € D(€y). In fact, it is clear that D(€y) is a subspace of Jl containing N. By
Proposition 4.5(iii), D(€y) is T-invariant, and it follows from Proposition 4.5(vi) that
EXA|IN)= nj\%(X)IZI%(A |N) e nﬂ(N) for each X € N and A € D(€.y), which implies
that ND(éx) € D(@y). It is easily shown that € is a projection. Since

M (€x(AX)) = €(AX | N) = €(A | N)Dm(X) = mf! (€ (A) Omi(X)

n - . (4.24)
=my (€x(A)X), (byProposition 4.5(vi))

for each A € D(€y) and X € N, it follows that € y(AX) = € x(A)X. Similarly, €5 (XA) =
Xéx(A). Hence, €y is N-linear. Furthermore, it follows from Proposition 4.5(vii) that
wg, (€x(A)) = wg, (A) for each A € D(€ ). Thus € is an unbounded conditional expec-
tation of MM onto N with respect to &. Finally we show that €y is maximal. Let € be any
unbounded conditional expectation of Al onto N with respect to &. Take an arbitrary
A € D(€). Then it follows from Lemma 4.2(1) that

PyAXE = E(AX | N) =€(A)XE (4.25)
for each X € N, which implies that
PyAE =€(A)E, VEeD(ml). (4.26)
Hence, we have
PyA[D(m') = €(A)[D(mf) € mit (N, (4.27)

which implies A € D(€ ) and €x(A) = €(A). Thus, € C €. O
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5. Unbounded conditional expectations for special O* -algebras

In this section we consider conditional expectations for special O*-algebras (EW*-
algebras, generalized von Neumann algebras). For conditional expectations for von Neu-
mann algebras Takesaki [2] has obtained the following.

LemMA 5.1. Let M be a von Neumann algebra on a Hilbert space ¥ with a separating and
cyclic vector & and N a von Neumann subalgebm of M. Then € x is a conditional expectation
of M onto N with respect to & if and only if Af NA, = N for all t € R, where Ay, is the
modular operator of the left Hilbert algebra ./l/LEO

The following is our extension of Lemma 5.1 to generalized von Neumann algebras.

LemMA 5.2. Let M be a closed O* -algebra on D in ¥, & € D a strongly cyclic and separating
vector for M and N a closed O* -subalgebra of M. Suppose

(i) NoyD c 9;

(i) N& is essentially selfadjoint for N.
Put

%(A | N) = PyA[ Py, AEJ‘/L‘,,\;C. (5.1)

Then (- | N) is a linear map of the generalized von Neumann algebra M} into the O*-
algebra & SEHPxD) such that

(@) €A | )t =E(AT | N\), forall A € M.l ; EX | N') = X[PxD, for all X € NIl ;
(b) €(ATA|N) =0, forall A € M. ;
(c) E(A|N)TEA|N) <EATA|N), forall A € M.;
(d) €A | N)X =E(AX | N), XEA | N) =EXA|N), for all A € M,

'we>

forall X €
Nies
(€) we,(AX) = (E(AX | N)Ey | &), for all A € AL,
Furthermore, suppose
(iii) A¥ & (N )’Ag” = (Ny), forallt e R,
where Agﬂ is the modular operator of the left Hilbert algebra (M.,)'&. Then, €(A | N) €
(N'pg )i for all A € M.

forall X € N,

Proof. By (i) we have ;9 C 9, and hence it follows from [6, Propositions 1.7.3, 1.7.5]
that Jl,,. is a generalized von Neumann algebra on % and N7, is a generalized von Neu-
mann subalgebra of JL;,.. Since the N-invariant subspace N&, of @ is essentially selfad-
joint, it follows from [7, Theorem 4.7] that

PyeN,,  Py@=N§&" cd@, (5.2)
NE = (N &. (5.3)

By (5.2), €(- | N) is a linear map of M. into LT(PyD), and it is shown in a similar
way to the proof of Proposition 4.5 that &(- | N) satisfies (a)—(e). Suppose (iii) holds.
We show €(A | N) (Npy)ige> for all A € Jy;.. By (5.3) we have Py = P(y,y, and so by
(iii) and by the Takesaki theorem [2] there exists a unique conditional expectation €’ of
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the von Neumann algebra (JL,,)" onto the von Neumann algebra (N7,)" with respect to
&o such that €' (A)Py = PyAPy for each A € (M},)". Take an arbitrary A € Al;;.. Then
there exists a net {A,} in (ALl},)" which converges strongly* to A. From (5.2) it follows
immediately that

