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A GENERALIZATION THEOREM COVERING MANY
ABSOLUTE SUMMABILITY METHODS
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ABSTRACT. A general theorem concerning many absolute summability methods is proved.
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1. Introduction. Let > a, be given infinite series with the sequence of partial sums
(sn). By a,‘f and ufl we denote nth Cesaro mean of order 6 (6 > —1) of the sequences
(sp) and (nay), respectively. The series > a,, is said to be summable |C,5 |k, k > 1 if

_ k
n* ol -op " <, (1.1)

M

n=1

or equivalently

Zn’1|u,‘i|k<oo. (1.2)
n=1

Let (p,) be a sequence of real or complex numbers such that

n
Pp=>py—o asn—o (Pi=p_;=0,i=1). (1.3)
v=0

The sequence-to-sequence transformation:
th=— > PvSy, (1.4)

defines the sequence (t,,) of the Riesz means of the sequence (s;,) generated by the
sequence of coefficients (p;,) (see [4]). The series > a,, is said to be summable |R, p;, |k,
k=>1,if

Sk by — e |6 < oo (1.5)
n=1
The series > a,, is said to be summable [N,p, |, k = 1 (see [1]), if

i(iﬂku”m4“<”- (1.6)

In the special case when p,, = 1 for all values of n (respectively, k = 1), then both of
IR, pnlx and |N, pn |k is the same as |C, 1|, (respectively, |R,py|, |N, pn|) summability.
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For p, = 1/(n+1), the summability |N, p,|x is equivalent to |R,logn, 1. The series
> ay is said to be summable |N, p,|, if

Z ~Tpo1| < o, (1.7)
where
Z Pn—vSy (T-1=0). (1.8)
nv 0
We write p = {p,} and
={p:pn>0andms@sl,n=0,1,...}. (1.9
Pn Pn+1

It is known that for p € M, equation (1.7) holds if and only if (see [3])

Sml2

< 00, (1.10)

For p € M, the series > a, is said to be summable [N, p, |, k > 1 (see [5]), if

k
< o, (1.11)

i 1

n= lnP"

Z Pn-vVay

v=1

In the special case in which p,, = A7~!, v > —1, where A7, is the coefficient of x™ in
the power series of (1 —x)""1, for |x| < 1, |N, pnlx summability reduces to |C,7 |k
summability, and for p,, = 1/(n+1), [N, pnlk is equivalent to |[N,1/(n+1)|; summa-
bility. We assume that (f,), (gn), (G»), and (H,) are positive sequences.

2. Main result. We prove the following theorem.

THEOREM 2.1. Let

1 n
Y, = Vfn-vXyE (2.1)
n anlHn Vgl f‘VL vayLly
such that N
Fu=2 fv—o, feM, 2 Gy Xy (2.2)
v=1 ”v 1

Suppose that {nGyey, /FngnHn} is monotonic and

Gn+1 =0(gn), (2.3)
Agn = O(g—’;l+1 ) (2.4)
gan> _ ( InHn )
A( nGy =0 NGnFni1 /)’ (2:5)
m
S e =0(o). 2.6)
n=v+l Frn- 1Hn Hy
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Then necessary and sufficient conditions that > | Y| < 0o whenever > | X, |¥ < o are
(i) en =O0FngnHn/nGy),
(i) Aen =O0(gn1Hn/nGy).

3. Lemmas

LEMMA 3.1 (see [2]). Letk =1, and let A = (ayy) be an infinite matrix. In order that
A € (€% 0%) it is necessary that

any =0(1) (alln,v). (3.1)

LEMMA 3.2 (see [6]). Letp e M. Then forO<v <1,

Z Pnvd _o(v). (3.2)

neve1 M "Pn-1

LEMMA 3.3. Suppose that €, = O(fndn), fn,9n =0, {€n/fngn} monotonic, Ag, =
O(1), and A fn = O(fu/Gn+1). Then Ae, = O(fn)-

PROOF. Letky, =€,/ fngn =0(1).If (ky) is nondecreasing, then

ANep = knfugn —knii fne19na < knfnGn—knfni1gna
= kn(Afngn) = kn(angn +gn+1Afn): (3.3)
\A€n| = O(fn|Agn|)+O(gn+l ’Afn“ =0(fn) +O(fn) = O(fn)-

If (ky,) is nonincreasing, write V f,, = fus1— fn,

Ven = kne1 fne19n+1 — knfngn < knV (fngn)

=kn(fuVgn+gni1Vfn),

| Aen| = |Ven| =0(ful Van ) +O0(gn+1 |V ful) (3.4)
=0 (fulVan!|) +0(gns1 | Afnl)
= O(fn) +O(fn) = O(fn). O

4. Proof of Theorem 2.1
SUFFICIENCY. We have via Abel’s transformation:

1 2 f
Y, = X (v n7ve )
" anlHn ‘glgv v v v

_ 1 = \ fn—v < fO
- Fp_1Hy, |: Z ( z ngr) Av( v €v) + (glgrxr)ngnen}

v=1l \r=1

» (4.1)

