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Asymptotic expansions of the wavelet transform for large and small values of the translation
parameter b are obtained using asymptotic expansions of the Fourier transforms of the function
and the wavelet. Asymptotic expansions of Mexican hat wavelet transform, Morlet wavelet
transform, and Haar wavelet transform are obtained as special cases. Asymptotic expansion of
the wavelet transform has also been obtained for small values of b when asymptotic expansions of
the function and the wavelet near origin are given.
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1. Introduction

The wavelet transform of f with respect to the wavelet ¢ is defined by

(W, f) (b, a) = a—l/sz f(t)q;(%) dt, beR, a>0, (1.1)

provided that the integral exists [1]. Using Fourier transform it can also be expressed as

(W, f)(b,a) = *2/—; f _mel’bw f(w)§(aw) dw, (1.2)
where
f@=[" e e dn 13)
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Asymptotic expansion with explicit error term for Mellin convolution
I(A) = J‘ f(t)h(At)dt, (1.4)
0

as . — +oo, was obtained by Wong [2, pages 740-756]. Let us recall basic results from Wong
[2], which will be used in the present investigation.
Assume that

[ee]
f() ~ Z a1, ast—0,
s=

) (1.5)
— asts+vc—1 +fn(t)/
s=0
where 0 < a <1 and
h(t) ~ e > bt P, ast—s +oo, (1.6)
where cisrealand 0 < f < 1.
Also assume that
ft)=0(t*), ast— +oo, (1.7)
where f+p; > 1.
h(t) = O(t*?), ast—0, (1.8)

where a + p, > 0.
Asymptotic expansion of (1.4) is given by the following [2, Theorem 3, page 752].

Theorem 1.1. Assume that (i) f™ (t) is continuous on (0, 00), where n is a nonnegative integer;
(ii) f (t) has an expansion of the form (1.5), and the expansion can be differentiated n times; (iii) as
t — oo, fO(t)is O(t™') for j =0,1,...,nand for some 1 > 0; (iv) f,,(t) has the meaning as given
in (1.5); (v)h(t) satisfies (1.8) and (1.6) with ¢ #0. Then we have

I(\) = Zas [h;s+a]A " + 6,()), (1.9)
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where

Ml[h;s+a] = f () dt, (1.10)
0
and the remainder satisfies
_ED T o e
6, (1) = NUE fn (HRTV(AL) dt. (1.11)
0

As an application of the above theorem, Wong [2, page 753] has derived the following
asymptotic expansion for the Fourier transform for large values of \:

<) n-1 s\ N oo
f fB)etdt = ae™ T (s + a) A~ + (%) I (e, (1.12)
0 0

s5=0

The asymptotic expansion of the wavelet transform (1.2) for large values of dilation
parameter a has already been obtained in [3].

The aim of the present paper is to derive asymptotic expansion of the wavelet
transform given by (1.2) for large and small values of b. In Section 2 we assume that f (w)
and ¢(w) possess asymptotic expansions of the form (1.5) as w — 0+ and derive asymptotic
expansion of (W f)(b,a) as b — oo using formula (1.12). Asymptotic expansions of certain
special forms of the wavelet transform are obtained in Sections 3-5. In Section 6 we assume
that asymptotic expansions of f (w) and @ (w) are known as w — oo and derive asymptotic
expansion of (W, f)(b,a) as b — 0+, using Theorem 6.1 due to Wong [4, Theorem 14, page
323]. In Section 7 we assume the asymptotic expansions of f(t) and ¢(f) ast — 0+ and
derive asymptotic expansions of f (w) and @(w) as w — oo, using (1.12). These asymptotic
expansions of f(w) and §(w) give rise to the asymptotic expansion of Wy f)(b,a)asb — 0+,
using Theorem 6.1.

2. Asymptotic Expansion for Large b

Let us rewrite (1.2) in the following form:

(Wyf) (b, a) = ﬁ{fmeib“¢(aw) fw)dw + Imeibw¢(—aw) f(-w)dw}
0 0 (2.1)

2
= (Wyf)b,a)+ (W, f)(b,a) (say),
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where for definiteness we take b € R, and a € R,. Now, we consider

(W;, f) (b, a) = ;/—jfo "G (aw) f (w)dw. (2.2)
Assume that
W ~ i a,w™ !, asw —0, (2.3)
s=0

then for arbitrary but fixed a € R, we have

¢(aw) ~ Z a, wl, asw—0, (2.4)
s=0
where a., = aga*** 1.
Next, assume that
f(w) ~ Z b1, as w— 0. (2.5)
r=0
Then
@ (aw) f (w) ~ Z a, wt Z by P = P2 Z cw', (2.6)
s=0 r=0 r=0
where
cr=apby+ -+ aby =Y Aybrm =D ana™ by (2.7)
m=0 m=0
Now, for fixed a € R, write
$(w) = §law) f(w) ~ 3 e, 2.8)
r=0
wherey =a+p-1.
Let us set
n-1
Pp(w) =D et + Pu(w), asw—0, (2.9)
r=0