(N2 py = N ) (5.4)
and by the basic theory of von Neumann algebras [11]
(Vo)) = (M) p,)" = ((N0) )y (5.5)
Hence we have

€ (A(x)pN € ((‘NP,N’);/),’

€ (Aa) p, —— PyA[PxD, (5.6)
which implies that PxA[Px® € (Np,),)" o = (N'p, )i Hence we have
E(A|N) = PyA[PyD € (Npy)iey A€M (5.7)

In a similar way to the proof of Theorem 4.4 one can show that €(- | N') is the unique
weak conditional expectation of the generalized von Neumann algebra JL;,. with respect

to (Npy)ier60)- 0
Now we put
D(Ey) = [A € M TAIN) € (Nie)p, ). (5.8)

Then, for any A € D(€y) there exists a unique element €y (A) of N7/ such that
Ex(A)[PyD = €(A | N'), and in a similar way to the proof of Theorem 4.6 we can show
the following.

LemMma 5.3. €y is an unbounded conditional expectation of the generalized von Neumann
algebra M., onto the generalized von Neumann algebra N',. with respect to & which is an
extension of € .

By Lemmas 5.2 and 5.3 we have the following.

TueOREM 5.4. Let M be a generalized von Neumann algebra on D in ¥, &y a strongly cyclic
and separating vector for M and N a generalized von Neumann subalgebra of M. Suppose
1N fo is essentially selfadjoint for N';

(i) A (N’)AE” (N, forallt € R,
where Ago is the modular operator of the left Hilbert algebra (M.,)' &. Then the following
statements hold.

(1) €A | N) =€(A | N)~ € (Np,)L foreach A € .

(2) €x =Cy.
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Proof. (1) Since N& C @(ﬂj\%) - J\fifomr = Py9, it follows that €(A | N) = €(A | N)~ for
each A € M, and €(A | N) is contained in (Np, )/ by Lemma 5.2.
(2) This follows from (1). O

It is natural to consider the following question.

Question 1. Let (M,&y,N') be as in Theorem 5.4. Does D(€ ) contain any elements of J1?
For example, when is Jl, C D(éy)?

For this question we have the following.

PropositioN 5.5. Let (M, &, N') be as in Theorem 5.4. Suppose that N is an EW*-algebra
on 9D, that is, (N,)" = Np. Then NMpN C D(€ ).

Proof. By Lemma 5.1 there exists a unique conditional expectation €’ of the von Neu-
mann algebra (JL,)" onto the von Neumann algebra (N7,)" such that

€"(A)Py = PyAPy, VAe (M) (5.9)
Take an arbitrary A € ;. Then €' (A)[D € Ny; it follows that
PyAPy =€"(A)Py € NPy, (5.10)

which implies A € D(éx) = D(€yx). Thus, A, € D(€y), which implies NN C D(€ ).
O

CoroLLARY 5.6. Let (M,&,N) be as in Theorem 5.4. If one of the following conditions (i)
and (ii) holds, then NN C D(€y).

(1) (N,)" is commutative.

(i) D =D*(H") = Npen D(H'"), where H' is a selfadjoint operator in ¥ affiliated with

N,

Proof. Suppose (i) holds, that is, (N7,)" is commutative. Then, (N7,)'% c N,9 C %. Sup-
pose (ii) holds. Then, (N7,)'% C 9 clearly. Hence N is an EW*-algebra on 9 in either of
the cases (i) and (ii), and so it follows from Proposition 5.5 that NN C D(€ ). O

6. Absolute continuity and coarse graining

In this section we define the notions of absolutely continuous positive linear functionals
and investigate them.

