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ABSTRACT. In a uniformly convex Banach space, the convergence of Ishikawa iterates to a
unique fixed point is proved for nonexpansive type mappings under certain conditions.
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1. Introduction. Let D be a nonempty, closed, and convex subset of a uniformly
convex Banach space B, and T : D — D with fixed point set F(T). Recently, Ghosh
and Debnath [1] introduced the generalized versions of the conditions of Senter and
Dotson [6] as: the mapping T with F(t) # @ is said to satisfy the following conditions.

CONDITION 1.1. If there exists a nondecreasing function f : [0,0) — [0, ) with
f(0)=0and f(r) >0 for all ¥ € (0,) such that

(1-TT,)x|| = f(d(x,F)) VxeD, (1.1)

where Tyx = (1-p)x+uTx withO <p < <1 and d(x,F) =inf,cf ||x - z|l.
CONDITION 1.2. If there exists a positive real number k such that
[|(1-TT,)x| = kd(x,F(T)) VxeD. (1.2)
When u = 0, both conditions reduce to those of Senter and Dotson [6]. It may be noted
that the mapping which satisfies Condition 1.2 also satisfies Condition 1.1.
In this paper, we wish to use Conditions 1.1 and 1.2 to prove the convergence of

Ishikawa iterates [3] of certain nonexpansive type mappings.

2. Ishikawa’s iterative process. Let D be a convex subset of a Banach space B and
T:D — D. For x; € D, Ishikawa [3] defined a sequence {x,} such that

Xnt1 = (1= o) xn+ 0 T[(1=Bn)xn+BnTxnl, (2.1)
where {&,}y-; and {Bn},-; are sequences of nonnegative numbers with 0 < &, <
Bn <1, limy e By =0, and E;le &P = 0.

Using notation for T, x of Section 1, (2.1) may be written as

Xnt1 = (1= otn)xn + 0 TTg, Xn. (2.2)
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In this paper, we assume that «, and ,, satisfy
i O<a<aon<b<l,
(i) 0<B,<B<1.
We denote the sequence (2.1) by M (x1, &y, Bn, T), where «,, and 3, satisfy (i) and
(ii). We also assume that «, = A and B, = u for all n in the Ishikawa iterates defined
above, that is,

Xni1 = T{,x1, Tag = (1= M) +AT[(1 - I +uT]. (2.3)

3. Nonexpansive type mappings and convergence theorems. Before we state and
prove our main results we need to recall several definitions.

DEFINITION 3.1. A mapping T : D — D is called nonexpansive if for all x,y € D,
ITx-Ty| <[lx -l 3.1)

DEFINITION 3.2. A mapping T : D — D is called generalized nonexpansive if it
satisfies the condition, for all X,Y € D,

ITx =Tyl < allx - ¥|[+billx = Tx||+ [y = Ty[[} +cfllx - Ty|[+[ly - Tx|l}, (3.2)
where a,c >0, b > 0, and a +2b + 2¢ < 1. This type of mapping was introduced by
Hardy and Rogers [2] in metric spaces.

DEFINITION 3.3. A mapping T : D — D is said to satisfy Condition 1.1 if for all

x,y €D,

[l = Tx||+lly = Txll] [llx=Tyll+]ly - Tx|]]
2 ’ 2 ’
(3.3)

||Tx—ry||<max{ﬁ||x—y||,

and T is said to satisfy Condition 1.2 if for all x,y € D,

[llx = Tx||+[ly - Tyl
2

e -Tyll ﬁny—rxn},
(3.4)

er—rynsmax{ﬁnx—yn,

where 0 <pu<f<1.

REMARK 3.4. It is to be noted that
(i) a nonexpansive mapping is generalized nonexpansive,
(ii) generalized nonexpansive mappings and mappings satisfying Condition 1.1
also satisfy Condition 1.2, but the converse is not true as can be seen from the
following example.

EXAMPLE 3.5. Let B = R with the usual norm and let D = D; |JD, where

Di=—, m=0,1,3,9,...; n=1,4,...,3k+1,

(3.5)

13 =3

Dy,=—, m=1,3,9,27,...; n=2,5,...,3k+ 2.
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Define T:D — D by

%Txy XEDI!
Tx = (3.6)
%, x € D5.

Then T satisfies Condition 1.2, but it does not satisfy Condition 1.1 and coincidentally
that T is not a generalized nonexpansive mapping; for instance, take x =1, y = 3/5.
Then

— max EB 1[1+i] 1[1+i]
h 577214 101’2110 20

[ = Tx||+|ly - T[] [IIX—Ty||+l|y—TXH]}.

