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Abstract. Amplitude ratios of various reflected and transmitted elastic waves from a
plane interface separating a viscous liquid half-space and a micropolar elastic solid half-
space, are obtained in two cases (i) when longitudinal wave propagating through the solid
half-space is made incident at the interface and (ii) when “coupled-wave” propagating
through the solid half-space is made incident at the interface. These amplitude ratios
have been computed numerically for a specific model and results obtained are presented
graphically. It is found that these amplitude ratios depend on the angle of incidence of the
incident wave and the effect of viscosity of the liquid on amplitude ratios is noticed. The
problem studied by Tomar and Kumar (1995) has been reduced as a special case of our
problem.

2000 Mathematics Subject Classification. 74F10, 74J20, 74B99.

1. Introduction. Classical theory of elasticity is not found adequate for material

possessing granular structure. Particularly, the effect of granular structure or mi-

crostructure becomes important in the case of elastic vibrations of high frequency

and/or small wavelength. Eringen and Suhubi [3, 4, 12] developed a theory in which

they considered the microstructure of the material and they showed that the motion in

a granular structured material is characterized not only by a displacement vector but

also by a rotation vector. This theory is known as “theory of micropolar continuum.”

In granular composites consisting of stiff inclusions embedded in a weaker matrix, a

well-defined microstructure exists. Metal, polymers, composites, soils, rocks, concrete

are typical media with microstructure. Most of the natural and man-made materials

including engineering, geological and biological media posses a microstretch, in the

usual environment they operate, become activated and influence dramatically the me-

chanical and other behaviours. Gautheir [6] found aluminum-epoxy composite to be

a micropolar material and investigated the values of relevant parameters based on

a specimen of an aluminum-epoxy composite. Gautheir and Jahsman [7] presented

a quest for micropolar elastic constants and suggested that a material with nearly

spherical and uniformly graded particulate could be expected to exhibit improved

micropolar behaviour and micropolar effect that will become prominent only for ex-

tremely short wavelength phenomenon.

The problems of reflection and refraction of plane waves at plane interface have

been studied extensively by many authors (see Brekhovskikh [2]). Miles [9] studied

the problem of dispersive reflection at the interface between ideal and viscous liquid
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media. Interaction of seismic waves with a viscous liquid layer has been investigated

by Fehler [5]. Parfitt and Eringen [10], Ariman [1], Tomar and Gogna [13], Tomar and

Kumar [8, 14], and Singh and Kumar [11] discussed some problems on reflection and

refraction in a micropolar media. Although the work at the interface between micro-

scopic and macroscopic scales has a long history, the field has become particularly

active in recent years. This activity has been motivated, in the past, by the need for in-

creasing detailed models of classical phenomenon such as dispersion of weak elastic

waves and, in part, by the requirement for development of comprehensive, physically

motivated theories of behaviour of continuous media. Problems of the former sort

have motivated development of theories of micropolar elasticity, methods of evalu-

ating statistical properties of the response of randomly inhomogeneous media, and

so forth. Development of increasingly comprehensive continuum theories, always a

topic of interest, has increased its practical importance in recent years in response to

the requirement for explaining the phenomenon lying outside the range of the more

conventional continuum models, and because advances in computational mechan-

ics have made the wide-spread application of these theories possible. Much of the

development of comprehensive modern constitutive theories has occurred through

interaction of mechanicians with persons analyzing finer scale continuum behaviour

and with material scientists and others outside the field of mechanics. This has im-

posed a requirement for inter-disciplinary communication that motivates most of the

work at the micro/macro interface. When a scientist or engineer, solving problems at

the macroscopic level wants to take advantage of the knowledge of microscopic pro-

cesses, it is appropriate to adopt or develop a theory that incorporates these processes

in some averaged, but explicit fashion.

Micropolar theory of elasticity was developed in the sixties by Eringen and Suhubi

[3, 4, 12] and the availability of experimental data for various parameters of micropolar

material gives us a chance to consider such problems of reflection and refraction

where aluminum-epoxy composites as micropolar elastic solid is in welded contact

with the crust as a viscous liquid half-space. Such a model may be found in the earth’s

crust, and the results of this problem can be applicable to the earth’s crust, to a water-

mud-rock boundary, or to some other specific problem in engineering seismology

like bedrock-soil interface or mantle-crust interface. In the present investigation, we

consider the problem of reflection and transmission of plane elastic wave (longitudinal

wave or coupled-wave) at an interface separating the micropolar elastic solid and the

viscous liquid half-spaces.

