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1. Introduction

In this paper we investigate the problem of existence of a renormalized solutions for elliptic
equations of the type

—div(a(x,u,Vu)) = f in Q,
(1.1)
u=0 on 0Q,

where Q is an open bounded subset of RN, N > 1, with the data f in L'(Q). The
operator —div(a(x,u, Vu)) is a Leray-Lions operator defined on the weighted sobolev spaces
WS”’(Q, w), but which is not restricted by any growth condition with respect to u (see
assumptions (2.2), (2.4), and (2.5) of Section 3). The function a(x, s, ¢) is controlled by a real
function b :] — oo, m[ — R which blows up for a finite value m > 0 (see (2.2), (2.3)).

There are mainly two types of difficulties that are studying Problem (1.1). One
consists to give a sense to the flux a(x,u, Vu) on the set {x € Q;u(x) = m}. The second
one is that the data f only belong to L!, so that proving existence of a weak solution
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(i.e., in the distribution meaning) seems to be an arduous task. To overcome this difficulty
we use in this paper the framework of renormalized solutions. This notion was introduced
by DiPerna and Lions [1] for the study of Boltzmann equation (see also Lions [2] for a few
applications to fluid mechanics models). This notion was then adapted to elliptic vesion
of (1.1) in Boccardo et al. [3], and Murat [4, 5] (see also [6, 7] for nonlinear parabolic
problems). At the same time the equivalent notion of entropy solutions has been developed
independently by Bénilan et al. [8] for the study of nonlinear elliptic problems.

In the case where a(x, u, Vu) is replaced by (d(u) + A(u)) Vu (problems with diffusion
matrices that have at least one diagonal coefficient that blows up for a finite value of the
unknown) and f € L*(Q), existence and uniqueness has been established in Blanchard and
Redwane [9, 10].

As far as we have the stationary and evolution equations case (1.1), the existence and a
partial uniqueness of renormalized solutions have been proved in Blanchard et al. [11] in the
case where a(x, u, Vu) is replaced by A(x, u) Vu (where A(x, s) is a Carathéodory symmetric
matrices, such that A(x,s) blows up as s — m~ uniformly with respect to x). It has also
been applied to the study of linear and nonlinear elliptic and parabolic equations when the
diffusion coefficient has a singularity for a finite value of the unknown (see Garcia Vdzquez
and Ortegon Gallego [12, 13] and Orsina [14]).

The paper is organized as follows. In Section 2 we will precise some basic properties of
weighted Sobolev spaces. Section 3 is devoted to specify the assumptions on a(x,s,¢), b(s),
and f needed in the present study and gives the definition of a renormalized solution of (1.1).
In Section 4 (Theorem 4.1) we establish the existence of such a solution.

2. Preliminaries

Throughout the paper, we assume that the following assumptions hold true. £ is a bounded
open subset on RN, N > 1. Let us suppose that 1 < p < oo is a real number, and w(x) =
{wi(x)}0<i<n) 18 @ vector of weight functions. Furthermore we suppose that every component
wi(x) is a measurable function which is strictly positive and satisfies

wiell (@), w0 elLl (Q). 2.1)

loc

We define the weighted Lebesgue space LP(Q,wy) with weight wy, as the space of all real-
valued measurable functions u for which

1/
il = <fg|u(x)|pwo(x)dx> " o, (22)

In order to define the weighted Sobolev space of W7 (Q, w), as the space of all real-valued
functions u € LP(£2, wyp) such that the derivaties in the sense of distributions satisfy ou/0x; €
LP(Q,w;) foralli=1,..., N. This set of functions forms a Banach space under the norm

1/p
p
% w,-(x)dx> . (2.3)

N
llaally 0 = <J‘Qlu(x)|’“w0(x)dx + ZJ‘Q
i=1
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To deal with the Dirichlet problem, we use the space X = WS ?(Q,w) defined as the closure
Note that, C°(Q2) is dense in Wg’p (Q,w) and

