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We construct a class of Hausdorff spaces (compact and noncompact) with the property that
nonempty compact subsets of these spaces that have the same cardinality are homeomorphic. Also,
it is shown that these spaces contain compact subsets that are infinite.

1. Introduction

In this paper, we construct a class of Hausdorff spaces with the property that nonempty
compact subsets of these spaces that have the same cardinality are homeomorphic
(Theorem 3.7). Conditions are given for these spaces to be compact (Corollary 2.10). Also,
it is shown that these spaces contain compact subsets that are infinite (Corollary 2.10).

This paper uses the Zermelo-Fraenkel axioms of set theory with the axiom of choice
(see [1-3]). We let w denote the finite ordinals (i.e., the natural numbers) and N denotes the
counting numbers (i.e., N = w \ {0}). Also, for a given set X, we denote the collection of all
subsets of X by P(X), and we denote the cardinality of X by |X|. In other words, |X] is the
smallest ordinal number for which a bijection of |X| onto X exists.

In this paper, we will only consider compact topologies that are Hausdorff. A topology
7 on a set X is compact if and only if &/ C 7 and X C &/ imply X C U}, U, for some n € N
and {Uy,...,U,} C 4. Therefore, compact topologies need not be Hausdorff.

2. A Class of Hausdorff Spaces
Let V, W, and x( be sets such that W is infinite and the collection

{V,W, {xo}} (2.1)
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is pairwise disjoint. For example, let V = {(»,0) | v € w}, W = {(,1) | p € 2*}, and xo = 2*".
Unless otherwise stated, we let

X={x}UVUW. (2.2)
Recall that for set Y and G C Y, we have
Y\G={yeY|y¢G). (2.3)
Definition 2.1. Let A be an infinite set. Define
Fr(A) ={FepP(A)||A\F| € w}. (2.4)

We call Fr(A) the Fréchet filter on A.

Note that A being infinite implies that Fr(A) is a filter (see [4, Definition 3.1, page
48]).

Definition 2.2. Consider the collection B; C (X)) defined as follows:
By = P(X\ {x0}) U{F U {xo} | F € Fr(W)}. (25)

Proposition 2.3. The collection By generates a Hausdorff topology T on X.

Proof. Clearly, B; is a basis for a topology 7 (see [5, Section 13]).
Letv,w € X such thatv#w. If v,w € X \ {xg}, then {v}, {w} € By, v € {v}, w € {w},
and

{v}n{w} =0. (2.6)

If v = xp, then either w € V or w € W. Assume that w € V, and let F € ¥r(W). Since
VAW =0, {w}epP(V)CByand FU {xy} € B;, we have

{w}n[FU{x}] =0. (2.7)

Assume that w € W. Note that {w} € B;. Also, W\ {w} € Fr(W), which implies [W \ {w}]U
{xo} € By and

v=x9 € [W\{w}]U{xo}. (2.8)
Observe that,
{win((W\ {w}]U{x}) = 0. (2.9)

We infer that T is Hausdorff. O
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Proposition 2.4. If A C X \ {xo}, then A is compact in (X, T) if and only if A is a finite set.

Proof. Note that finite sets are compact in any topological space. So, assume that A is an
infinite, and let

A={{a}|ac A} SPX\ {x0}) C, (2.10)
which implies
A=J«. (2.11)

Let U C o be a nonempty, finite subcollection of &. Therefore, there exists {a;}i; C A, for
some m € N, such that

U= ({ai))l, (212)
which implies
Ju = {ai} . (2.13)

If A € UU, then we would have A C {a;};2;, contradicting A being an infinite set.

Consequently, infinite subsets of X \ {xp} are not compact in the topological space (X, 7). O
Corollary 2.5. The set W is not compact in (X, T).
Corollary 2.6. The set V is compact in (X, ) if and only if V is finite.

Proposition 2.7. Let A C X\ {xo}. The set AU {x¢} is compact in (X, T) ifand only if ANV isa
finite set.