2. Basic equations and constitutive relations. The equations of motion in viscous

liquid medium are given by [5]

K′∇2φ′ + 4
3
η
∂
∂t
∇2φ′ = ρ′ ∂

2φ′

∂t2
, η

∂
∂t
∇2ψ′ = ρ′ ∂

2ψ′

∂t2
, (2.1)

where K′ is the bulk modulus, ρ′ is the fluid density, η is the fluid viscosity,φ′ andψ′

are the potentials corresponding to longitudinal and transverse waves, respectively.
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The components of displacement and stresses are given by

u′ = ∂φ
′

∂x
− ∂ψ

′

∂z
, w′ = ∂φ

′

∂z
+ ∂ψ

′

∂x
, t′zx = η

∂
∂t

[
2
∂2φ′

∂x∂z
+ ∂

2ψ′

∂x2
− ∂

2ψ′

∂z2

]
,

t′zz =
[
K′ − 2

3
η
∂
∂t

][
∂2φ′

∂x2
+ ∂

2φ′

∂z2

]
+2η

∂
∂t

[
∂2ψ′

∂x∂z
− ∂

2φ′

∂z2

]
.

(2.2)

The equations of motion in micropolar elastic solid medium are given by [3]

(
c2

1+c2
3

)∇2φ= ∂
2φ
∂t2

, (2.3a)

(
c2

2+c2
3

)∇2 �→U +c2
3∇×

�→
Φ = ∂

2 �→U
∂t2

, (2.3b)

[
c2

4∇2−2ω2
0

] �→
Φ+ω2

0∇×
�→
U = ∂

2 �→Φ
∂t2

, (2.3c)

where

c2
1 =

λ+2µ
ρ

, c2
2 =

µ
ρ
, c2

3 =
K
ρ
, c2

4 =
γ
ρj
, ω2

0 =
K
ρj
. (2.4)

Parfitt and Eringen [10] have shown that (2.3a) corresponds to longitudinal wave

propagating with velocity V1, given by V 2
1 = c2

1+c2
3 , and (2.3b), (2.3c) are coupled equa-

tions in vector potentials
�→
U and

�→
Φ and these correspond to coupled transverse and

micro-rotation waves. Ifω2/ω2
0 > 2, there exist two sets of coupled-wave propagating

with velocities 1/λ1 and 1/λ2; where

λ2
1,2 =

1
2

[
B∓

√
B2−4C

]
, (2.5)

where

B = q(p−2)
ω2

+ 1(
c2

2+c2
3

) + 1

c2
4

, C =
(

1

c2
4

− 2q
ω2

)
1(

c2
2+c2

3

) , p = K
µ+K , q =

K
γ
. (2.6)

We consider a two-dimensional problem by taking the following components of

displacement and microrotation as

�→u = (u,0,w), �→
Φ = (0,Φ2,0

)
, (2.7)

where

u= ∂φ
∂x

− ∂ψ
∂z
, w = ∂φ

∂z
+ ∂ψ
∂x
, (2.8)

and components of stresses as

tzz = (λ+2µ+K)∂
2φ
∂z2

+λ∂
2φ
∂x2

+(2µ+K) ∂
2ψ

∂x∂z
,

tzx = (2µ+K) ∂
2φ

∂x∂z
−(µ+K)∂

2ψ
∂z2

+µ ∂
2ψ
∂x2

−Kφ2, mzy = γ ∂φ2

∂z
.

(2.9)

3. Formulation of the problem and its solution. We consider a two-dimensional

problem by taking the z-axis pointing into the lower half-space and the plane interface
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Figure 3.1. Geometry of the problem: reflection and refraction of waves.

z = 0 separating the viscous liquid half-space M1 [z < 0] and uniform micropolar

elastic solid half-space M2 [z > 0] (see Figure 3.1).

We take the following form of potentials in the two media.

In medium M1 (see [9])

φ′ =A1 exp
{−ι(K′2−k2

α sin2θα
)1/2z

}
exp

{
ι
(
ωαt+kαx sinθα

)}
,

ψ′ =A2 exp
{
−ι
(
ιω
ν
+k2

β sin2θβ
)1/2

z
}

exp
{
ι
(
ωβt+kβx sinθβ

)}
,

(3.1)

where A1, A2 are unknown to be determined from the boundary conditions and

K′ = ω
c′

(
1+ 4

3
ιων
c′2

)−1/2
, c′2 = K

′

ρ′
, ν = η

ρ′
, (3.2)

where kα and kβ are wave numbers of refracted P - and SV-waves, respectively.