and assume that (i) ¢ (t) is continuous on (0, 00), where 7 is a nonnegative integer; (ii)
the expansion (2.9) can be differentiated n times; (iii) as w — 0,97 (w) = O(w™) for
j = 0,1,...,nand for some 7 > 0.
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Then, by (1.12),for1 <a+ <2,

fooeib“’(fr(aw) fw)dw = Iweibwtj)(w)dw
0 0
(2.10)

n-1 s\ N [0
— Z creiyr(r+)’)/2r(r 4 Y)b—r—)/ + <%> I eibw Sln) (w)dw.
0

=l

Similarly, we get

o0 R n-1 ) PN
J‘ e "G (—aw) f (~w)dw = - Z c, €T (r 4 )b + <é> f e"bw¢,(1") (~w)dw.
0 r=0 0
2.11)

Notice that the series expansions in (2.10) and (2.11) are the same but opposite in sign.
Therefore, we find asymptotic expansion of (W(; f)(b, a) only. From (2.2) and (2.10), we have

27

=l

n-1 o
<W(;f> v ﬁ{ &L (r+a+ = 1)em (e ) 2prmachil (é) I e (w)dw}
0 0
n-1 r
- ;/_j {Z Z ambr—maa+m_1f(r ta+p- 1)b—r—a—ﬁ+1

r=0 m=0

xelmrra+tp-1)/2 4 (é)nJ‘weibW(prl) (w)dw}_
0
(2.12)

3. Mexican Hat Wavelet Transform

In this section we choose ¢ to be Mexican hat wavelet and derive asymptotic expansion of
the corresponding wavelet transform. The Mexican hat wavelet is defined by

g(t) = (1-#)e™7?, 3.1)
then from [1, page 372],

§(w) = V2rwe /2. (3.2)
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Now, in view of (2.5), we have
$(w) = f(w)§(aw)
_ Z brwr+ﬂ—1 /27ra2w2e_“2‘”2/2
r=0

2s

] [¢'e) 2 s
2 S b P w? _a\ wr
V2ra ;} W w ; > S

0 00 a? sw25+r (33)
= V2ra*wh! Z Z b, <——> '
r=0 520 2 s
© /2y o/ 2\
_ Tﬂ'azwﬁ”z Z "] N W
r=0 j=0 I’ 2
0
— Z Crwr+ﬂ+1l
r=0
where
/21y . 2\ /
o =V2ma® Y —r].ff <-“7> , (34)
= I

where [r/2] stands for the greatest positive integer < r/2. To ensure that (W f)(b, a) exists

for large values of b we also impose the condition that f (u) = O(e"“z) for some real number
o >0asu — +oo. Also, from (3.3) and (2.8) we conclude that in the present case a = 3.
Therefore, from (2.12), using (3.4) we get

n-1[r/2] i .
(W) =37 { Vi S > <—%2> b’].f] I(r+p+2)b 2

r=0 =0 (3.5)

. N
><el.7r(r-¢—ﬁ+2)/2_{_ <E> J‘ ezbw(;b’(qn) (w)dw}
0

4. Morlet Wavelet Transform

In this section we choose
g(t) = et r2, 4.1)
Then from [1, page 373],

§(w) = V2me W wn)/2, (4.2)
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Now,
Flaw) = V2re /2 gmn g2

— re—wz/zz (awow) Z < >s

r+2s

= 2_7[6_(‘}?7/222 <_%> %

25

where

[r/2] r-2j
Srore-ti/2 Z (awgy)™
Ar e < > jl(r=2j)r

N|*b

Hence

P(w) = f(w)§(aw)
~ i by P i ApwP
r=0 p=0

where

’
cr = Z Apbyp.
p=0

(4.3)

(4.4)

(4.5)

(4.6)
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Also, from (2.8) and (4.5) it follows that & = 1. Therefore, from (2.12), using (4.6) we get

n-1 r

r=0 p=0

+ (g)”j:lpgm (w)e"dew}.

5. Haar Wavelet Transform

The Haar wavelet is defined by

1, 0<t<1/2,
g =4-1, 1/2<t<1,

0, otherwise,

whose Fourier transform [1, page 368] is

#(w) = _

Therefore, Haar wavelet transform on half-line is given by

© 1 elaw  piaw/2
elb“’f(w) <5 + -

(Wir) o) = —— L

_ [T ) g [ g [
= \/Ezyr{J‘Oeb wa+I06b( )wa—

For f (w) possessing asymptotic behavior (2.5), we have

)

(w) _ i arw”ﬂ‘2.
r=0

g

Then, from (5.3) and (5.4) using formula [2, page 753]

M[eitl, z] _ eiz:r/zr(z)’

i(ze—iw/2 —_1- e—iw)

’J

. eib(w+a/2)f (w) d

0

w

(4.7)

(5.1)

(5.2)

w}.

