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1. Introduction

Harmonic maps between Riemannian manifolds were first introduced and established by
Eells and Sampson [1] in 1964. Afterwards, there were two reports on harmonic maps by
Eells and Lemaire [2, 3] in 1978 and 1988. Biharmonic maps, which generalized harmonic
maps, were first studied by Jiang [4, 5] in 1986. In this decade, there has been progress in
biharmonic maps made by Caddeo et al. [6, 7], Loubeau and Oniciuc [8], Montaldo and
Oniciuc [9], Chiang and Wolak [10], Chiang and Sun [11, 12], Chang et al. [13], Wang [14, 15],
and so forth.

Wave maps are harmonic maps on Minkowski spaces, and their equations are the
second-order hyperbolic systems of partial differential equations, which are related to
Einstein’s equations and Yang-Mills fields. In recent years, there have been many new
developments involving local well-posedness and global-well posedness of wave maps into
Riemannian manifolds achieved by Klainerman and Machedon [16, 17], Shatah and Struwe
[18, 19], Tao [20, 21], Tataru [22, 23], and so forth. Furthermore, Nahmod et al. [24] also
studied wave maps from R x R™ into (compact) Lie groups or Riemannian symmetric spaces,
that is, gauged wave maps when m > 4, and established global existence and uniqueness,
provided that the initial data are small. Moreover, Chiang and Yang [25] , Chiang and Wolak
[26] have investigated exponential wave maps and transversal wave maps.
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Bi-Yang-Mills fields, which generalize Yang-Mills fields, have been introduced by
Ichiyama et al. [27] recently. The following connection between bi-Yang Mills fields and
biwave equations motivates one to study biwave maps.

Let P be a principal fiber bundle over a manifold M with structure group G and
canonical projection s, and let G be the Lie algebra of G. A connection A can be considered
as a G-valued 1-form A = A, (x)dx* locally. The curvature of the connection A is given by the
2-form F = F,dx*dx” with

Fuv = 0,A, - 3,A, + [A,, A,). (1.1)

The bi-Yang-Mills Lagrangian is defined

1
L) =3[ 6P Fdou, (12)
M

where 6 is the adjoint operator of the exterior differentiation d on the space of E-valued
smooth forms on M (E = End(P), the endormorphisms of P). Then the Euler-Lagrange
equation describing the critical point of (1.2) has the form

(6d + F)6F =0, (1.3)

which is the bi-Yang-Mills system. In particular, letting M = R x R* and G = SO(2), the
group of orthogonal transformations on R?, we have that A, (x) is a 2 x 2 skew symmetric

matrix AZ The appropriate equivariant ansatz has the form
Al() = (8,27 - 8l |x]), (1.4)

where h: M — Ris a spatially radial function. Setting u = r*h and r = |x|, the bi-Yang-Mills
system (1.3) becomes the following equation for u(t, r):

2 2
Uittt — Uprrr — ;urrr + ﬁurr - F”r =k(t,r), (1.5)

which is a linear nonhomogeneous biwave equation, where k(t, r) is a function of t and r.

Biwave maps are biharmonic maps on Minkowski spaces. It is interesting to study
biwave maps since their equations are the fourth-order hyperbolic systems of partial
differential equations, which generalize wave maps. This is the first attempt to study biwave
maps and their relationship with wave maps. There are interesting and difficult problems
involving local well posedness and global well posedness of biwave maps into Riemannian
manifolds or Lie groups (or Riemannian symmetric spaces), that is, gauged biwave maps for
future exploration.