) is a reflexive Banach space. Note that the expression

of C(Q) with respect to the norm || -
1,
W, " (@), |-

||1,p,w'

||1,p,w

a_up

el = (ijg :

is a norm defined on X and is equivalent to the norm (2.3). Moreover (X, || - ||x) is a reflexive
Banach space, and there exist a weight function o on €2 and a parameter 1 < g < oo such that
the Hardy inequality

(ngulqo(x)dx>1/q < c(Zj

holds for every u € X with a constant C > 0 independent of u. Moreover, the imbedding
X — L9(Q, 0) is compact.
We recall that the dual of the weighted Sobolev spaces Wé’p (Q,w) is equivalent to

1/p
w; (x)dx> (2.4)

5 1/p
_u w; x)dx> (2.5)

W7 (Q, w*), where w* = {w] = wil_p’;i =1,...,N}and p' = p/(p — 1) is the conjugate of p.
For more details we refer the reader to [15] (see also [16]).

3. Assumptions on the Data and Definition of a Renormalized Solution

Throughout the paper, we assume that the following assumptions hold true. € is a bounded
openseton RN, N >1.Let1 < p < oo, and let w(x) = {w;(x)} (0<i<n| be a vector of weight
functions.

Let now —div(a(x,u, Vu)) be a Leray-Lions operator defined on Wg’p (Q,w) into
W7 (Q,w*) and where

a:QxRxRY —RNisa Carathéodory function, such that (3.1)

there exists a positive function b € C°((-o0, m)) which satisfies

lim b(r) = +c0; f b(s)ds <400, b(r)>a>0Vre]-oo,m|,
0

r—m-

N (3.2)
a(x,s,8) &2 b(s)" Ywi(&lf, alx,s,0)=0,
i=1

for almost every x € Q, for every s € Rand ¢ € RN,
Foranyi=1,...,N,

N
jai(x, 5, )] < wi(x)'? [L<x>+o<x>“*”|s|q”" b w0 @G, 63
j=1
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for almost every x € Q, for every s and ¢, and where L(x) is a positive function in L¥ (Q)
l[a(x,s,8) —a(x,s,&)][¢-¢] >0, (3.4)
for any ¢,¢' € RN, for any s € R and for almost every x € Q

f is an element of L'(Q). (3.5)

Remark 3.1. As already mentioned in the introduction, problem (1.1) does not admit a weak
solution under assumptions (3.1)—(3.5) since the growth of a(x, 1, Vu) is not controlled with
respect to u, the field a(x,u, Vu) is not, in general, defined as a distribution because the
difficulty is defining the field a(x,u, Vi) on the subset {x € Q;u(x) = m} of Q, (since on
this set, b(u) = +o0).

The following notations will be used throughout the paper. For any K > 0, the

truncation at height K is defined by Tk () = max(-K, min(r, K)), for any positive numbers /
and K, the functions T, are defined by

K, ifr<-K,
T(r)=3r, if —K<r<], (3.6)
1, ifr>1
We define for n > 1 fixed
0, if |r| <n,
On(r) =Ti(r=Tu(r)) =4 r-nsg(s), ifn<|r|<n+1, (3.7)
sg(s), if [rj>n+1,

and S, (r) =1-10,(r)|, forall r € R.
The definition of a renormalized solution for Problem (1.1) can be stated as follows.

Definition 3.2. A measurable function u defined on Q is a renormalized solution of Problem
(1.1) if

Tk (u) € W,"(Q,w) VK >0, (38)

u(x) <m for almost every x € Q, (3.9)

a<x, TX (w), vTK (u)) X{ucm) € ﬁLP’ <Q w}”">, (3.10)
i=1
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f a(x,u,Vu)Vudx — 0 as n — +oo, (3.11)
{-n-1<u(x)<-n}

a(x,u, Vu)Vudx — J fdx as 6 —0, (3.12)

{u=m}

i)
6 {m-26<u(x)<m-6}

and if, for every function S in W' (R) such that supp(S) is compact and S(m) = 0, u satisfies
I a(x,u, Vu)V(S(u)p)dx = f fSw)pdx, Yy e Wg’p(Q,w) N L*(Q). (3.13)
Q Q

The following remarks are concerned with Definition 3.2.