Proof. The topology 7 on X is generated by B; (see Proposition 2.3).
Assume that A NV is an infinite set. Let F € $r(W), and let Q = F U {x(}. Hence,

X0 € Q, Qer. (2.14)
LetAs={{a} |ac A}, andlet 4 = {Q} UHA4. Notethat £ C 7, A4 C T,
A={Ja, Aufx)cJo4 (2.15)
Suppose that U C &4 4 is a finite subcollection such that

AU {x}clJu. (2.16)
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It can be assumed, without loss of generality, that Q € U and U = {U;}%, form +1 = |[U| € N
such that Uy = Q. So, by definition of ¢4, there exists {a;}}2; C A such that U; = {a;} for
i=1,..,m. Note that Q = FU {xo} € W, which implies

QN(ANV)=An(@QnNnV)=0. (2.17)

So, expressions (2.16) and (2.17) would imply

s

]
—_

ANV Cl| JU;={ay,...,am}, (2.18)

1

contradicting A NV being an infinite set. We infer that AU {x,} is not compact in (X, 7).
Conversely, assume that ANV is a finite set. Let &# C 7 such that

AU {xo} o (2.19)

Hence, there exists U € o such that xo € U. Since xyo € E for E € P(X \ {xo}), there exists
F € ¥r(W) such that

xo€ FU{xo) CU (2.20)

Assume that ANV = {v;}}", for some m € w [we define {v; }?:1 = ()]. Observe that,

A=AN[VUW]=([ANFIU[ANW \ F]) U {v;} ;. (2.21)

Since W'\ F is finite, we can assume that

k

ANW\F = {ag)., (2.22)

for some k € w (we define {aq}2:1 = (). Hence, there exists {U;}"; C < and { llq}’;_ CA

=1
such that

v; € U;, aq € Ll,,, (2.23)

fori=1,...,mand g = 1, ..., k (again, we define U?:l u; = ngl U, = 0). Consequently, from
expressions (2.19), (2.20), (2.21), (2.22), and (2.23), we have

AU{x} CcUU [Oui] U [0 llq]. (2.24)

We infer AU {xp} is compact in (X, 7). O
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Corollary 2.8. The set W U {xg} is compact in (X, T).

Proof. Note that W C X\ {x(}. Also, WNV = @ implies that WNV is finite. Therefore, WU {xo}
is compact in (X, 7) by Proposition 2.7. O

Corollary 2.9. The set V U {xo} is compact in (X, T) if and only if V is finite.

Proof. Note that V. C X \ {xp} and V = V n V. Therefore, the corollary follows from
Proposition 2.7. [

Corollary 2.10. The topological space (X, T) is compact if and only if V is finite.

Proof. Observe that X = (X \ {x0}) U {x9} and V = (X \ {x0}) N V. Therefore, the corollary
follows from Proposition 2.7. O

Proposition 2.11. If K C X is an infinite, compact set (in (X, 7)), then K = A U {x} for some
infinite set A C X \ {xo} such that ANV is a finite set.

Proof. If xy ¢ K, then we would have K C X \ {xp}, contradicting Proposition 2.4, since K
is an infinite, compact set. Hence, K = (K \ {x0}) U {x0} and (K \ {x0}) NV is a finite set
by Proposition 2.7, since (K \ {x¢}) U {x¢} is compact. Also, note that K being an infinite set
implies K \ {x¢} is an infinite set. Let A = K \ {xp}. O

Notation 2.12. Let Z be a nonempty set, and let € be a Hausdorff topology on Z. For z € Z, we let
Ng(z) denote the filter of 6-neighborhoods of z; that is, U € Ng(z) if and only if z € O C U for some
Oe€o.

Recall that for A € X and x € X, x is an accumulation point of A if and only if for
U € N.(x), there exists a € A such that a#x and a € U.

Remark 2.13. If A C X and x € X'\ {xp}, then x is not an accumulation point of A.
Indeed, x € X \ {xo} implies {x} € N,(x).So, if a € A such that a# x, then a & {x}.
Remark 2.14. The element xg is an accumulation point of X \ {x¢} in (X, T).