In Section 2, we compute the first variation of the bi-energy functional of a biharmonic
map using tensor technique, which is different but much easier than Jiang’s [4] original
computation. In Section 3, we prove in Theorem 3.3 that if f : R™! — Ny is a biwave map
and f1 : N1 — Nais a totally geodesic map, then fio f : R™' — Ny is a biwave map. Then we can
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apply this theorem to provide many biwave maps (see Example 3.4). We also can construct
biwave nonwave maps as follow: Leth : Q ¢ R™! — S"(1/~/2) be a wave map on a compact
domain and leti : S"(1/+/2) — S™1(1) be an inclusion map. The map f =ioh: Q — S™1(1)is
a biwave nonwave map if and only if hhas constant energy density, compare with Theorem 3.5.
Afterwards, we show that if f : Q — N is a biwave map on a compact domain into a Riemannian
manifold satisfying

-l fl; + Yl - Ry, (—fff! + A >m<f>” >0, (16)
i=1 i=1

then f is a wave map (cf. Theorem 3.6). This theorem is different than the theorem obtained
by Jiang [4]: if fis a biharmonic map from a compact manifold into a Riemannian manifold with
nonpositive curvature, then f is a harmonic map. In Section 4, we verify that if f is a stable biwave
map into a Riemannian manifold with positive constant sectional curvature satisfying the conservation
law, then f is a wave map (cf. Theorem 4.5 ). We also prove that if h : Q — S"(1/+/2) is a wave
map on a compact domain with constant energy density, then f =ioh: Q — S"7(1) is an unstable
biwave map (cf. Theorem 4.7).

2. Biharmonic Maps

A biharmonic map f : (M™, g;j) — (N", hyp) from an m-dimensional Riemannian manifold
M into an n-dimensional Riemannian manifold N is the critical point of the bi-energy
functional

E(f) = %IM||(d + d*)2f||2dv = %IM”(d*d)f”Zdv : %J‘M”T(f)HZdU, (2.1)

where dv is the volume form on M.

Notations

d* is the adjoint of d and 7(f) = trace(Ddf) = (Ddf)(ei,ei) = (Dedf)(e;) is the tension
field. Here D is the Riemannian connection on T*M ® f~!TN induced by the Levi-Civita
connections on M and N, and {e;} is the local frame at a point of M. The tension field has
components

()" = g fs = 8T (fa-TEfE+ TR flf)), (2.22)

where FZ. and F;Yp are the Christoffel symbols on M and N, respectively.

In order to compute the Euler-Lagrange equation of the bi-energy functional, we
consider a one-parameter family of maps { f;} € C*(M x I, N) from a compact manifold M
(without boundary) into a Riemannian manifold N. Here f;(x) is the endpoint of a segment
starting at f(x)(=fo(x)), determined in length and direction by the vector field f(x) along
f(x). For a nonclosed manifold M, we assume that the compact support of f(x) is contained
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in the interior of M (we need this assumption when we compute 7(f) by applying the
divergence theorem). Then we have

—Ez(ft)|t 0=Ex(f) = f (Ditf, 7f)ppdo. (23)
Let ¢ = 0f;/0t. The components of D;T f are 1|]|t = (Of" i /ot) +T; f” ¢&¥. We can use the
curvature formula on M x I — N and get
a o P ey
e = fiiny * Royufi fi€5 (24)

where R’ is the Riemannian curvature of N. But

nents gw R’ﬂ"‘w fﬂ f].Ygﬂ. We can rewrite (2.3) as

i = fii = &i, therefore, Dy f has compo-

2 Ea(f)leo = -[ s e, 25)

where
IHEE gifgg.lj + g”R’;‘W f" f}gﬂ = Ag* + R™(df, df )¢ (2.6)

is a linear equation for ¢(= 7(f)), and A(¢) = D*D(¢) is an operator from f~'TN to f~'TN.
Solutions of J¢(¢) = 0 are called Jacobi fields. Hence, we obtain the following definition from
(2.3), (2.5), and (2.6).

Definition 2.1. f : M — N is a biharmonic map if and only if the bitension field

o (f)* = Jr(zf)* = Ar(f)* + Ra(df,df )r(f)

y (2.7)
= g (fa-TEfE+Ta fO1T) + &R S FIT () =0,
that is, the tension field 7(f), is a Jacobi field.

