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1. Introduction

Let {p,} and {g,} be the sequences of constants, real or complex, such that

n
Py=po+pi+pa+--+pn = Dpy—> 00, asn-— o,

v=0

Qn=q0+ql+q2+...+qn=2qv—>w, as n — oo, (11)
v=0

Ry = Podn + PrGn-1 + -+ +Pnfo = D Pvn-y —> 00, S 1 —> oo.

v=0

Given two sequences {p,} and {g,} convolution (p * q) is defined as
Ry = (p*4q), = D Prkdk- (12)
k=0

Let 37 un be an infinite series with the sequence of its nth partial sums {s,}.
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We write

t7 = an Kk Sk- (1.3)

"kO

If R, #0, for all n, the generalized Norlund transform of the sequence {s,} is the sequence
{6},

If#7 — S, asn — oo, then the series 32 u, or sequence {s,} is summable to S by
generalized Norlund method (Borwein [1]) and is denoted by

Sy» — S(N,p,q). (1.4)

The necessary and sufficient conditions for (NN, p, q) method to be regular are
ZIPn k| = O(IR), (1.5)

and p,—x = o(|R4|), as n — oo for every fixed k > 0, for which g #0.

Now
1 n
}l ) 2_k < > (10

IfE, — s, as n — oo, then the series 37 u, is said to be (E, 1) summable to s (Hardy [2]):

1 n
0ot = R—ankakE}(
k=0

(1.7)

k /k
an K4k - kZ( >5v
v=0 \V

"kO

If 7% — o, as n — oo, then we say that the series " u, or the sequence {s,} is
summable to S by (N, p, q)(E, 1) summability method.

Particular Cases

(1) (N,p,q)(E,1) mean reduces to (N, p,)(E, 1) summability mean if g, = 1, Vn.

(2) (N,p,q)(E,1) mean reduces to (N,1/(n+1))(E,1) meanifp, =1/(n+1) and g, =
1, Vn.

(3) (N, p,q)(E,1) method reduces to (N, gn)(E, 1) ifp, =1, Vn.

(4) (N,p,q)(E,1) method reduces to (C,a)(E,1) if p, = <"Z;l>, a >0, and g, =
1, Vn.
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Let f(t) be a periodic function with period 27 and integrable in the sense of Lebesgue over
the interval (-, o).
Let its Fourier series be given by

f(t) ~ % ap + Z(an cos nt + b,sin nt). (1.8)

n=1
We use the following notations:
P#) = flx+1) - flx—1t) -2f(x),
t
o) = [ [pa)|du,
0

T= [%] = the integral part of %,

(1.9)
1
R(;) _R,,  R,=R(n),
18 cosk(t/2) cos(k +1)(t/2)
Kulh) = m%’%—qu sin (£/2)

2. Theorem

A quite good amount of work is known for Fourier series by ordinary summability method.
The purpose of this paper is to study Fourier series by (N, p, q)(E, 1) summability method in
the following form.

Theorem 2.1. Let {p,} and {q,} be positive monotonic, nonincreasing sequences of real numbers
such that

n
R, = Zpkqn_k — 00, (SN —> o0. (2.1)
k=0

Let a(t) be a positive, nondecreasing function of t. If
o0 = [ [pwlau=o( s ), wt—=0 02)

a(n) — oo, asn— oo, (2.3)

then a sufficient condition that the Fourier Series (1.8) be summable (N,p,q)(E,1) to f(x) at the
pointt = xis

"R(u)
L () du=0(R,), asn— oo. (2.4)
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3. Lemmas
Proof of the theorem needs some lemmas.

Lemma3.1. For0<t<1/n,

[Ka(t)] = O(). o)
Proof.
_ 1 < cosk (t/2) sin(k + 1)(t/2)
|Ky(t)] = 2R, kz:(:)]ﬂn—kq;c S 1/2)
(3.2)
c (k+1)[sin (t/2)| _ 18 )

< 27R, %P"*qkw = O(n)R—népmqu =0(n).

[

Lemma 3.2. If {p,,} and {q, } are nonnegative and nonincreasing, then for0 < a < b < o0, 0 < t <,
and any n we have

1
2R,

b k :
S ADoK 6

sin(t/2) IR,

k=a
Proof.