(5.3)

(5.4)

(5.5)
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weget, forf>1land b — oo,

(W;f) (b, a)
fz Z a,T(r+B=1)e™ P02 (b4 4 (b a) " = 2(b+ a/2) ")
fZJz- Z a,T(r+p—1)emrP1/2

{__ﬂ+1+z<—r B+ > S 22(—r ﬂ+1><§> b_r_p_sﬂ}'

(5.6)

6. Asymptotic Expansion for Small b

In this section we assume that asymptotic expansions of f (w) and @ (w) asw — oo are known
and then derive asymptotic expansion of (W, f)(b,a) as b — 0+ for fixed a > 0, using the
following [4, Therorem 14, page 323].

Theorem 6.1. Let f be a locally integrable function on (0,00) and let f(t) possess an asymptotic
expansion of the form

n-1
&)~ D ait™> "+ fu(t), ast— oo, (6.1)
s=0
where 0 < a < 1. Then for small values of w,

e} n-1 n
f fte"dt =e /2N (=) ail(1- s — )™ = Y cl(=iw)* ™ + Ry(w), (6.2)
0 s=1

5=0

where
_1)°
C; = (i _i)!M[f"S]’
. (6.3)
R, (w) = (—iw)"f et fon(t)dt

0

with
(_1)n ® n—
funlt) = (= [ = fumyan (64
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Let

(6.5)
q?(w)~Zasw P as w —s oo.
r=0
Then, writing a, = a"* a,, we have
§law) f(w) ~ > a,w ™™ > b P =w P cw ™, (6.6)
r=0 5=0 r=0
where
r T
cr = agby + -+ ayby = Z a,by_m = Z A b, (6.7)
m=0 m=0
Now, for fixed a € R,, write
$(w) = g aw) f (w)
~ Z w P w— o
=0 (6.8)
n-1
=D w4 Pu(w),
r=0

where 0 <a +f < 1.
Then, using (2.2), (6.2), and (6.8), we find asymptotic expansion of wavelet transform
for small value of b:

(Wof) b, a) = einlesi)2 Z: (T (15 == P = DLy 4 Rih),
(6.9)

where

* _ (_1)S .
Ds - (5_1)!M[¢’S]’

_ (6.10)
R (w) = (—ib)"J‘O eV g (t)dt
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_ (_1)n * n—
Pun(t) = WL (T -1 pu(1)dr. (6.11)

7. Asymptotic Expansion for Small b Continued

In this section we assume that asymptotic expansions of f and ¢ are known, instead of f (w)
and @ (w) as in previous sections. Then as in [2, page 753] we get asymptotic expansions of
j? (w) and ¢ (w) asw — oo.On the other hand, in (2.3) and (2.5) their behaviors near the origin
were known, that yielded the asymptotic expansion of (W f)(b,a) asb — oo. However, in
this case, following [4, pages 321-323] we can obtain asymptotic expansion of (W, f)(b, a)as
b — 0+.

Let

ft)~ Db, as t—0, 0<a <1,
5=0

(7.1)
gt)~ D, a P, t—o0.
r=0
Now, using (1.12)
f = [ et s
0
- (7.2)
~ D b DT (s + d )w T, as w — +oo.
s=0
Similarly,
Fw) = [ eyt
0
) (7.3)
- Z a're’i’r(”ﬂ,)/zf(r + ﬁ,)afr’ﬁ' as w — +oo.
r=0
Then
$(w) = fw)g(aw) ~ > dyw™ ), (7.4)
r=0
where
d, = gir(-r+d-p) > b,a P e T (o + m)T (B + 7 - m). (7.5)

m=0
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Let us set
n_l ! /
Pp(w) =D dew™ P + p(w), (7.6)
r=0

where 0 < a' +f' < 1.
Assume that ¢(w) = f(w)(ﬁ(aw) integrable is locally on (0, o0). Then applying (6.2) to
(2.2) with ¢(w) given by (7.6), finally we get

n-1 n
<Wq+;f> (b, (1) — e—i]l'(a'ﬁg,)/z Z (_i)s—ldsl—-(l —s—da - ﬂ/)bs+a’+ﬁ’—1 _ Z D, (_ib)s—l + R;(b),
s=0 s=1

(7.7)
where
_ (1 .
Do = GoMle sl
. (7.8)
R:(b) = (-ib)”f eV b ()t
0
with
_ (_1)n “ n—
bt = sy [ =0 (e 79)

Remark 7.1. We observe that if we assume the asymptotic expansions f(t) and ¢ (t) ast — oo
and derive asymptotic expansions of f (w) and @(t) as w — oo, then formula (1.2) gives
asymptotic expansion of (W, f)(b,a) as b — 0+ for fixed a > 0. The aforesaid technique
does not yield asymptotic expansion of (W f)(b,a) as b — oo using (1.2). However, if one
uses the form (1.1) of the wavelet transform and applies Li and Wong-technique involving a
theory of noncommutative convolution [5], asymptotic expansion of (WJ; f)(b,a)asb — oo
can be obtained. This gives rise to a complicated form of the asymptotic expansion and needs
separate treatment [6].
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