Indeed, let U € N, (xg). Hence, {x¢} UF C U for some F € Fr(W). Since W is infinite
and xo ¢ W, we have that F \ {xo} = F#0. Lety € F. Hence, y € X \ {x¢} and y € U.
Consequently, X \ {xp} is not closed [in (X, 7)], which implies {x,} is not open; that is,
{xo} € 7. In fact, x¢ is the only element of X such that {x¢} € 7.
3. Homeomorphisms of Compact Sets in (X, 7)

The following proposition is obvious and is stated without proof.

Proposition 3.1. Let « be an infinite cardinal. If D and G are sets such that xo ¢ D U G and

ID| = x =G|, (3.1)

then there exists a map § : DU {xo} — GU {x¢} such that {(x) = xo and { is a bijection.
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Remark 3.2. If F € Fr(W) and Z C X is a finite set, then F \ Z € Fr(W).

Lemma 3.3. Let | and K be nonempty subsets of X \ {xo} such that ] NV and K NV are finite sets.

Let o : JU {xo} — KU {xg} be a bijection such that ¢(xo) = xo. If F € Fr(W), then
(KU f{xo}) N (EU{x0}) S o[(JU {x0}) N (FU {xo})]

for some E € Fr(W).

Proof. Let F € Fr(W). Note that
JU{xo} = [JU{xo)) n(FU{xoDIJUnW\F)JUT V).

Also, the sets Jn (W \ F) and J NV are finite.
Let

Z=glgnw\Pm)Junv))|.

Consequently, Z C X \ {x¢} and Z is a finite set.
Let

E=F\Z
Therefore, E € ¥r(W) by Remark 3.2. Note that

(FU{x0})\ Z=EU {xp}.

So,
(K U {x0}) ((E U {x0]) = [(K U {xo}) (Y(F U {x0})] \ Z
Observe that,
ol U lx0}] = 9[[T U 1x0)) n (FU [xoDTJU 0 W\ B) U n V)]
= 9lJ U {xoD N (FU{xoD1Je[Un W\ P Ju V)]
= [ U {xo}) N (FU {x )] Z
Therefore,

(Pl U lxo) )\ Z = (pl(J U (x0}) N (FU{xoD]JZ) \ Z

= (plJ U {xeh) N (FU{xeH]) \ Z
Col(J U {xo}) N (FU{xo})].

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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Consequently,

(KU {xo}) N (EU{xo}) = [(KU {xo}) N (FU {xo})]\ Z
C(Kufxo})\Z
= (pJV{x}])\ Z
Col(JU{x}) N (FU{xo})].

(3.10)

O

Proposition 3.4. Let T be the Hausdorff topology on X generated by By. Let A and B be infinite
subsets of X\ {xo} such that ANV and BNV are finite sets. If A and B have the same cardinality (i.e.,
|A| = |B|), then any bijection of AU{x,} onto BU{x¢} that has xq as a fixed point is a homeomorphism.

Proof. Let { : AU {xg} — BU {xg} be a bijection with {(xp) = xp. Note that the existence of
such a bijection is established by Proposition 3.1. Let {! : BU {xo} — AU {x} denote the
inverse map of ¢.

Let )\ be the topology on A U {xp} induced by 7, and let p be the topology induced on

BU {x} by 7.
Let U € . We will show that ¢[U] € p.
Let b € ¢[U]. Either b= xy or b € B. O

Case 1. Assume that b = x. Hence, xop = {"!(x9) = {1 (b) € U. So, there exists Q € By such
that xp € (AU{xp})NQ C U. Since xy ¢ D for any D € P(X\ {xo}), we have that Q = FU {xo}
for some F € Fr(W). Therefore,

(AU {x0}) NQ = (AU {x0}) N (FU {x0}), (3.11)

which implies
X0 € (AU {x0)) N (FU {x0}) C U, (3.12)

which implies
b = {(x0) € S[(AU {xo}) N (FU{xo})] CS[U]. (3.13)

By Lemma 3.3, there exists E € Fr(W) such that
(BU {xo}) N (EU {x0}) € E[(AU{xo}) N (FU{xo})]. (3.14)
Let G = (BU {x0}) N (EU {xo}). Note that EU {x,} € 7. Hence, G € p and
b=x0€GCC[(AU{xo}) N (FU{xo))] C[U]. (3.15)

Case 2. Assume that b € B. Consequently, {b} € PD(X \ {x0}), which implies {b} € T, which
implies {b} € p (since {b} = {b} N [BU {x0}]). Therefore, b € {[U] implies

be b} CelUl. (3.16)
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From expression (3.15) in Case 1 and expression (3.16) in Case 2, we infer
¢luj € p. (3.17)
Let S € p. We will show that {71[S] € .
Let a € {'[S]. Either a = xo or a € A.