In medium M2 (see [10])

φ= B0 exp
{
ιk0
(
sinθ0x−cosθ0z

)+ιω1t
}

+B1 exp
{
ιk0
(
sinθ1x+cosθ1z

)+ιω1t
}
,

(3.3a)

ψ= B0 exp
{
ιδ1
(
sinθ0x−cosθ0z

)+ιω2t
}

+B2 exp
{
ιδ1
(
sinθ2x+cosθ2z

)+ιω2t
}

+B3 exp
{
ιδ2
(
sinθ3x+cosθ3z

)+ιω2t
}
,

(3.3b)

φ2 = EB0 exp
{
ιδ1
(
sinθ0x−cosθ0z

)+ιω3t
}

+EB2 exp
{
ιδ1
(
sinθ2x+cosθ2z

)+ιω3t
}

+FB3 exp
{
ιδ2
(
sinθ3x+cosθ3z

)+ιω3t
}
,

(3.3c)
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where B0, B1, B2, and B3 are unknown and

E = δ
2
1

(
δ2

1−ω2/
(
c2

2+c2
3

)+pq)
deno

,

F = δ
2
2

(
δ2

2−ω2/
(
c2

2+c2
3

)+pq)
deno

, deno=p
(
2q−ω

2

c2
4

)
, δ2

1=λ2
1ω2, δ2

2=λ2
2ω2.

(3.4)

3.1. Boundary conditions. The appropriate boundary conditions are the continuity

of displacement, microrotation and stresses at the interface separating mediaM1 and

M2. Mathematically, these boundary conditions can be expressed as:

at z = 0,

tzz = t′zz, tzx = t′zx, mzy = 0, u=u′, w =w′. (3.5)

3.2. Reflection and refraction. For incident longitudinal wave at an interface z = 0,

we put B0 = 0 in (3.3b) and (3.3c) and for incident coupled-wave we put B0 = 0 in (3.3a)

and (3.3c). Substituting the expressions of potentials given by (3.1) and (3.3) in the

boundary conditions (3.5) and making use of Snell’s law, given by

sinθ0

Vi
= sinθ1

Vi
= sinθ2

λ−1
1

= sinθ3

λ−1
2

= sinθα
c′p

= sinθβ
c′s

, (3.6)

where

Vi =

V1, for incident longitudinal wave,

λ−1
1 , for incident coupled-wave,

c′p =
[
K′

ρ′

(
1+ 4

3
ιωη
K′

)]1/2
, c′s =

[
ιωη
ρ′

]1/2
.

(3.7)

Also, frequencies of all the waves must be equal at the interface z = 0 for all positions

and time. Hence, we obtain a system of five equations which in matrix form are

AZ = B, (3.8a)

Z =
[
Z1 Z2 Z3 Z4 Z5

]t
, (3.8b)

Z1 = B1

B0
, Z2 = B2

B0
, Z3 = B3

B0
, Z4 = A1

B0
, Z5 = A2

B0
, (3.8c)

where Z1 to Z5 are the amplitude ratios of reflected longitudinal wave, reflected

coupled-wave at an angle θ2, reflected coupled-wave at an angle θ3, refracted P -wave

and refracted SV-wave, respectively.

The elements of matrix A in nondimensional form can be written as

a11 =
[
λ
µ
+D2 cos2θ1

]
k2

0

k∗2
,

a12 =D2 sinθ2 cosθ2
δ2

k∗2
,
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a13 =D2 sinθ3 cosθ3
δ2

k∗2
,

a14 =− k2

k∗2

[
K′

µ
− 2

3
ιωη
µ

]
+ 2ηιω

µ

[
k2

k∗2
−sin2θ

]
,

a15 = 2ηωsinθ0

µ

[
ιω
ν
k∗2+sin2θ0

]1/2
,

a21 =D2 sinθ1 cosθ1
k2

0

k∗2
, a31 = k0

k∗
sinθ1,

a22 =− δ2
1

k∗2

[(
D1 cos2θ2−sin2θ2

)− K
µ
E
δ2

1

]
, a32 =−δ1

k∗
cosθ2,

a23 =− δ2
2

k∗2

[(
D1 cos2θ3−sin2θ3

)− K
µ
F
δ2

2

]
, a33 =−δ2

k∗
cosθ3,

a24 = 2ιkαωη
µk∗2

[
sinθα

(
1− k

2
α sin2θα
k∗2

)1/2
]
, a34 =−sinθ0,

a25 =− ιωηµ
[

2sin2θ0+ ιω
νk∗2

]
, a35 =

[
ιω
νk∗2

+sin2θ0

]1/2
,

a41 = k0

k∗
cosθ1, a51 = 0,

a42 = δ1

k∗
sinθ2, a52 = cosθ2,

a43 = δ2

k∗
sinθ3, a53 = δ2F

δ1E
cosθ3,

a44 =
[
k2

k∗2
−sin2θ0

]1/2

, a54 = a55 = 0,

a45 =−sinθ0,

(3.9)

where

D1 = 1+K, D2 = 1+D1, B =
[
b1 b2 b3 b4 b5

]t
, (3.10)