Remark 3.3. Notice that, thanks to our regularity assumptions (3.8), (3.9), (3.10) and the
choice of S, all terms in (3.13) are well defined.
The following two identifications are made in (3.13):

(i) a(x,u, Vu)V(S(u)y) identifies with a(x, TK (u), VTX (1)) V(S(u)¢p) for almost every
x € Q, where K > 0 and supp(S) C [-K, K]. As a consequence of (3.8), (3.9), and
(3.10), and of S € W= (R), ¢ € W&’p(Q,w) N L*(Q), it follows that

a3 T (), VI () ) V(S () € L' (@), (3.14)

(ii) fS(u)p € LY(Q), because f € L}(Q) and S(u)p € L*(Q).

4. Existence Result
This section is devoted to establish the following existence theorem.
Theorem 4.1. Under assumptions (3.1)—(3.5) there exists a renormalized solution u of Problem (1.1).

Proof. The proof is divided into 7 steps. In Step 1, we introduce an approximate problem.
Step 2 is devoted to establish a few a priori estimates, the limit u of the approximate solutions
u® is introduced and it is shown that u satisfies (3.8) and (3.9). Step 3 is devoted to prove an
energy estimate (Lemma 4.2) which is a key point for the monotonicity arguments that are
developed in Step 4. Step 5 is devoted to prove that u satisfies (3.11). In Step 6 we prove that
u satisfies (3.12). Finally, Step 7 is devoted to prove that u satisfies (3.13) of Definition 3.2. O

Step 1. Let us introduce the following regularization of the data:

b(r) = b(T,/5(r)) VreRfore>0, (4.1)
a’(x,s, &) = a(x, T,ln/_gg(s),§> ae. inQ, VseR, V¢ eRY, (4.2)

e’ Q) f Nl S Wl : f¢— f strongly in L'(Q) as & tends to 0. (4.3)
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Let us now consider the following regularized problem:

—div(a®(x,u®, Vu®)) = f¢ inQ, (4.4)

u®=0 on 0Q. (4.5)

In view of (3.3), (4.1), and (4.2), a° satisfy. Fori=1,..., N

Jat (x,5,8)] < wi(x)"” [L(x) o [T e S P 0l @)
j=1

ae.x€Q, forallseR, ¢ RY. And

a<b(r) < { max ]b(r) =C. VreR. (4.7)

—-1/e<r<m-e

As a consequence, proving existence of a weak solution u® € Wg’p(Q,w) of (4.4) and
(4.5) is an easy task (see, e.g., Theorem 2.1 and Remark 2.1 in Chapter 2 of [17] and see also

[18]).

Step 2. A priori estimates and pointwise convergence of u°.
Using Tk (u°) as a test function in (4.4) leads to

fgag(x, uf, Vus) VT (uf)dx = ’[QfETK(ug)dx <K fll e (4.8)

Since a° satisfies (3.2), (4.2), and owing to (4.8) we have

N 10Tk (uf) |P
e(,,e\p-1 K
fgb w3 | e ‘wi(x)dng”f”Ll(Q), (4.9)
N 0Tk (uf) |P
ap—lj' 1| D ey < K1 (4.10)
Q=1 Xi

From (4.10) we deduce with a classical argument (see, e.g., [18]) that, for a subsequence still
indexed by ¢,

u®* —u ae. inQ, (4.11)

Tk (uf) — Tk (u) weakly in Wé’p(Q,w) and strongly in L9(Q, 0), (4.12)

as ¢ tends to 0, where u is a measurable function defined on Q which is finite a.e. in Q.
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Taking now Z¢ = jOT'ﬁ(uE)bE(s)ds as a test function in (4.4) gives
I a®(x,uf, Vu)VZdx = J‘ feZ%dx. (4.13)
Q Q

Since a° satisfies (3.2) and b satisfies (3.1), permit to deduce from (4.13) that