Let JL be an O*-algebra on @ in J€ with a strongly cyclic vector &. A linear functional
F on J is called hermitian if F(AT) = F(A) for each A € M and it is called positive (de-
noted by F > 0) if F(ATA) > 0 for each A € (. Since Jl contains the identity operator,
it follows that if F > 0 then it is hermitian. The positive linear functional wg, on J is

defined by
wg,(A) = (A& 1 &), Aedl. (6.1)

We define the notion of wg, -absolutely continuous linear functionals on Jl and investigate
their properties.
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Definition 6.1. Let F be a linear functional on JIL. If for any A € [l there exists a constant
r4 > 0 such that

|F(AX)|” < rawg, (X1X), VX e, (6.2)

then F is said to be wg, -absolutely continuous and denoted by F < wg,. If there exists a
constant r > 0 such that

F(X'X) <rwg, (X1X), VXeuM, (6.3)

then F is said to be wg,-dominated and denoted by F<jwg,. Denote by M* (< wg,) (resp.,
M (< wg,), MF(< wg,)) the set of all wg,-absolutely continuous (resp., hermitian, posi-
tive) linear functionals on Jit; and denote by M* (<qwg,) (reps., M} (<qwg, ), MF (<qwe,))
the set of all wg,-dominated (resp., hermitian, positive) linear functionals on JL.

THEOREM 6.2. Let F be a linear functional on J.
(1) The following statements are equivalent.
(i) F € M*(< wg,) (resp., M} (< wg,), MF(< wg,)).
(ii) There exists an element & of D* (M) (resp., D* (M), D* (M)+) such that

F(A) =F:(A)= (A& 1 &), VAel, (6.4)

where
D* (M) = {& € D*(M); Fr is hermitian},

D*(M)+ = {& € D*(M); Fs is positive}. (6:5)

(iii) There exists an element S of the unbounded commutant (M[MEy)5 (resp.,
((MTME) o ms ((MTME),)+) of the O* -algebra M[MEy on MEy such that

F(A) = Fs(A) = (A& | S&), VAe.l. (6.6)

The vector & in (ii) and the operator S in (iii) are unique. S is called the Radon-Nikodym
derivative of F with respect to wg, and denoted by dF/dwg,.

(2) F € M*(<qwg,) (resp., M (<qwe,), MF(<qwg,)) if and only if dF/dwe, € M, (resp.,
(A, iy (M)

Proof. (1) (i)=(ii). Let F € M* (< wg,). Then we have
|F(A) | < r||A&|°, VAe (6.7)

Since & is strongly cyclic, that is, M&, is dense in D[t ], and the graph topology t is
finer than the topology defined by the Hilbert space norm || - ||, it follows that Jt&, is
dense in J¢, which implies that the map A& — F(A) can be extended to a continuous
linear functional on 9€ and by the Riesz theorem there exists a unique element & of #
such that

F(A) = (A& | §), VAe .l (6.8)
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Furthermore, since F < wg,, it follows that
|(XTAL 1 &) | = |F(XTA) | < rxwy, (ATA) = re||A&|’ (6.9)

for all A,X € M, which implies £ € @* (JL). In particular, it is clear that if F € Jl}} (< wg,)
(resp., M¥ (< we,)) then & € D* (M), (resp., & € D*(M)4).
(ii)=(iii). We put

SAE =&, Aedl. (6.10)
Then since
(X& | SAYE)) = F((AY)'X) = F(YT(ATX)) = (ATX& | SY&) (6.11)

foreach A,X,Y € [, it follows that S € (M[M&)5 and F = Fs. It is clear that S is uniquely
determined. Furthermore, it is easily shown that if F is hermitian (resp., positive) then S
is hermitian (resp., positive).

(ii1)= (1). This is trivial.

(2) This is shown in a similar way to (1).

The equivalence of (i) and (ii) in Theorem 6.2 follows from [1, Theorem 1]. O

The following schemes may serve as a sketch of Theorem 6.2:

f c gb*(_/'/t) bijection FE c M* ( < a)&])
(resp., D* (M)p, D*(M)+) (resp., M (< wg,), M (< wg,))

ng ,
dws, e (M[ME)
(resp., ((M[ME).), ((MTME),),)
dF ,
dag, € My,
(resp., (AM},)  (M,),).

Fe M* (<da){’0) bijection
(resp., My} (<awg,), M (<awg,))

(6.12)

The Radon-Nikodym theorems for O*-algebras can be found in [1, 6, 10, 12, 13].