If 7(f) = 0, then 7»(f) = 0. Thus, harmonic maps are obviously biharmonic. Bihar-
monic maps satisfy the fourth-order elliptic systems of PDEs, which generalize harmonic
maps. Our computation for the first variation of the bi-energy functional presented here using
tensor technique is different but much easier than Jiang’s [4] original computation (it took
him four pages).

Caddeo et al. [7] showed that a biharmonic curve on a surface of nonpositive Gaussian
curvature is a geodesic (i.e., is harmonic) and gave examples of biharmonic nonharmonic
curves on spheres, ellipses, unduloids, and nodoids.

Theorem 2.2 (see [4]). Let f : M™ — S™(1) be an isometric embedding of an m-dimensional
compact Riemannian manifold M into an (m + 1)-dimensional unit sphere S™ (1) with nonzero
constant mean curvature. The map f is biharmonic if and only if ||B(f WP = m, where B( f) is the
second fundamental form of f.
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Example 2.3. In S™*1(1), the compact hypersurfaces, whose Gauss maps are isometric embed-
dings, are the Clifford surfaces [28]:

M (1) =sk<\%> xsmk<%>, 0<k<m. (2.8)

Let f : M}'(1) — S™*1(1) be a standard embedding such that k #m/2. Because ||B(f)||2 =
k+m-k=mand 7(f) =k - (m-k) =2k -m#0, f is a biharmonic nonharmonic map by
Theorem 2.2.

3. Biwave Maps

Let R™! be an m+1 dimensional Minkowski space R x R™ with the metric (g;;) = (-1,1,...,1)
and the coordinates x° = t,x!,x%,...,x™ and let (N, h,s) be an n-dimensional Riemannian
manifold. A wave map is a harmonic map on the Minkowski space R™! with the energy
functional

1 2 2 1 a < a
BN =3[ (AP 19af)dedr =3[ <—ft 1+ 3 ff>dt dxi. (1)
m,1 m,1 i=1
The Euler-Lagrange equation describing the critical point of (3.1) is
m(f) = Of + T}, ( DY > =0, (32)
i=1

where [ = —(0?/0t?) + A, is the wave operator on R™! and I, are the Christoffel symbols of
N. f is a wave map iff the wave field 77,(f) (i.e., the tension field on a Minkowski space)
vanishes. The wave map equation is invariant with respect to the dimensionless scaling
f(t,x) — f(ct,cx), c € R.But, the energy is scale invariant in dimension m = 2.

If f: R"™ — N is a smooth map from a Minkowski space R™! into a Riemannian
manifold N, then the bi-energy functional is, from (2.1),

Ex(f) = %me |+ d*)2f||2dt dx

(3.3)

1 1
—5[ NwdrParax=3{ (o |Parax
Rm,l

Rm,l

The Euler-Lagrange equation describing the critical point of (3.3), from (2.5), is

()a(f) = Jp(mof) = Am(f) + R(df, df )m (f) = 0. (34)



6 International Journal of Mathematics and Mathematical Sciences

Definition 3.1. f : R™! — N from a Minkowski space into a Riemannian manifold is a biwave
map if and only if the biwave field (i.e., the bitension field on a Minkowski space),

(2)a () = Jp(m )" = Ama(f)" + R*(df, df )7 (f)

= Om(f)" + T <—m (Al + im(f)fm(f)f) 65
i=1 .

+R5, <—ff’f! + ffff3>m<f>” =0,
i=1

that is, the wave field 7(f), is a Jacobi field on the Minkowski space.

Biwave maps satisfy the fourth-order hyperbolic systems of PDEs, which generalize
wave maps. If To(f) = 0, then (m)g(f) = 0. Waves maps are obviously biwave maps, but
biwave maps are not necessarily wave maps.