P

0Z¢
wi(x)dx < Ck||f|l @) (4.14)

where |Z¢| < | _me(s)ds = Ck is a constant independent of .
Now for a fixed K > 0, assumption (3.3) gives fori=1,..., N,

a; (x, T,I,f(ug), VT,I,f(uE)>|

N e |P1 (4.15)
< wi(x)"P [L(x) +0(x)"P max (K, m)"? + le}/p’(x) 2% ] .
i
In view of (4.14) and (4.15), we deduce that
a® (x, TX (uf), VT,I,f(uE)> is bounded in li[U" <Q, wl.lfp,>, (4.16)
then there exists a function Xx € ]_[1-]:71 v (Q, wil_p,) such that
af (x, TX (uf), vTK (u5)> — Xk weakly in ﬁLP’ <Q wj*”') as £ — 0. (4.17)

i=1

To prove that u is less or equal to m is an easy task which is performed exactly as in [10, 11].
Using Ty, (u®) — T, (u) as a test function in (4.4) leads to

f a®(x, u®, Vu®)V (T, (u°) — T;i,(u®) ) dx = f (15, w®) = T, (u))dx, (4.18)
Q Q
which implies easily that

fgag (x,uf, V (T, () = T, (%)) ) V (T, (%) = Ty (u) )dx < || | 11 - (4.19)

Then (3.2), (4.1), and (4.2) yield

(T3, (uf) = Ty, (u)) |”

N
Q=1

b(m — )P} f

wi(x)dx <ml| fl[ 1) (4.20)
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With the help of Poincaré’s inequality, we have

Cm
b(m—e)"™! Il ©

[ 17300 T P < (421)

where C does not depend on ¢. Then in view of (3.1), (4.11), and wy > 0, we can pass to the
limit in (4.21) as ¢ tends to 0, to deduce that

T;,(u) =T, (u)=0 ae. inQ,
(4.22)
u<m a.e. in Q.

Let us now take Tk (v°) as a test function in (4.4), where v¢ = | ggbg(s)ds. We obtain
f a® (x,uf, Vu)VTk (v)dx = I feTx (v°)dx < K||f||L1(Q). (4.23)
Q Q

Then (3.2) yields

OTk (v%) |P
2 ‘ wi()dx < K[|l (4.24)

>

i=1

We deduce with a classical argument that, for a subsequence still indexed by &,

v* — v ae. in Q, (4.25)

Tk (v°) — Tk (v) weakly in W,"(Q,w), (4.26)

as ¢ tends to 0, where v is a measurable function defined on Q which is finite a.e. in Q.
Using the admissible test function 6, (v°) in (4.4) leads to

f a®(x,u’, Vu®)V,(v°)dx = f 0, (v)dx. (4.27)
Q Q

As a consequence of the previous convergence results, we are in a position to pass to the limit
as ¢ tends to 0 in (4.27)

lin}) ag(x,ug,VuE)VGn(vE)dx:f fOn(v)dx. (4.28)
e=0) o Q
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Using the pointwise convergence of 6,(u) to 0 as n tends to +oo and |0,(u)] < 1 ae.

in Q independently of n, since f € L!(Q), Lebesgue’s convergence theorem shows that
| ofOn(v)dx — 0, as n tends to +oo. Passing to the limit in (4.28) we obtain

lim lim a®(x,u, Vu®)Vodx = 0. (4.29)

n—+owe—0 (n<|of|<n+1)

Step 3. In this step we prove the following monotonicity estimate.

Lemma 4.2. The subsequence of u® defined in Step 1 satisfies for any K >0

lim
e—0

I:ag(TrI,f(ug),VT,{f (1)) a* (T (), VI (w)
Q

K.\ _ K _
be ()P b ()L ][VTm(u) VTm(u)]dx 0. (4.30)

Proof. Let K > 0 be fixed. Equality (4.30) is split into

f |:a5 (TX (uf), VT (uf)) ~ a* (T, (u), VT, (1)) ] [VTK (uf) - VTK(H)] dx
Q

be (ue)P ! be (ue)P! (4.31)
= Al + AS + A5,
where
£ TK £ , VTK £
Af = f 7 (T () ;"(” D UTK (uydx ds dt,
Q bs(us)P_
£ TK £ , VTK £
AS = _f @ (T () ;"(” ) VTK (w)dox ds dt, (4.32)
Q be (ue)P~
£ TK £ ,VTK
AS = —J‘ a* (T () - () <VT,I§(uE) - VT,E(u))dxds dt.
Q be (us)P_
In the sequel we pass to the limit in (4.31) when ¢ tends to 0.
Limit of A]
Using the admissible test function Sn(vf)joT’ﬁ () (1/b(s)’1)ds in (4.4) leads to
K T ()
f Sp(v%)a® (x,u®, Vu®) VT (ul) dx + f a®(u®, Vu®)VS,(v°)- f cds |dx
Q b(u)P~ Q 0o b(s)F”
(4.33)
Tnw) 1
= €S, (v° j dsdx,
Igf @) o b(s)P!

