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1. Introduction

In the year 1995 Gupta and Ahmad [1] proposed modified Beta operators so as to
approximate Lebesgue integrable functions on R* as

Bu(f0) = " b [ puafvadr, xe 1)

where

1 xk

k + 1[ Tl) (1 T x)n+k+1’

k-1
by (x) = B Puk(t) = <n ’ . >tk (1+8)7"F. (1.2)

These operators are linear positive operators and reproduce only the constantfunctions.
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We set

_ t o
A, ) = "Tlf S bk (x)pai(s)ds. (1.3)

0 k=0
In particular, it can be observed by the definition of Beta function that

An(x, 0) = 1. (1.4)

Gupta and Ahmad [1] estimated asymptotic formula and error estimate for these
operators in simultaneous approximation. Later Gupta et al. [2] studied the approximation
properties of these operators in L, norm and they obtained some direct results for the
linear combinations. Here we continue our studies on these operators. First we consider the
following class of functions.

By DB, (0,), r > 0 we mean the class of absolutely continuous functions f defined
on (0, o0), which satisfy the following:

@) f(t) =0(t"), t — oo,

(ii) this class has a derivative f’ on the interval (0, c0) coinciding a.e. with a function
which is of bounded variation on every finite subinterval of (0,00). It can be
observed that all functions f € BD,(0, o) possess for each ¢ > 0 the representation

f@) = F0)+ f s, x>c 15)

Very recently Gupta and Agrawal [3] and Gupta et al. [4] have obtained an interesting
result on the rate of convergence of certain Durrmeyer type operators in ordinary and
simultaneous approximation. Ispir et al. [5] estimated similar results for Kantorovich
operators for functions with derivatives of bounded variation. We now extend the study for
the modified Beta operators and estimate the rate of convergence of the operators (1) for
functions having derivatives of bounded variation.

2. Auxiliary Results
We shall use the following lemmas to prove our main theorem.

Lemma 2.1 ([1]). Let the function Ty, (x), m € R, be defined as

Tan(2) = "2 Sbas ) puattt —xyae @)
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Then
3x+1
Tuo(x) =1, Tua(x) = P
(2.2)
Toa(x) = 2+ 7)x> +2(n+5)x +2
AT (n-2)(n-3)
Also for each x € [0, o), one has
T (x) = o(n-[<m+1>/ 21). (2.3)

Remark 2.2. From Lemma 2.1 and using Cauchy-Schwarz inequality, for n sufficiently large,

it follows that
Byt~ x| 2) £ [T,2(0] /2 4 0L, 24

Lemma 2.3. Let x € (0, 00), then for C > 2 and n sufficiently large, one has

where C > 2.

Au(x,y) < w 0<y<x,
n(x-y)
(2.5)
1-X.(x,z) < w, x<z<oo.
n(z - x)
Proof. By using Lemma 2.1, for n sufficiently large, we have
n-1(Y& n-1(Y (x-t)? &
An(x,y) = —f S bk ()i ()t < D S b (X)pk (Bt
- Joiso mJo(x-y) o
(2.6)
- Cx(x+1
< (x—y) Tua(x) < (—;
n(x-y)
The proof of the second inequality is similar, and we skip the details. O

3. Rate of Approximation

Our main result is stated as follows.
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Theorem 3.1. Let f € DB,(0,0), r € N, and x € (0, c0). Then for n sufficiently large, one has

C(x+1) x+x/k x+x//n )
|Bu(f,x) - f(x)] < <Z V() + f V <<f)x>>

k=1 x-x/k x-x/+/n

¢ S0 (@) - ) - 2 )+ [ )

S D (o(n2) + [ ree))

n

(3.1)

e I R iCy et

where the auxiliary function f is given by

f) - f(x), 0<t<x,
£ =10, t=x, (3.2)
f(t) - f(x*), x<t<oo.

\/b f (x) denotes the total variation of f, on [a,b].