(a) for incident longitudinal wave

b1 =−a11, b2 = a21, b3 =−a31, b4 = a41, b5 = a51, (3.11)

(b) for incident coupled-wave

b1 = a12, b2 =−a22, b3 = a32, b4 =−a42, b5 = a52,

k∗ =

k0, for incident longitudinal wave,

δ1, for incident coupled-wave.

(3.12)
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3.3. Special case. It can be easily verified that neglecting the viscous effect of the

liquid, that is, putting η= 0 in the boundary conditions given by (3.8a), one can obtain

the same equations as obtained by Tomar and Kumar [14] in their problem of reflection

and refraction at inviscid liquid/micropolar elastic solid interface where longitudinal

displacement wave is made incident.

4. Numerical results. The theoretical results obtained above indicate that the am-

plitude ratios Zi (i= 1,2,3,4,5) depend on the angle of incidence of incident wave. In

order to study in more detail the behaviour of various amplitude ratios on the angle

of incidence, we have computed them numerically by taking the following values of

relevant elastic parameters.

In medium M2,

λ= 7.59×1011 dyne/cm2, µ = 1.89×1011 dyne/cm2,

K = 0.0149×1011 dyne/cm2, γ = 0.268×1011 dyne,

ρ = 2.19g/cm3, j = 0.196cm2,
ω2

ω2
0

= 10.

(4.1)

In medium M1,

k′ = 0.119×1011 dyne/cm2, ρ′ = 1.01g/cm3, η= 0.0014poise, (4.2)

with these values of constants, we have solved the system of equations given by (3.8a)

for different values of angle of incidence from 0 to 90 degrees.

Figures 4.1, 4.2, 4.3, and 4.4 show the variation and effect of viscosity on amplitude

ratios with angle of incidence. The modulus of amplitude ratios is represented by Zi
in the case when the liquid is viscous while Zi∗ represents the amplitude ratios in the

case when the liquid is inviscid.

Figure 4.1 shows the variation of amplitude ratios Zi and Zi∗ in the case when

longitudinal wave is made incident at the interface. The graphs of Z1
∗, Z2

∗, and Z3
∗

are depicted by magnifying 10, 10, and 100 times their original values, respectively.

The variation of the rest of the amplitude ratios in this case is shown in Figure 4.2.

In the case when coupled-wave is made incident at the interface, the variation of

amplitude ratios Zi and Zi∗ is shown in Figure 4.3.

The variations of modulus of amplitude ratios Z4, Z5, and Z∗4 have been depicted

in Figure 4.4.

5. Conclusions. In conclusion, a mathematical study of reflection and refraction

coefficients at an interface separating the viscous-liquid and micropolar solid half-

spaces is made when longitudinal wave is incident and when coupled-wave is incident

at the interface. It is observed that (i) the amplitude ratios of various reflected and

refracted waves depend on the angle of incidence of incident wave (ii) the effect of

viscosity of the liquid on reflection and transmission coefficients is significant and the

values of various amplitude ratios increase with the increase in the value of viscosity
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Figure 4.1. Variation of amplitude ratios with angle of incidence of longi-
tudinal wave.

0.00

0.08

0.16

0.24

0.32

0.40

0 18 36 54 72 90

|z4
∗|

|z4|

|z1|

Angle of incidence (in degree)

A
m

p
li

tu
d

e
ra

ti
o
s

Figure 4.2. Variation of amplitude ratios with angle of incidence of longi-
tudinal wave.

in the case when longitudinal wave is incident, while the value of amplitude ratio

corresponding to reflected longitudinal wave decreases in case when coupled-wave is
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Figure 4.3. Variation of amplitude ratios with angle of incidence of coupled-wave.
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Figure 4.4. Variation of amplitude ratios with angle of incidence of coupled-wave.

incident. In the latter case, the values of the remaining amplitude ratios increase with

the increase in the value of viscosity of the liquid.
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