Next we define and investigate the notion of coarse graining.

Let Al be a closed O* -algebra on % in # with a strongly cyclic (and separating) vector
& and N an O*-subalgebra of ..

Let f be a positive linear functional on N such that f < wg [N
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Definition 6.3. A positive linear functional F on Jl is said to be (N, wg,) coarse graining of
f if the following conditions hold:
(i) fCF;
(ii) F < wg,;
(iii) F(A) = F(E(A | N)) = (E(A | N') | (dF/dwg,)ép), for all A € A.

We put

_ af
FC(A)—(E(A\N)IdwEO[NEO), Ac il (6.13)

Then F, is a linear functional on M satisfying the following:
F.> f. (6.14)

In fact, (6.14) follows from
df
F.(X) = (Xfo fo) f(X), VXel (6.15)

Question 2. Is F. a (N,wg,) coarse graining of f? That is, does F, satisfy the following
conditions?

F, is positive, (6.16)
F. < wg,. (6.17)

We remark that if (6.17) holds, then
F.(A)=F.(E(A|N)), VAc.l. (6.18)

In fact, since

(Afo

df df
&) = F) = (EAIN) | 70t = (46| 7)) (619)
for all A € M, it follows that (dF./dwg, )& = (df /dwg,[N')&, which implies that F.(A) =
F.(E(A|N)) forall A € M.
Almost all the results of Theorem 6.4, Proposition 6.6, and Theorem 6.12 can be found
in [1, Theorem 3], but it seems that they contain a few gaps. So, we introduce here these
results and their proofs.

TaEOREM 6.4. The following statements are equivalent.
(i) f is (N, wg,) coarse grainable, that is, there exists a (N, wg,) coarse graining of f.
(ii) There exists a positive linear functional F on M such that F D f, F < wg, and (dF/
dwgo)fo S Nfo
(iil) There exists a positive operator S in (M| ME)., such that S& = (df /dwg, [ N)&.
If this is true, then F. is a unique (N, wg,) coarse graining of f and the F in (ii) equals F,.
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Proof. (1)=(ii). Let F be a (N, wg,) coarse-graining of f. Then F is a positive linear func-
tional on Jl such that F O f and F < wg,. Furthermore, since

dF dF
(4801 5 &) = Fa) = F(BA 1) = (Peab] = &) (6.20)
Wg, dwfo
for all A € JL, we have
dF dF —
P & =Py & € Nép. (6.21)
wg, dwg,

(ii)= (iii). We put S = dF/dwg,. Then, S € ((M[ME),), and S& € N'&. Furthermore,
we have

(481 S60) = (Pudlo| 5o 8) = im (X | o) = lim P(x,)

df _ af )

dawg, rN’:O) - (Ago | dag, W

for all A € M, where {X,} is a sequence in N such that lim,_ X,,& = PyA&), which
implies that S& = (df /dwe, [N)&.

(ii1)=(i). Since

= lim £(X,) = lim (X4

n— oo

F.(B'A) = (PNB*AEO | dw‘jf [ Nfo) = (BTA& | S&) = (A& | SB&) (6.23)

foreach A, B € U, it follows that F, > 0 and F, < wg,. Hence F. is a (N, wg, ) coarse graining

of f.
Finally we show that F. is the unique (N, w¢,) coarse graining of f. Let F be a (N, wg,)
coarse graining of f. By the proof of (ii)= (iii) we have

_ LI U e)_
F) = (48] 48) = (48| g 2cb) = ) (624)

for all A € M. This completes the proof. O

Definition 6.5. N is said to be positivity preserving if for any A € L there exists a sequence
{X,} in N such that lim,, .., X X,,§y = PxATA&.

It is clear that if N is positivity preserving then F. is positive. In fact, this follows from

F(ATA) = (E(ATA 1) | dwff[ &)

. df

- T g
lim (X!, | oot ) (6.25)
. df

= %ljl;lo (Xngo | WXnE()) >0, VAe.

Hence we have the following.
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PROPOSITION 6.6. Suppose that N is positivity preserving. Then the following statements are
equivalent.
(i) f is (N,wg,) coarse grainable.
(ii) F. is a (N,wg,) coarse graining of f.
(iii) Fe < wg,.
(iv) (df/dwe, IN)E € D* (AM).