where v¢ = fgg b®(s)ds, pass to the limit as ¢ tends to 0 in (4.33).
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Since supp(S,) C [-(n+1),n+1] and {x € Q;|v°| <n+1} C{x € Q;|uf| < (n+1)/a},
wehavefori=1,..., Nande<a/(n+1)

|as (x,u®, Vi) S, (v°) | = |at (x, Tonerysa U€), Vi) /a())Sn(vf)|

! / /
< Sull e ryeoi ()P [L(x)+0(x)1/p | Ttw1)/a ()| "7

(4.34)
N o P71
1/p 0T41 (U )
+ ij (x)‘—ax. )
j=1 ]
In view of (4.24), (4.34) we deduce that for fixed n > 1:
N L
a° (X, Tnty /a (), VT 1) 0 (1)) S (vF) is bounded in [ [L? <Q w, ) (4.35)

i=1

independently of £ < a/(n + 1). Then there exists a function Y,, € [T~,L” (Q, wl.l_p’) such that
for fixed n > 1:

N
Su(©)a" (3, Tiurty/a (1), VT sty o (%)) = Y, weakly in [ TLV (@ ;) as e — 0.
i=1
(4.36)

Now for max(K,m) < n/a, we have

Sn(v%)a’ (x/ T(n+1)/a(u£)/ vT(nﬁ-l)/pz(7/15))X{—K<uf<m}

(4.37)
= S, (v%)a® (x, TZ (u°), VTE (1°)) X {-K<ur<m)

a.e. in Q, which implies that, through the use of (4.17), (4.25), and (4.36) and passing to the
limit as ¢ tends to 0,

YnX{—K<u<m} = Sn(v)XKX{—K<u<m} (4.38)

a.e.in Q - {{u = -K} U {u =m}} for max(K,m) < n/a. As a consequence of (4.38) we have
for max(K,m) <n/a

Y, VTX(u) = S, (v) Xk VE (1) ae. in Q. (4.39)
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We are now in a position to exploit (4.33), which gives together with (4.36) and (4.39)

VTK
11m S (v°)a®(x,u’, Vu*) —"——= (u)
b(u)” v
£ £ K(u)
hmf S0 00 e Ty lu), Ve )) . 255
(4.40)
f V@)
=| Y, dx
o " bu)yr!
VTK(u)
f Sn (U)XK G dx.
Passing to the limit as # tends to +co in (4.40) leads to
VTK TX
lim lim | S0(0%)a (x4, V) m@ﬁu:J'xKv"*?dx (4.41)
n— +ooe—0 (u)P_ Q b(u)P_
The second term of (4.33)
Ty (u) 1
f a®(x,u’, Vu®)VS, (v°). f ———ds |dx
Q 0o b(s)”
(4.42)
MJ‘ a®(x,u’, Vu®)Vodx.
apP” n<loe|<n+1)
Then (4.29) implies that
THw 4
lim lim| a®(x,u®, Vu®)VS, (v°). f ———ds |dx =0. (4.43)
n—+0e—0) o 0 b(S)P

In view (4.41) and (4.43), passing to the limit as € tends to 0 and as #n tends to +oo in (4.33) is
an easy task and leads to

VTK(w) Thw i
L&MWHM_Ldob@W“M' (149

We are now in a position to exploit (4.44).
K (€
The use of the test function fg"‘ (o )(1 Jbé(s)PHds in (4.4), yields