Example 3.2. Let u : R™ — R be a function defined on a Minkowski space satisfying the
following conditions:

Dzu(tr .X') = D(Du) = Uttt — 2uttxx + Uxxxx = 0/ (tr .X') € (0/ OO) X Rm’

0 0
u=1uy, U=1u;, U=1U, au=a—?=u1, (t,x) e {t=0} x R™,

(3.6)

where the initial data up and u; are given. Since this is a fourth-order homogeneous linear
biwave equation with constant coefficients, it is well known that u(t, x) can be solved by
[18, 29].

Let f : R™! — Nj be a smooth map from a Minkowski space R™! into a Riemannian
manifold N and let f; : N7 — Nj be a smooth map between two Riemannian manifolds Ny
and Nj. Then the composition f; o f : R™! — N, is a smooth map. Since R™! is a semi-
Riemannian manifold (i.e., a pseudo-Riemannian manifold), we can define a Levi-Civita

connection on R™!' by O’Neill [30]. Let D, D', D, D, D, D, D, D be the connections
onR™, TNy, f'Ny, fi'TNa, (fio f)'TNa, T*R™ & fTN;, T*Ny® f;'TN,, T*R™ @
(f1 © f)'TN,, respectively, and let RN2(,), Rfi'T™N2(,) be the curvatures on TNy, f{'TN,,
respectively. We first have the following two formulas:

Dyd(fi 0 f)(¥) = (Dlyydfi )df (Y) + dfs o Dxdf (Y), (3.7)
for X,Y € R™, and
RN:(dfy (X', df1 (Y))df1 (Z)) = RN (X, Y dfy (2)), (3.7b)

for X, Y', Z' € T(TNy).

Theorem 3.3. If f : R™! — Nj is a biwave map and f1 : N1 — N is totally geodesic between two
Riemannian manifolds Ny and Ny, then the composition fi o f : R™ — N is a biwave map.
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Proof. Let x° = t,x!,...,x™ be the coordinates of a point p in R™! and let ey = 3/0t, e; =
(1,0,...,0), e2 = (0,1,0,...,0), ..., e = (0,...,0,1) be the frame at p. We know from [4]

thatD xD = BEkﬁek - Bngek' Since f; is totally geodesic, we have 7o(f1 o f) = df1 o T (f)
by applying the chain rule of the wave field to f; o f as [1]. Then we get

D «D, (fiof) =D *D (dfi om(f)) s
=D,,D,, (dfi o m(f)) ~ Dp, o, (dfi o1 (f)).

Recalling that To(f) = f)e]. df (ej), we derive from (3.7a) that

D,, (dfi om(f)) = D, (dfi o Dejf (ej) )
- (15;% y (ek)dfl) (Deydf () ) +dfs 0 Do, (Deydlf (7)) = dfy o Deyra (f),

(3.9)
since f1 is totally geodesic. Therefore, we have
D., D, (df om(f)) = D, (dfi 0 De7(f) ) = dfi © Do, Deymrr (£), o
Bgekek (dfi o 7(f)) = dfi o Dp, e (f)-
Substituting (3.10) into (3.8), we arrive at
D «D ro(fio f) = dfi o D D (f), (3.11)
where D'D = D, Dy, - D, .
On the other hand, we have by (3.7b)
RN:(d(fi o f) (e, (o 0 £))d(fi © f) (er) .
= RITN: (df (e3), 0 (f) ) dfy (df () = dlfy 0 RN (df (e2), 70 (f) ) if (ex)-
We obtain from (3.11) and (3.12)
D D (fio f) + R¥(d(fio f)(e), m(fio f))d(fro f) (e o)