Proof. (i)« (ii) This follows from Theorem 6.4.
(ii)=>(iii). This is trivial.
(iii)=(ii). As shown above, F, is automatically positive, and so (iii) implies (ii).
(ii)= (iv). This follows from

df o _ dF.
dwg, [N~ duwg,

& € D*(M). (6.26)

(iv)=(ii). Let & = (df /dwe, [ N)&. Then, & € D* (M) =D* (M[ME), and so by Theorem
6.2

dF: / ng df
dos, e ((Mfmé&),) ., da, & = duws, TN &os (6.27)
which by Theorem 6.4 implies that F. is a (N, wg,) coarse graining of f. O

ProrosITION 6.7. Suppose that N is positivity preserving and f<qwg [N. Then F. is a
(N, we,) coarse graining of f and F.<qwg,.

Proof. Since

df )
tA) = At - t
F.(ATA) = <P,NA A& | dwe, [N&)) lim (an,,fo | y

- tim (%6 gl r0) <

.N&))

df . 2
Jog TV || e 1ol (6.28)

‘ (PyATAE | &) H wao (ATA)

H dwg, [N dwg, [N
for all A € M, we have F.<qwg,, which from Proposition 6.6 implies that F, is a (N, wg,)
coarse graining of f. O

We characterize the coarse grainability of positive linear functionals on N by elements
of D* (M)

ProrosITION 6.8. Let f be a positive linear functional on N. The following statements are
equivalent.

(1) f is (N, wg,) coarse grainable.

(ii) There exists an element & of D* (M) such that Py& = & and f = F¢[N.
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Proof. (1)=(ii). Let F be a (N, wg,) coarse graining of f. Then, F < wg, implies f < wg, [N
By Theorem 6.4(ii) we have

dF
&= 7 &ed*(M)y,  PyE=E¢  Fr=F (6.29)
wg,
(if)=(i). It is easily shown that F; is a (N, wg,) coarse graining of f. O

By Proposition 6.8 and Theorem 6.4 we have the following:

{€€D*(M)y;  Dbijection [ f: (N, ) coarse-grainable positive
Pyt=¢&l ek linear functionals} € f; = F:[N

\ bijection (6.30)

IR S ((UE)) s 6 € NE)
w;

0

Remark 6.9. Let & € 9* (M ). By Theorem 6.2, F¢ is a wg, -absolutely continuous positive
linear functional on JL, but it is not a (N, wg,) coarse graining of fr = F¢[N in general. In
fact,

F:(E(A|N)) = (PyA& | &) = (A& | Py&) # F:(A) in general. (6.31)

We consider whether Fp¢ is a (N, wg,) coarse graining of fi. Fp,¢ is a linear functional on
A such that Fp.¢ D fr and Fp¢(E(A | N')) = Fp¢(A), for all A € JL, but it is not positive
and not wg,-absolutely continuous in general. Hence we consider when Fp ¢ is positive
and wg, -absolutely continuous.

ProrositioN 6.10. Suppose that M is essentially selfadjoint, N is positivity preserving,
and the N-invariant subspace N'& is essentially selfadjoint. Then Py%D, = {¢ € D,; Py& =
&} and the map Py& — fpe = fr is a bijection of Px%, onto {f € N¥; (N, wg,) coarse
grainable}, where D, = {£ € D; Fr = 0}. Hence, any wg,-absolutely continuous positive
linear functional F on M is a (N, wg,) coarse graining of F[N.

Proof. Since Jl is essentially selfadjoint and N is essentially selfadjoint, we have Py%
C 9. Furthermore, since N is positivity preserving, we have Py%, C 9., which implies
Py%y = {& € D,; Py& =&}, Hence it follows from Proposition 6.8 that the map Py& —
fr is a bijection. Let F be any wg, -absolutely continuous positive linear functional on J.
By Theorem 6.2 there exists an element & of 9 such that F = F;. By the above Fp¢ is a
(N, wg,) coarse graining of fr = F[N. O

Definition 6.11. A map I, of M} (< wg,) into R, is said to be an information measure
with respect to wg, if
(1) Loy, (F) = 0, forall F € M (< wg,) and Lo, (wg,) = 1
(ii) Ly, (Fi1+F,) = Ly, (Fy) + L, (F»), whenever F; and F, are mutually singular, that
is, (dF1/dwg,)&o | (dF2/dwg,)&) = 0. L (F) is called the information of F.