VTK (1€ TX (uf)
f a‘(x,uf, Vu‘g)"’—(uzdx = f fgj %ds dx. (4.45)
Q be (ue)P™ @ Jo  b(s)”
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Passing to the limit as ¢ tends to 0 in (4.45), in view (4.44), we have

VTK (e VTK
LimA7 = lim | a°(x, u®, Vu®) —= (u )dx = J‘ X Mdx (4.46)
e—0 e—=0) o Q

be(ue)P—l K b(u)’”_l
Limit of A3

In view of (4.12), (4.17) and since 1/b¢ (u€)P~! converges to 1/b(u)P" a.e. in Q and due to the
bound 1/b¢ ()P <1/aP! a.e. in Q, we have

c VT, (u)
!T})Az = I Xk b -d (4.47)
Limit of A%
Let us remark that (3.1), (4.1), and (4.11) imply that
¢(x, TK(u?), VTK ,TX(u), DTK
@ (x, T () ; m (1)) — a(x, Tn () - n (1) a.e. in Q, (4.48)
bs(us)P— b(u)P_
as € tends to 0, and that fori=1,..., N
as (TX (u), VTX (u))
bs(us)P_l
(4.49)

oTk oT,, (u)
ax]

|

lia
<w“”<x>[ L) + BT 1 <x>+z )

a.e. in Q, uniformly with respect to .
It follows that when ¢ tends to 0

,TX (uf), VTK ,TX(u), VT N —
a(x, TX (uf) 1m(u)) . a(x, Ty, (u) : k(1)) strongly in | [ 7 <Q,wi1 P>. (4.50)
be (ue)P- b(u)’” il

In view of (4.12), we conclude that

N
<VT,§ (u®) - VT,,f(u)) — 0 weakly in HLP(Q, w;), as € goes to 0. (4.51)
i=1

As a consequence of (4.50) and (4.51) we have for all K >0

lim A = 0. (4.52)
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Equations (4.46), (4.46), (4.47), and (4.46) allow to pass to the limit as ¢ tends to zero in (4.31)
and to obtain (4.30) of Lemma 4.2. O

Step 4. In this step we identify the weak limit Xx and we prove the weak L! convergence of
the “truncated” energy (a¢(x, TX (uf), VTX (uf)) /bf (uf)P ) VTK (uf) as € tends to 0.

Lemma 4.3. For fixed K > 0, one has
Xg = a(x, TX (), VTX (u)) ae. in {x € Qu(x) <m). (4.53)

And as € tends to 0

a(x, TK (u), VTE (u))
be (ue)P—l

a(x, TX (), VTX (u))

K, e\ _ .
VT, (u%) b(u)”_l

VTX () weakly in L'(Q). (4.54)

Proof. Let K > 0 be fixed. From (4.11) and (4.50) together with (4.30) of Lemma 4.2, we obtain

Xk

lim Kk
ab(TK (u))"™

e—0

f a (x, TR (uf), VTK (uf)) VT (1)dx. (4.55)
Q

VTX (uf)dx =
b(TrI,f(ug))P_l m(u) X f

We remark the monotone character a (with respect to ¢) and since 1/b¢(uf)? - converges to
1/b(u)P ! a.e. in Q and due to the bound 1/b¢(uf)P ™ < 1/aP ! a.e. in Q, we conclude that for
all ¢ € TTY,LP(Q,w;) we have

0< hmf I:ag(x' Trlrf(”g)/ VTrny(uE)) B ac (x, Trlrf(ug),qf)
Q

K ey _
bs(ue)lﬂ—l bs(ue)lﬂ—l ] [VT’" () ([I] dx

e—0

_ a®(x, TX (uf), VTX (uf)) .
- llf(‘,fg be (ue)P! [VT'I; () = (P] dx
(@ (x, Ty (), ¢) :
- lim J’ i [VTX () - g dx (4.56)

) 4[52 b(i()li"1 [VT’IE(u) B 4‘] dx = J‘Q% [VT,{f(u) - ‘lf] dx

“ Xk a(x, TX (u), ¢) oo
-[Q [b(u)"’1 b(u)””l ] [VTm (u) ([I] dx.