= dfy o [D'Drs(f) + RN (df (), o (f))dlf (e,

thatis, (72)q(f1 0 f) = dfi o (12)(f)- Hence, if f is a biwave map and f; is totally geodesic,
then f1 o f is a biwave map. Note that the total geodesicity of f; cannot be weakened into a
harmonic or biharmonic map. O
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Example 3.4. Let N; be a submanifold of N. Are the biwave maps into N; also biwave maps
into N? The answer is affirmative iff N is a totally geodesic submanifold of N, that is, Ny
geodesics are N geodesics. N is a geodesic y(t) = (y},...,y") : R = N C R" with |y(t)| = 1
iff y is parallel, that is, Ds/a;y = 0 iff ¥ L TyN. For amap u : R™! — R, letting f = you =
(f',...,f" : R™ — N c R", we have by (3.13) the following:

(12)a(f) =dy o (m)g(u) = dy o Py, (3.14)

since y is a geodesic. Hence, f = y o u is a biwave map if and only if u solves the fourth-order
homogeneous linear biwave equation [?u = 0 as in Example 3.2. It follows from Theorem 3.3
that there are many biwave maps f : R™! — N provided by geodesics of N.

We also can construct examples of biwave nonwave maps from some wave maps with
constant energy using Theorem 3.5. Let

s<%) =5n<%> >< {%} - {(M,xz,...,xnﬂ,%) ety =3)  (619)

be a hypersphere of S"*!(1). Then S"(1/+/2) is a biharmonic nonminimal submanifold of
S™1(1) by Theorem 2.2 and Example 2.3. Let § = (x1,..., Xy41, —1/+/2) be a unit section of the
normal bundle of $*(1/+/2) in §"*1(1). Then the second fundamental form of the inclusion
i:5"(1/v/2) — S"™1(1)is B(X,Y) = Ddi(X,Y) = (X, Y){. By computation, the tension field
of i is (i) = —n¢, and the bitension field is 7, (i) = 0.

Theorem 3.5. Let h: Q — S"(1/+/2) be a nonconstant wave map on a compact space-time domain
Q C R™ and leti: S"(1//2) — S™1(1) be an inclusion. The map f =ioh: R™' — S"™1(1)isa
biwave nonwave map if and only if h has constant energy density e(h) = (1/2)|dh|*.

Proof. Let x° = t,x!,...,x™ be the coordinate of a point p in Q C R™! and let ey = 8/0t, e; =
(1,0,...,0), ex =(0,1,0,...,0),..., em = (0,...,0,1) be the frame at p. Recall that ¢ is the
unit section of the normal bundle. By applying the chain rule of the wave field to f = i o h,
we have

to(f) = di(to(h)) + trace Ddi(dh, dh) = -2e(h)¢, (3.16)

since h is a wave map. We can derive the following at the point p by straightforward
calculation:

D*Dri(f) = -DLDlro(f) = -Df Dl (<2e(h)¢)
= 2(eieie(h)) — 2e(h)(dh(e;), dh(ei))s + 4df [(eie(h))e:]
17
+2e(h)Ddh(e;, e;), )

RS (df (e;), 0 (f))df (er) = —(dh(e:), dh(e:))T(f) = 2(dh(e:), dh(e:))e(h)e.
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Therefore, we obtain
70(f) = -2(Ae(h))¢ + 4df (grad e(h)). (3.18)

Suppose that f =ioh : Q — S*(1/+/2) x {1/+/2} — S™1(1) is a biwave nonwave map
(ta(f) #0). As the ¢-part of o (f), Ae(h) vanishes, which implies that e(h) is constant since
Q is compact. The converse is obvious. O

Let x° = t,x!,...,x™ be the coordinates of a point in a compact space-time domain
Q c R™! and ey = 8/0t, e; = (1,0,...,0), e2 = (0,1,0,...,0),..., em = (0,...,0,1) be the
frame at the point. Suppose that f : Q — N is a biwave map from a compact domain Q

into a Riemannian manifold N such that the compact supports of 0f/0x; and D,,0f/0x; are
contained in the interior of Q.

Theorem 3.6. If f : Q — N is a biwave map from a compact domain into a Riemannian manifold
such that

~|mof | + o f e - RE, <—fff! S Wigi >Tm(f)” >0, (3.19)
i=1 i=1

then f is a wave map.