Proof. By mean value theorem, we have

Ba(f%) = 1) = 2 [ Sbusapus 0 () - f0)
0 k=0
(33)
o pt n— 1 e} )
_ f I S bk () 6) (F ()t
0 Jx k=0
Applying the identity
£ = S+ £ GO+ (), + 51 () £/ ()] sgnu )
(3.4)

# 70 - 16 + O] et
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Equation (3.3) becomes (keeping in mind that the last term of the above identity vanishes)

|Ba(f, %) = f(2)] <

A n-1g
I < J‘ ( f:)x(u)du> — > b (X)pu(t)dt
X X k=0

o n-1
—f <I ( f’)x(u)du> D bu i (X)pui(t)dt
0\/x n

(3.5)

F S A1G) £ () Bullt x| )

F 1P + £ G | Balt ), ).

n-1 j(j %[f’(f) - f'(x7)] sgn(u - x)du>§bn,k(x)pn,k(t)dt

" k=0

= %[f’(f) — f'(x7)] Bu(Jt - x|, x),
(3.6)
n_—l j(J %[f’(x”f) +fl(x_)]du>ibn,k(x)pn,k(t)dt

n k=0

1 1t V(=
=5 [f'(x*) + f'(x7)] Ba((t = x), x).
Thus in view of the above values, Lemma 2.1, and Remark 2.2, (3.5) reduces to

Cx(x+1)
n

[Ba(f,2) = FQ] < [Ea(f2) + Ea ()] + 315G = /()]
(3.7)

T on  apony3x+1
+§|f(x)+f(x)|;_+2-




6 International Journal of Mathematics and Mathematical Sciences

In order to complete the proof of the theorem, it is sufficient to estimate the terms E,(f, x)
and F,(f, x). Applying integration by parts, using Lemma 2.3 and taking y = x — x/+/n, we

have
x t
. <J‘ (f')x(u)du> didy(x,1)

X v x
f/\n(x,t)(f')x(t)dtg <I +f >|(f’)x(t)||.)tn(x,t)|di‘
0 0 y

[Eu(fo2)] =

(3.8)
Cx(x+1) (V\* , 1 > ,
< J Vet [ Ve
F V0
Letu = x/(x —t). Then we have
x(x * x(x Vi x
C (n+ 1)J‘Z\t/((f/)x) (x}t)zdt: C (n+ 1)J’ _\// ((fl)x)du
o (3.9)
Cx(x+1) Z \/ ((f) )
k=1 x-x/k
Thus,
Fa(r) < D) ; V (60+ 7 = V0. (3.10)

On the other hand, we have

Ea(f2)] = | m(f (f’)x(u>du>§] b (<) pra ()l

k=0

— o t =)
B nTl <f (f’)x(u)du>an,k(x)pn,k(t)dt
2x x =0

+Jix <I;(f’)x(u)du> di(1-=Au(x, 1))
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< "T‘lf (F(6) = F () S bk ()i (Dt
2x k=0

NP (=) Y bk s )t
X k=0

2x

(f) (wdu

2x
[1T— A, (x,2x)| +I |(f')x(t)||1 — A (x, t)|dt

 Cin-1
- f an,k(x)pn,k(t)tqt-xut

2X k=0

If(x)ln 1

S b i) (- )dt
2X k=0

Y f S bk (i (Bt — it +

C(x+1)
2xk=0 n

| f(2x) = f(x) = xf'(x7)]

C(x+1) [\F x+x/k X+X/\/7

SV )+ 5 V)

X

(3.11)

For the estimation of the first two terms in the right-hand side of (3.11). we proceed as follows.
Applying Holder’s inequality, Remark 2.2, and Lemma 2.1, we have

C n-1 1 . (x) n-1 1
— anux)pnk(t)t |t — x|dt + 'f | zbn,k<x>pn,k<t><t - x)’dt
X n 2X k=0 2X k=0
1 12 /o o 1/2
n-
< f an,k(x)pn,k(t)t”dt> <f > b ()P i () (£ - x)zdt>
k=0 0 k=0 (3.12)
x 1
|f( )| <1’l an,k(X)pn,k(t)(t_x)zdt>
x? 2xk=0
2\ VCx(x +1) C(x+1)
<GO(n )—ﬁ WO
Also, by Remark 2.2, the third term of the right side of (3.11) is given by
, n-— 1 o o
|f(x +)I— ank(x)Pn,k(t)lt—xldt <|f1 (x| f an,k(x)Pn,k(t)lt_xldt
2x 0 j=
k=0 k=0 (3.13)
\/Cx(x + 1

<|feN)———
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Thus
En(f’x) Sclo<n_r/z>@ |f( )|C(X+ ) |f( +)|\/(:‘Ji;-f7+1
C(x+1 |f(2%) = f(x) = xf'(x")] (3.14)
C(x+1 [Va]xrx/k x+x /1

>V W00+ V),

X

Combining the estimates (3.7), (3.10), and (3.14) we get the desired result. This completes the
proof of the theorem. O
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