20 International Journal of Mathematics and Mathematical Sciences

TuEOREM 6.12. (1) The information measure L, with respect to wg, exists uniquely, and
Lo, (F) = I(dF/dwg,)& || for each F € ME (< wg,).

(2) If f is a (N, wg,) coarse-grainable positive linear functional on N, then F. is the wg, -
absolutely continuous extension of f with minimal information with respect to wg,, that is,
Ly, (Fe) < wa) (F) for each F € M (< wg,) s.t. FIN = f.

Proof. (1) Let I, be an information measure with respect to w,. By Theorem 6.2 the
map F — (dF/dng)fo is a bijection of M} (< wg,) onto D* (M),, and so we may define a
map ¢ of D* (M), into Ry by

(i,

Take arbitrary Fy, F, € M (< wg,) s.t. ((dF1/dwg, )& | (dF2/dwe,)&p) = 0. Then we have

) ‘Ufo )’ Fe "/M“j: ( < wfﬂ)' (632)

(p( dF, £+ sz &)) _ (M&)) = Iy (F+F>)

o o dF dF (6.33)
:IMEO(F1)+I,U{O(F2):(p(dwlo )+ ( 2 )
which by [14, Corollary 2.3] implies that
(dw&) ) H ZocB||» VFe M (<ug) (6.34)
for some r > 0. Since ¢(&) = Ly, (wg,) = 1, we have r = 1 and
Ly, (F) = Hd‘f g, VEe: (<), (6.35)

(2) Take an arbitrary F € ¥ (< wg,) s.t. F[N = f. Then, by Theorem 6.4, we have
dF, d dF
(Xfo | dws, ) = (Xfo | 7ffo> =f(X)= (Xfo | 7

dwg, [N
for each X € N, which implies that Py (dF/dw, )& = (dF./dws,)&. Hence we have

) (6.36)

g, (F) = H g, (). (6.37)

H dwgo

Let N and N} be O*-subalgebras of Jl such that Ny ¢ N and f a wg [N-absolutely
continuous positive linear functional on N. Then f; = f[ N is a wg, [ N';-absolutely con-
tinuous positive linear functional on N';. We consider the following questions.

(1) Does the (N',wg,) coarse grainabilitiy of f imply the (N1, wg,) coarse grainability
of f1? Conversely, does the (N'y,ws,) coarse grainability of f; imply the (N, wg,) coarse
grainability of f?

(2) When f is (N, wg, ) coarse-grainable and f; is (N}, wg, ) coarse-grainable, F, = (F)?
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Since

_ df _ dfy
Fia) = (48| 22l (R)4) = (48| o hed). Acil (639)

we have
= f(X) = A(X) = (F1) (X) (6.39)
for each X € Ny, and so
_dh df
dooe, [, & = Py, dog | Nf (6.40)

For the above question we have the following.

ProrosITION 6.13. The following statements are equivalent.
(i) f is (N, wg,) coarse grainable, f is (N'1,w,) coarse grainable and F. = (Fy)..
(ii) f is (N,wg,) coarse grainable, fi is (N1,wg,) coarse grainable, and I, (F) =
Ly, ((F1).).
(iil) f is (N, wg,) coarse grainable and (df /dwe,[N)&, € Ni&.
(iv) f1is (N1, we,) coarse grainable and (Fy). D f.

Proof. (i)=(ii). This is trivial.

(ii) = (iii). Since [|(dF./dwg,)éoll = I1(d(F1)/dwe, )&l it follows that (df /dwg, [N)&y =
(dFC/dwfo)&) S leo.

(iii)=(iv). By Theorem 6.4 it is shown that F, is a unique (N}, w¢,) coarse graining of
fi,and so fi is (N}, wg,) coarse grainable and (F;). = F. D f.

(iv)=(i). By Theorem 6.2 it is shown that (F)). is a (N, wg,) coarse graining of f, and
so f is (N, wg,) coarse grainable and F, = (F)),. O
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