Proof. Since f is a biwave map, we have by (3.4)
(m2)a(f) = Ama(f) + R (df, df)m(f). (3.20)

Recall that x° = t,x!,..., x™ are the coordinates of a point in Q ¢ R™! and ey = /0t, e; =
(1,0,...,0), e2=1(0,1,0,...,0),..., em = (0,...,0,1). We compute

SAImAIF = (Demo (), Dems()) + (DD (£), m(£)

= 3 (Dum(f), De() - (R’;W <—ffff W >Tm(f)",m( f)>

~|mf|? + Zmlllmflif - <R;?w <—fff! + ﬁl]ffff>m(f)”,m(f)>-
(3.21)

By applying the Bochner’s technique from (3.19) and the assumption that the compact
supports of 0f/0x; and D,,0f/0x; are contained in the interior of Q, we know that ||70(f) II?
is constant, that is, dTo(f) = 0. If we use the identity

IQ div(df,7(f))dz = L}(|T(f)|2 +(df,dr(f)))dz, z=(t,x) (3.22)
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and the fact dro(f) = 0, then we can conclude that 1q(f) = 0 by applying the divergence
theorem. 0O

Corollary 3.7. If f : Q — N is a biwave map on a compact domain such that 3.7, |tof1%, > |tofI7
and R;‘W(—ftﬂfty +30 fiﬂfiY)Tg(f)” <0, then f is a wave map.

Proof. The result follows from (3.19) immediately. O

4. Stability of Biwave Maps

Let x° = t,x!,...,x™ be the coordinates of a point in a compact space-time domain Q ¢ R™!
and let ey = 0/0t, e1 = (1,0,...,0),..., e = (0,0,...,1) be the frame at the point. Suppose
that f : Q — N is a biwave map from a compact space-time domain Q into a Riemannian
manifold N such that the compact supports of 0f/0x; and D,,0f/0x; are contained in the
interior of Q. Let V € T(f7!TN) be a vector field such that 0f/dt|-o = V. If we apply the
second variation of a biharmonic map in [4] to a biwave map, we can have the following.

Lemma 4.1. If f : Q — N is a biwave map from a compact domain into a Riemannian manifold,
then

1d%

EﬁEz(f)lt:O = IQ”AV + RN (df (e;), V)df (&) |2dz

+ Lz <V, <D:if(el-)RN> (fe), m(f))V (4.1)

+ (Dl RY) (df (e, V) df (eq) + RN (ma (£), V) (f)

+2RN (df (e1), V)De,ra(f) +2RN (df (en), 1o (f) ) De,V > dz,

where z = (t,x) € Rx R™, D' is the Riemannian connection on TN, and V is the vector field along f.

Definition 4.2. Let f : R™' — N be a biwave map. If (d*/dt*)Es(f)|i=0 > 0, then f is a stable
biwave map.

If we consider a wave map, that is, 79(f) = 0 as a biwave map, then by (4.1) we have
(d?/dt*)Ey(f)|i=0 > 0 and f is automatically stable.

Definition 4.3. Let f : R™ — (N,h) be a smooth map from a Minkowski space into a
Riemannian manifold (N, k). The stress energy is defined by S(f) = e(f)g— f*h, where e(f) =

(1/2)|df|? is the energy function and g = <71 0

0 I). The map f satisfies the conservation law if
divS(f) = 0.

Proposition 4.4. Let f : R™' — (N, h) be a smooth map from a Minkowski space into a Riemannian
manifold (N, h). Then

divS(f)(X) = —(m(f),df (X)), XeR™. (4.2)
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Proof. Let x° = t,x!, ..., x™ be the coordinates of a point in R™!, ey = 9/dt, e1 = (1,0,...,0),
en=1(00,...,1)and g = <_01 ?), where I is an m x m matrix. We calculate