The usual Minty’s argument applies in view of (4.56). It follows that

Xe _a(xTa), VTzm) (4.57)
b(u)'™ b(u)P! ; |

which together with (4.20) yields (4.53) of Lemma 4.3.
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In order to prove (4.54), we observe that the monotone character of a (with respect to
¢) and (4.30) give

I:aE (x, T (uf), VTX (uf)) o (x, T (uf), VTE (u))

K e\ _ K N .
b ()P P ][VTm(u) VTm(u)] 0  (458)

strongly in L'(Q) as ¢ tends to 0. Moreover (4.12), (4.17), (4.50), and (4.53) imply that

@ (0, T (), VIR 04)) ey A TR@ VTR0) G 450
e ey g b "
weakly in L' (Q) as ¢ tends to 0
a* (0, T (), VIR 00) o ey . A Tn (@0 VIR 00) e (4.60)
b ()T " b(u)! K
weakly in L!(Q) as € tends to 0, and
af (x, Ty (uf), VT (1)) VTX (1) — a(x, Ty (w), VT (1)) VTX (1) (4.61)
be (ue)P~! " b(u)'™! :

strongly in L}(Q) as ¢ tends to 0.
Using the above convergence results (4.59), (4.60), and (4.61) in (4.58) we obtain that
for any K >0

£ ,TK € ,VTK € ,TK ,VTK
be (uf)P~ b(u)P~
weakly in L' (Q) as ¢ tends to 0. O

Step 5. In this step we prove that u satisfies (3.11).
Using (T2 (uf) — T (uf)) as a test function in (4.4) leads to

IQaS(x, U, Vi)V (T;:;l (u) - T" (uE))dx = fg fe <T,’:l+1 (uf) - T,;g(uf))dx. (4.63)
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Since supp(T%H(-) —= T%(+)) C [-(n + 1), -n], we have

f a®(x,u, Vu®)Vutdx
{-n-1<u?(x)<-n}
= f a®(x,u, Vug)V<T,’Z,+1(u£) - T,’,‘l(uf)>dx
Q
3 as(x,uf, Vu®)
- .[ o be(ue)r!
(@ ( T (), VT )
- ,[ o be (ue)P !
a®(x, Tj, (uf), VT3, (1))
- f a be (u)P!

V(T ) - Thw) b(T ) (g

-1
VT;;“(uf)b(T;tll(uf))” dx

VTn( s)b< n+1( s)>

In view of (4.54) of Lemma 4.3 and since b(T"} (u°))” ! converges to b(T"} (1))’ a.e. in Q
and due to the bound b(Tr’:ltll(uS))” 1< maXse[-n-1,m-1]0(s)? 1 ae. in Q, we can pass to the
limit as € tends to 0 for fixed n > 0 to obtain

lim a®(x,u’, Vu®) Vu'dx
€=0) {_n-1<us (x)<-n)
a(x, Ty (), VT (u) 1 1 d
_ Tn+ b(T™
fg wr (wb(Ti ()" dx .
(AT, VIR0) o e P
Ig b(u)! VT (u )b<T nu )> o

= I a(x,u, Vu)Vudx.
{-n-1<u(x)<-n}

Taking the limit as ¢ tends to 0 and n tends to +oo in (4.63) and using the estimate (4.64) and
(4.65) show that

lim a(x,u, Vu)Vudx < lim |f|dx = 0. (4.66)
n}

=) n-1<u(x)<-n) noo) e

Step 6. In this step we prove that u satisfies (3.12).
Using S, (v*)(1/6)(T,,_s(u) = T,,_,5(u)) as a test function in (4.4) leads to

J Su(©%)a® (x,uf, Vu)V (T, _s(u) =T, _,5(u))dx

(4.67)
:J‘ Sn(vg)f ( 5(1,[) 5 26(u))
Q
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where v¢ = fggbg(s)ds. Since supp(Sy) C [-(n+1),n+ 1] and {x € Q;|v°| < n+1} C {x €
Q;|uf| < (n+1)/a} we have

5,[ S, (v%)a®(x, u’ VuE)V( _s(u) - 25(“))dx
1 (4.68)
= SJQSn(vs)aE(X,T(n+1)/u(u5), VT(n+1)/u(uE))V(T;l s u) T+ s u))dx