1
27 R,

b cosk(t/2) sin(k +1)(¢/2)
2Pk sin (£/2)

k=a

1

b
L f(E\g t
7R, kz:;lpn_qucos (2 sin(k + 1)2

IN

L ; t\
B torRy Im{zpn—kaCOSk<§>el(k+1)(t/2)}

k=a

1| k( t\ ikes2
S (2)

k=a

(3.4)

IN

|elt/2|

1| kf E ikt/2
ENT—E

k=a

IN

ikt t

< E cos"(if)e7 + zb: Cosk<t>eik<2>
> t.ﬂ'Rn k:upn—qu > Prn-kqk 7

k=1
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Now considering first term of (3.4), we have

-1

1 t
> Pnkqrcos* <§>e k)
=a

trR, £

ik(t/2) |

tyrR ZP qu| = tyz'R an KAk

(3.5)

1 T-1 RT
< tyrR ZPT qu<_(RT)_ R )
Now considering second term of (3.4) and using Abel’s lemma, we have

1
trR,

< —

k(t/2)
< tJar an kqe’

k=1

an kqKCOS <£> ik(t/2)

k=1
1= ei(k+1)(t/2)

< 2Pn—qu
- 1 — eit/2

torR,, r+1<k<b

4, e—it/4
< Pn-vqr

torR,,
< 2‘/]7‘ (Pn—b)PT
torR, \ P:
]

< Si (P "_b>p_r il
torR, \ P: t

< 89, Pr

T trR,

8R T
< ﬁ <sir1ce R; = kz:;)p”r—qu > PTqT>

eit/4 _ p-it/4

1 T
sin (£/0) ‘ (where P, = ZpT_k>

k=0

(3.6)
Using (3.5) and (3.6), we get the required result of Lemma 3.2. O

4. Proof of Theorem

Following Zygmund [3], the nth partial sum s,(x) of the series (1.8) att = x is given by

sin(n +1/2)t

1 JT
2(6) = £+ 72 [ gt TR

dt. (4.1)
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So the (E,1) mean of the series (1.8) at t = x is given by

HORES Y <:> S5(x)

k=0

B 1 (7 ¢x(t) S\ . 1
= f(x)+ i) Sin (t/2) {é<k> s1r1(k + E)t}dt

= fx)+ anlx :Shff}z) Im{e"2(1+¢")"

3 1 (7 ¢t ; e an (4.2)
= f(x)+ i) 5in (t/2) Im{et/z(l +cos t +isint) }dt
_ 1 J[(i)x(t) i/nnt t"tn
= f(x)+ 2y ) sin (t/z)Im{et 22"cos <§> (cosE +zs1n§> }dt
_ 1 T d)X(t) it/2on n t nt . . nt
= f(x) + 1), 5in (t/z)lm{et 2"cos (§> { <C057 +151n3> } }dt
B 1 (" cos"(t/2)sin(n + 1)(t/2)
A EJO 9x(t) sin (t/2) dt.
Therefore (N, p, q) transform of {E}(x)} is given by
paE, 1 & B 1 (71 & cosk (t)sin(k +1)(t/2)
10) = g Sk PR = 00+ 5 | Sipuaad 0O
=700+ [ Kaguthat,
1/n 6 T
tf[q’E(x) - f(x) = [I + J. +f ]Kn(t)¢x(t)dt =h+L+1I; (say).
0 1/n 6
(4.3)
We have
1/n
i< [ iK1 (0]
0
1/n
= O(n)J‘ |¢«(t)|dt (using Lemma 3.1)
0 (4.4)
= O(n)o<na(n)> (by (2.2))

1
= o<@> =o(l) asn— oo (by (2.3)).
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Now we consider

i< f/ [Ku(Ol|go(B)] dt - (where 0<5 < 1)
_ fj/ OB g o) ar (using Lemma 32)
o), (" ““>w ol
@0}, - [ a()n0]
o()|fe <§z:;:;>} [} p0a(%0)] e
o) o) o) [ o fa(RLasarny |
() o) ()
[ e R O M) I
) o[ s o (i) I, ()|
) ol ),
ok (el

(
(
{
o) ) () [, (i )
(
(

[
©)

1) (), Gt ) {7+

L>> +O<R(1n)>O(R ) (by (24))

=<z *<(am) +°0

=o(1), asn — oo (by virtue of (2.1) and (2.2)).
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Now by Riemann-Lebesgue theorem and by regularity of the method of summability we
have

13 = J‘6 |kn(t)| |¢X(t)|dt

(4.6)
=o0(l), asn— oo.
This completes the proof of the theorem.
5. Corollaries
Following corollaries can be derived from our main theorem.
Corollary 5.1. If
D(t) [—t ] as t +0 (5.1)
= g .
liog (17D ]’ /
then the Fourier series (1.8) is (C,1)(E, 1) summable to f(x) at the point t = x.
Corollary 5.2. If
O(t) =o(t), ast— +0, (5.2)

then the Fourier series (1.8) is (N, pn)(E, 1) summable to f(x) at the point t = x, provided that
{pn} be a positive, monotonic, and nonincreasing sequence of real numbers such that

Pn=Po+pi+ - +ps—> 00, asn— oo. (5.3)
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