Case 3. Assume that a = xp. Hence, xp = {(x9) = ¢{(a) € S. So, there exists M € B; such that
x0 € (BU{xp}) N M C S. Since xy ¢ D for any D € P(X \ {xp}), we have that M = H U {x}
for some H € ¥r(W). Therefore,

(BU {x0)) "M = (BU {x0}) N (H U {x0}), (3.18)

which implies
xo € (BU {xo}) N (H U {x0}) CS, (3.19)

which implies
a=¢"(x0) € [(BU{xo)) N (HU {xo))] €¢7'[S]. (3.20)

By Lemma 3.3, there exists C € Fr(W) such that
(AU {x0}) N (CU{x0}) S ¢ [(BU {x0}) N (H U {xo)})]. (3.21)

Let T = (AU {x0}) N (CU {x0}). Note that CU {xo} € 7. Hence, T € A and
a=x0€T C¢HBU{x0})N(HU {x0))] €SI (3.22)

Case 4. Assume that a € A. Consequently, {a} € P(X \ {x¢}), which implies {a} € T, which
implies {a} € A (since {a} = {a} N [A U {xo}]). Therefore, a € {7 [S] implies

ac{a)c¢ls] (3.23)
From expression (3.22) in Case 3 and expression (3.23) in Case 4, we infer that
Sl e (3.24)

Consequently, from expression (3.17) and (3.24), we infer that ¢ is a homeomorphism
of AU {xg} onto BU {xg}.

Proposition 3.5. Let T be the Hausdorff topology on X generated by B1. Let K C X be a compact set.
IfW C K, then W U {x,} is homeomorphic to K.
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Proof. Note that W C K implies |W| < |K]|, which implies K in an infinite set (W is an infinite
set), which implies K = AU {x¢} for some A C X \ {xp} such that ANV is a finite set by
Proposition 2.11. Consequently, W C K and xy ¢ W imply W C A. So,

A=An(WuUV)=WU(ANYV), (3.25)
which implies
Al = |W|+|ANV]|=|W]|, (3.26)

(see [2, Corollary 2.3, page 162]). Therefore, W U {x¢} is homeomorphic to AU {xp} = K by
Proposition 3.4. O

Remark 3.6. Let Z be a nonempty set and let 8 be a Hausdorff topology on Z. If A C Z is a
nonempty finite set, then 6 induces the discrete topology on A.

Theorem 3.7. Let T be the Hausdorff topology on X generated by By, and let Ky and K, be nonempty
compact subsets of X. If Ky and Ky have the same cardinality (i.e., |K1| = |Kz|), then there exists a
homeomorphism of Ky onto Ko.

Proof. Let Ky and K; be nonempty compact subsets of X such that |K;| = |K5|. If K; is a
finite set, then K; is a finite set. Hence, T induces the discrete topology on K; and K, (see
Remark 3.6). Consequently, any bijection of K; onto K, is a homeomorphism.

Assume that Kj is an infinite set. Hence, K3 is an infinite set. So, K1 = AU {xg} and
K; =BU{xp} suchthat A C X \ {x0}, BC X\ {x0}, ANV is a finite set and BNV is a finite
set by Proposition 2.11. Observe that K; and K, being infinite sets imply A and B are infinite
subsets of X \ {xo} such that |A| = |B|. Therefore, there exists a homeomorphism of K; onto
K, by Proposition 3.4. O

4. Examples

Example 4.1. Let W = {1/n};2,,V =0 ,and x; = 0. Let

X=VUWU{x0}={%}m u {0}, (4.1)

n=1

and let

(D I CUSIT (E) )

Consider the Hausdorff space (X, ), where the topology 7 is generated by B;. Observe
that (X, 7) is compact (Corollary 2.10, since V = @) and W = {1/n},_; is not compact by
Corollary 2.5. If K C X is an infinite compact set, then

Ki=o=|{3}" v

, (4.3)
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therefore, K is homeomorphic to {1/n},-; U {0} (Theorem 3.7). In other words, all infinite,
compact subsets of {1/n};.,U{0} are homeomorphic. Note that topology 7 on X is induced
by the standard euclidean topology on R.