: 1, ,/-10
d1vS(f)(X)=Dei5(f)(ei,X)=Dei<§|df| <0 1> _f*h>(ei,X)

1 2 -10 *
=Dei<§|df| <O I>>(61,X)—(De,~f h)(ei, X)

_< ( 2{ 2{)( 1))(30,X)+ (D% %>I( i, X) = D, (f.ei, fX)

(paaf 2{>(EO,X)+< gf %> e, X) — (Do fuei, £.X) — (foes, Deyf.X)

= ((Dxdf)ei, fei) = (to(f), f:X) — (feei, De, f.X),
(4.3)

where the first term and the third term are canceled out and D,, f.e; = To(f). O

Theorem 4.5. Let Q C R™! be a compact domain and let (N, h) be a Riemannian manifold with
constant sectional curvature K > 0.If f : Q — N is a stable biwave map satisfying the conservation
law, then f is a wave map.

Proof. Because N has constant sectional curvature, the second term of (4.1) disappears and
(4.1) becomes

2dt2Ez(ft)‘ - JJav+ RV, viarce| oz

[ (v RS (), Vym) + 288 @), VD) Y

#2RN (df (e), 70(f)) Do,V )dz.

In particular, let V- = 1o(f). Recalling that f is a biwave map and N has constant sectional
curvature K > 0, (4.4) can be reduced to

1d2
242

=4[ (R @@ m )P () m() )z

. 45
- 4KIQ[(df(ei),De,-TD(f)>”TD(f)” )

= (df (e), T (f)) (o (f), Dem(f))]dz
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Since f satisfies the conservation law, by Definition 4.3, Proposition 4.4, and (4.2) we have

(df (e, 7(f)) =0,

4.
(df (€:), De,rr(f)) = —(Dedf (e1), 70 (f)) = = ()] )
Substituting (4.6) into (4.5) and applying the stability of f, we get
saEa(f)| =4k fImaf|az o (47)
t 0 Q
which implies that 70(f) = 0, thatis, f : Q — N is a wave map. O

If we apply the Hessian of the bi-energy of a biharmonic map [4] to a biwave map
f:Q — S™1(1), then we have the following.

Lemma 4.6. Let f : Q — S™(1) be a biwave map. The Hessian of the bi-energy functional E; of f
is

H(E2)(X,Y) = jg(If(X),Y)dz, (4.8)

where
I;(X) = A (AFX) + & (trace (X, df-)df - ~|df |’X) +2(dmi(f), df ) X
+ |m(f)|?X - 2 trace(X, dmoy(f)-)df - 2 trace(m (f), dX-)df-
= (m(f), X)m(f) + trace (df-, AX)df - + trace (df, trace (X, df-)df-)df- )
—2|df|* trace (df-, X)df - +2(dX, df )yt (f) - |df | a7 X + |df|'X,
for X,Y e T(f1TS™(1)).
Theorem 4.7. Let h : Q — S"(1/+/2) be a wave map on a compact domain with constant energy

and let i : S*(1/+/2) — S™Y(1) be an inclusion map. Then f =ioh:Q — S™(1) is an unstable
biwave map.

Proof. We have the following identities from Theorem 3.5:
|df | = 2e(h),  trace (§,df)df-=0,  (dra(f),df)¢ = ~4(e(m)?,
|7'D(f)|2 =4(e(h))?, trace (¢, dm(f))df-=0, trace (7(f),d¢)df =0,
(m(f), Om(f) =4e(m)’,  trace (df, A)df = (A7)
(dg, df )T (f) = —4(e(h)*.

. (4.10)
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Then we obtain the following formula from Lemma 4.6 and the previous identities:
2
(15@.0) = [ ([aVef - 1262 - set (87¢.8) )tz (411)
Q
which is strictly negative, where Af¢ = 2e(h)¢. Hence, f is an unstable biwave map. O
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