1 n
= z GVXVJL Jn- v€v+(v+l)Agvlfn v€v+(v+1)gv+lAvfn vEy
anlHn v=1

nGnXnfo
Fn-1Hugn

n

+(v+ 1)g;i1fn,v,1Aev} +

= Yn’1 + anz + Yn’3 + Yn’4 + Yn,S-
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By Minkowski’s inequality,

m m 5
Z |Yn|k=0(l) Z Z |Yn,r|k-
n=1

Applying Holder’s inequality,

m+1 X m+1 1 n-1 G k
Yni| = frnov—Xye€
2, "= 2 p g | 2 I g, Mo
m+1 1 n-1 G -
< fi ( ") X, e
ngnlelinl vl X |“ ey | ‘|Z
m m+1
Gy Sn-v
<0(1) ( ) |X
vgl v ' nzv‘:rlF“ﬂ*lI_I”’<l
Zo1 (v \*G\¥ k k
o3 (2 (S e
> (@) (&) 1n el
m+1 . m+1 1 n-1 k
Z |Yn,2~ = Z X X Z(V‘Fl)GvAg;lfn—vaev
n=2 n=2 anlH" v=1
m+1 n-1 "
o) 2 2 VG Agyt Frov ] Xy |
Fn lan:1
m+1 f
<O(1)ZVka|AQJI| X e X =
v=1 n=v+1
m
v |AQV| k
DS () es el 4,
v=1 H, g v+1 Y ©

no v VG, \k k k
<0 1) 7( ) (7‘/) Xv €y
w3 (7 1%, 1]

v
m+1 r m+1 1 n-1 k
Z |Y‘ﬂ,3{ = Z FK gk ng;llGVAan*VXVEV
n=2 n=2 *n-1-"1n | y=1
m+1 1
< Z F*_ HE Z (
Hpn v=1

m k m+1
<0(1) Zv%ﬁ) 1x, e |* > Svfn-y
v-1 v

k
n=v+l1 anlHn

m k k
1 v G k k
<0(1) 4—( )(4ﬁ X ¥ e,
vg'l H’\f val v | V| | v |

Fn lHn

(4.2)

o

k-1
V1At 1% le] {Z|Afnv|}
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k

m+1 X m+1 1 n-1
Z | Ynal = Z N Z vy fasv-1Gv Xy A€y
n=2 n=2 tn-14n | y=1

k-1
m+1 n-1 k n-1
1 G -
< v"( v ) fn_v_1|Xv|k|A6v|k{ > v 1]’

Iv+1 v=1 Fn—l

m m+1
<0(1) > vk (g ) 1X, ¥ 2ey | ® lef::Hi

<0(1) i (Hlv)k< Gy )lev1k|Aev|k,

v=1 v+l
m
nGnXn fo€
z'Y"ﬁ'k_Z FnI:rILfO n
-1 n-1 n-1Hngn
m k k
n Gn 1 k k
<0(1) ( ) (—) — | X €nl .
El Fno1/) \gn H,E' nl len]

(4.3)

Sufficiency of (i) and (ii) follows. Necessity of (i): using the result of Bor in [2], the
transformation from (X,,) into (Y,) maps £ into £* and hence the diagonal elements
of this transformation are bounded (by Lemma 3.1) and so (i) is necessary. Necessity
of (ii): this follows from Lemma 3.3 and necessity of (i) by taking

fn = ng’l, gn = Fy using (2.3). (4.4)
n

This completes the proof of the theorem.

REMARKS. It may be mentioned that on putting

(1) fn = pn and H,, = n'/%, we obtain |N, p, | summability of > a,€,.

(2) gn = Qn-1 and Gy = Qn-1(Qn/an)'/¥, we obtain |N,qn [ summability of 3 ay.
(3)gn=Qn-1and G, =n’*1(Q,Qn_1/qn), we obtain |R, g, |x summability of 3 a,,.
5. Applications

THEOREM 5.1. Let p € M, {(n€,/Pn)(Qn/nagy) ¥} is monotonic,

1 nqn)”k) (l(nqn>”k 1 )
A —( =0|— , nNqn=0 . (5.1)
(” Qn n\ Qn Py n (Qn)
Then necessary and sufficient conditions that >’ a, €, be summable |N,p,|x whenever
S ay, is summable |N,qnlx, k = 1, are

Pn(”ﬁn)l/k} {1 <nqn)l/k}
€n=0 , Neyp =04 —| — . 5.2
n { on n n\Q, (5.2)
THEOREM 5.2. Letp € M, {Qn€n/Pnqn} is monotonic,

A(%) =O(ﬁ), Ndn = 0(Qn). (5.3)
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Then necessary and sufficient conditions that >’ a, €, be summable |N, p,, [x when-
ever > a, is summable |R,qy |k, k = 1 are

en=o(P("2‘i"), Aen=0(%>. (5.4)

COROLLARY 5.3. Necessary and sufficient conditions that > an€, be summable
|C, x|k, 0 < & <1 whenever > a,, is summable |C,1|y, k =1, are

en=0n%"Y),  Ae,=0(nh), (5.5)

provided {n'~%e,} is monotonic.

COROLLARY 5.4. Necessary and sufficient conditions that > an€, be summable
IN,1/(n+1)|x whenever > a, is summable |C,1|x, k = 1, are

en=0(l"%), Aen=0(n), (5.6)

provided {ne, [logn} is monotonic.

COROLLARY 5.5. Necessary and sufficient conditions that > an€, be summable
IN,1/(n+1)|x whenever > a,, is summable |R,logn,1|, k > 1, are

1-1/k
en=0{(1°g")}, Aen=0{;}, (5.7)

n n(logn)l/k

provided {n(logn)'*~le,} is monotonic.

COROLLARY 5.6. Necessary and sufficient conditions that > an€, be summable
|C, x|k, 0 < x <1 whenever > a, is summable |R,logn,1|y, k > 1, are:

no-l 1
€":O{(logn)l/k}’ AEnzo{n(logn)”k}' (>.8)
provided {n'~%(logn)/ke,} is monotonic.
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