Example 4.2. Let B be a set such that |B| = w. Let ¢ : w — B be a bijection. For n € w, we
will denote ¢(n) by x,, that is, x,, = ¢(n). Therefore, B = {x,} ., where m,n € w and m#n
imply x,, #x,. Let W = {xzj}jeN and let V = {x2j+1}j€w. Note that the maps j — x»; and
j — X2j41 are bijections of N onto W and w onto V, respectively. Also, xo ¢ WUV, WNV = 1]
and B = {xp} UV UW, consequently, V = [B\ {xo}] \ W. We can write B; C D(B) (see
Definition 2.2) as follows.

By = P({xn};21) U{F U {x0} | F € Fr(W)}. (4.4)

The collection B; generates a Hausdorff topology 7 on B (see Proposition 2.3). Note that (B, T)
is not compact (Corollary 2.10), sets V and W are not compact (Corollaries 2.6 and 2.5, resp.),
V U {x¢} is not compact (Corollary 2.9), and W U {x,} is compact (Corollary 2.8). Also, if
K C B is an infinite compact set, then

K| = w = WU {x}], (4.5)

therefore, K is homeomorphic to W U {xg} = {x2i}j ., (Theorem 3.7). In other words, all

infinite, compact subsets of B = {x,},,,, are homeomorphic.

new

Example 4.3. Let 0 be an infinite cardinal and consider the collection {x,},c, of infinite
cardinals defined as follows. Let kg = w and for n € w, let x,.1 = 2*. Also, we denote
K = Upew Kn- Hence, %, is the cardinal number, that is, the supremum of {x,},,, and «, <
for each n € w (see the Alephs section in [3], page 29). For n € w, define

W, ={(un)|pex,}, Wo ={(pw) | p€xol. (4.6)
Observe that |W,,| =k, |[W,| = k,, for each n € w, and the collection

{(Watnew Y (W} (4.7)

new

is pairwise disjoint. Let

W=W,uU [U wn], V={(ALw+1)|Le€B), xp=(2%,w+2). (4.8)

new
Note that the collection {{x}, W, V'} is pairwise disjoint. Let

X={x}UVUW (4.9)
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and consider the noncompact, Hausdorff space (X, 7), where topology 7 is generated by B
(see Definition 2.2 and Corollary 2.10). For 1 € w + 1, define

Ky, ={K e pP(X)|K is compact, |[K| = x, }. (4.10)

Observe, W, U {xo} € K, for 7 € w + 1 by Proposition 2.7 (since W,, NV = §)) and the fact that
Wy U {x0}| = k. Also, the collection { X, }'1 cws1 18 pairwise disjoint and Theorem 3.7 implies
that all of the sets in X, are homeomorphic to each other. Since «,, < «,, for each n € w, we
have

[W| = =Ko + K = Ko, (4.11)

W, U [U Wn]

new

(see [2, Corollary 2.3, page 162]), which implies |[IWU{xo}| = k.. Consequently, WU{xq} € K,
(see Corollary 2.8), which implies W U {x,} is homeomorphic to W, U {x,}. If we let [V]™
denote the set of all finite subsets of V, then

(WyUE)U({xo} € X, forE€[V]™, new+1, (4.12)

(see Proposition 2.7). Consequently, the size of 0 can affect the cardinality of X, for n €
w +1 (e.g., let 6 be a Mahlo cardinal ([3, Chapter 8, page 95])). If the generalized continuum
hypothesis is assumed, then the collection { X} is a partition of the collection of all
infinite, compact subsets of X.

new+1
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