In view of (4.22), (4.36), (4.39), and (4.53), passing to the limit as € tends to 0 and n tends to

+00

lim lim— j Sn(©%)a® (x, Tini)/a (), VT a1y /a(u)) V(T _s(u) = Trh_55(u))dx

n—+w0e—00

lim 6_[ Sn(©)a(x, Tins1y/a(), VTna1y/a(w)) V(T _s(u) = T o5 (1)) dx

n—+oo

lim SJ Su(v)a(x, Tn-s(1t), VTn-s(u))V (T} _s(u) =T _,s(1))dx (4.69)

= 5] e Too(0), Vo) (T 00) =T gy 1)l

= _I a(x,u, Vu)Vudx.
o {m-26<u<m-6}

Taking the limit as ¢ tends to 0, n tends to +oo and 6 tends to 0 in (4.67) and using the estimate
(4.68) and (4.69) show that

T, 5(u) - 25(“))
6

lim —f
6—00 ) (m-25<ucm-6)

a(x,u, Vu)Vudx = limf f(
6—0) o
(4.70)
= L i }f(x)dx.

Step 7. In this step, u is shown to satisfy (3.13). Let ¢ € W;’p(Q,w) N L*(Q) and let S be a
function in W (R) such that S has a compact support and S(m) = 0. Let K be a positive

real number such that supp(S) ¢ [-K, K] and v° = fggbf(s)ds. Using S(u)S,,(v°)p as a test
function in (4.4) leads to

f Sn(v®)a® (x,uf, Vuf)V (S(u)p)dx + J‘ S(u)pa (x,u®, Vuf)VS, (v°)dx
Q Q
(4.71)
= JQfESn(vE)S(u)¢dx.

In what follows we pass to the limit as ¢ tends to 0 and 7 tends to +oo in each term of
(4.71).
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Limit of First Term in (4.71)

Since supp S, C [-(n+1),n+1] and {x € Q;|v°| <n+1} C {x € Q;|u®| < (n+1)/a}, we have
Sn(v%)a’ (x,uf, Vut) = S, (v°)a® (x, Tini1)/a(U°), VIni1)/a(1f))  ae. in Q. (4.72)
In view of (4.22), (4.36), (4.39), and (4.53), passing to the limit as ¢ tends to 0
liir(l)J‘QSn(vE)ag(x, u®, Vu®)V(S(u)y)dx
= !llr(l) QSn(UE)ag (¢, Tns1)/a (), VInary /() V (S(u) ) dx
= [ S8 Tt o0), VT (1) V(S0
= fgsn(v)a(x, T (u), VT () V(S(u)p)dx, (4.73)
lim lim Q_’5',1(17“5)(1‘€(3c, u®, Vu®)V (S(u)p)dx

n—+ooe—0

= lim sn(v)a(x,T,,’f(u),VT,{f(u))v(S(u)(p)dx
Q

n—+oo

= f u(x, TX (), VTf,f(u))V(S(u)(p)dx = f a(x,u, Vu)V(S(u)yp)dx.
Q Q

Limit of Second Term in (4.71)

Since supp(S,,) C [-(n+1),-n] U [n+1,n] for any n > 1. As a consequence

U S(u)pa®(x,u®, Vu®)VS,(v)dx
Q

< ISl ) ”‘/’”Lw(g)f a(x,u, Vu®)Vo'dx.
{n<|vé|<n+1}
(4.74)

Taking the limit as ¢ tends to 0 and 7 tends to +oo in (4.74) and using the estimate (4.29) show
that

lim lim
n—+ooe—0

I S(u)pa®(x,u®, Vu®)VS,(v)dx
Q

=0. (4.75)

Limit of the Right-Hand Side of (4.71)

Due to (4.3) and (4.25), we have

lim limf fESn(v‘E)S(u)(pdx:I fSu)pdx. (4.76)
Q Q

n—+ooe—0
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As a consequence of the previous convergence results, we are in a position to pass to the limit
as € tends to 0 in (4.71) and to conclude that u satisfies (3.13). The proof of Theorem 4.1 is
achieved.
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