- max { x| : , :

(3.7)
We now show that a mapping T satisfying Condition 1.2 is a quasi-nonexpansive

mapping. Suppose p is a fixed point of T. Then putting y = p in (3.4) and for Tx # p,
we obtain

0<|ITx-pl[=|Tx-Tp|

1
< maX{BHTX—PH, 5l =Tl [1x = ], BIIn—TXII}

(3.8)
1
smax{BllTx—vll, E[Hx—vll+Hn—TXH],|Ix—vII,B||v—TXII}-
Since || Tx —p|l < Bllp — Tx|| is not possible, we have
1
I = p| < max] 3 [llx = pll+ lp - T, e - 1| (3.9)
which implies that
ITx = pll <llx-pll. (3.10)
Therefore, T is quasi-nonexpansive. Next we show that
F(T) = F(Tay) = F(TT,). (3.11)

Obviously F(T) C F(Tx ).

Letp e F(Tay). Then Ty up =p implies that T) yp = (1 -A)Ip+AT[(1-p)Ip+uTpl =
(1-AM)p+ATTyp and so TT,p = p.

It follows from (3.4) that

T =pll = ITp - TTup|l
1
< max{Bllp~Tup |l 5[l ~Toll+ | Tup~pI1.0.BITap=Trll} (312

- max | Bullp~Tpl, 5 1+l ~Tpll0.B1 - lp T},
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whence we obtain Tp = p, since max{Bu,(1/2)(1+u),B(1 —u)} < 1. Thus, F(Tryu) C
F(T) leading to the result (3.11).
Now, we show that the mapping T satisfies Condition 1.2. We have from (3.4)

ITTux —pll =[|TTux - Tp||

1
smax{ﬁnnx—P||,5<mx—mxn,nnx—mme—mxn}

ma [T, = pll, 5 [ Tyx = TTyx X1}
< max{ |7, = pl|, 1Ty = TT,x1| Bllp ~ Tyl |
= max{ | T,x - pl, 511Tux ~ TTx |
1
< max] [(1 = 0)llx = pll + w7 = Pl 11 = Tyxl |+ e =TT |
1
< max{ [ (1= o)llx = pl + b - plIl 5 [l = Txl|+ e - TTx] 1]
< max{ e = pll  [(|x = p + [l = Tx]) + lx =TTl 1)}
< max {[|x— pl|, 5 (20l = pl|+ ¥~ TTux] 1}
(3.13)
Also,we know that
7Ty = pl| = [l = pl| = lx = TTyx] | 314)
From (3.13) and (3.14), we deduce that
1
ax{lx-pll 3 [2ullx —pll+ Ik -TTxl1] = e —pll- Ik -TTux| G15)
which implies || x - TT,x| = (2(1 —u)/3)llx —pll. Then we may write
[|x — TT,x|| = k||x - p||, (3.16)
where 21
0<k:%<1. (3.17)

Thus T satisfies Condition 1.2 with 0 < k < 1. Consequently, by Maiti and Ghosh [4,
Theorem 1, page 114], we have the following.

THEOREM 3.6. Let D be a closed convex Banach space B, and let T : D — D be a
mapping which satisfies (3.4) and has a fixed point in D. Then T satisfies Condition 1.2
and, for any x; € D, M(x1, &y, Bn, T) converges to the fixed point of D.

We next consider a mapping T which satisfies Condition 1.1, and a variant of
Theorem 3.6 is stated below.
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THEOREM 3.7. Let D be a closed convex bounded subset of a uniformly convex
Banach space B, and let T : D — D be a mapping satisfying (3.3). Then T satisfies
Condition 1.1, and for any x, € D, M(x1, &, Bn, T) converges to the unique fixed point
of T.

PROOF. The mapping T satisfying (3.3) also satisfies Naimpally and Singh [5, Con-
dition II(D)], and so T has a unique fixed point. We now show that T is quasinon-
expansive. Let p € F(T). Then, for any x € D, we have from (3.3),

T =pl| = T = Tpl| < max{ Bllx - pll 3l1x —Txll 3 [llx = pll + - 7x1]
(3.18)
< max | Bllx—pll, 5 [llx - pll +Ilp - 7] |

implying
ITx - pl| < [lx-pll. (3.19)

Next, we show that T satisfies Condition 1.1.
Let p € F(T). Then we have from (3.1),

ITTux = pll = ITTux =T
1 1
< maxc | Bl|Tyx p . 3 1 Tuox = TTxl] 511 Tux =L+ lp - TT,xl 1)}
1
< max | Bl T,x — pl, 5 [[Tux — pll +lIp - 77111}

< max {B]|T,x - pll, | Tx - pll}

= [|Tux =pll = [lx - pl|.

(3.20)
From (3.14) and (3.20), we derive
llx = pll = [lx = pll-[lx - TT,x|| (3.21)
which implies that
|lx = TTux|| = 0 = £(0). (3.22)

Thus T satisfies all conditions which ensure the convergence of M (x1, &y, By, T). O
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