IJMMS 26:6 (2001) 371-383
PIL. S0161171201005476
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

OPTIMIZATION PROBLEMS FOR SET FUNCTIONS
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ABSTRACT. This paper gives the formal definition of a class of optimization problems,
that is, problems of finding conditional extrema of given set-measurable functions. It also
formulates the generalization of Lyapunov convexity theorem which is used in the proof
of first-order optimality conditions for the mentioned class of optimization problems.
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1. Introduction. This paper concentrates on the analysis of certain class of opti-
mization problems, namely the problems of finding conditional extrema of set func-
tions. This type of problems has been shown to arise in interval and pointwise estima-
tion of probability distribution, testing hypothesis (in particular during the construc-
tion of the strongest tests)—proof of Neyman-Pearson lemma (cf. [3, 4, 10]). These
problems also appear in analysis of some transportation problems, especially com-
putations of traffic assignment in transportation networks including finding optimal
systems of regular lines (see [7]). In future, one can expect the widening possibilities
of applications of this class of optimization problems.

The considerations are divided into four parts. The first part consists of general re-
marks on set functions and optimization problems for these functions. Sections 3 and
4 have an auxiliary character. They include some special properties of bounded mea-
sures (the generalization of Lapunov convexity theorem (Lemma 3.1 and Theorem 3.2)
and the definition of differentiability of set functions). The most important results are
presented in Section 5. There are theorems and some corollaries which formulate the
properties of solutions of optimization problems for set functions. These necessary
conditions for optimality seem to be the generalization of the results formulated in
[5,6,9,11, 12]. The mentioned theorems are similar to the well-known Kuhner-Tucker
first-order optimality conditions. The main difficulty to obtain these results is caused
by the structure of the union of feasible solutions—this family does not usually have
the useful structures: compactness, convexity, the structure of a Banach space.

2. Optimization problems for set functions. Let (X,M,u) be a measurable space
with bounded measure p: M — R.

DEFINITION 2.1. Every map (for a given k € NM¥ denotes the cartesian product
Mx---xM)F: M- Ris called a function of measurable set or simply a set function.
‘—r—-"
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EXAMPLE 2.2. We consider the p-integrable functions f;: X — R (i = 1,...,k). An
important family consists of set functions

k
F:M*¥ —R, F(S)= ZJ fidy. (2.1)
i=17Si
The obvious generalization is the following:
F:M* — R, F(S)=u(I fldu,...,J fkdu), (2.2)
M Sk

where u : R¥ — R is given.

We formulate the general form of optimization problem for a set function. This
problem relies on finding extrema (without loss of generality—minima) of a given set
function Fo : M¥ — R:

Fo(S) — min, (2.3)

under some constraints (conditions). They will have two main forms:
« constraints defined by other set functions F; : M¥ — R, where i =1,...,s

Fi($)<0 (i=1,...,s); (2.4)

e constraints imposed directly on the sets, or equivalently on characteristic func-
tions of these sets

Xs(x) € v(x) for p-almost all (a.a.) x € X, (2.5)

where v : X — 210.11* j5 a given function taking values in the family of all subsets
of {0,1}%, x5 denotes the vector of characteristic functions of the element S €
MK if § = (S1,...,Sk), then xs = (Xs,,---,Xs,) and

(x) 1 ifXESj, 2.6)
(X)) = .
XS; 0 ifxeX-5;

The notions: feasible solution and optimal one can be defined in a standard way. The
feasible solution is an element S € M¥ satisfying conditions (2.4) and (2.5); an optimal
solution is feasible which minimizes the value of (2.3) among other feasible solutions.

To investigate the properties of optimal solutions of (2.3), (2.4), and (2.5) we need
some special properties of measures and set functions.

3. Some properties of bounded measure. This part provides the proof of some
properties of bounded measures. It follows that a wide class of optimization prob-
lems with set functions is equivalent to the problems of convex mathematical pro-
gramming in Euclidean space and can be examined using appropriate methods of
convex analysis.

Let (X,M,u) be a space with bounded measure. For S = (S,...,S5) € M and U =
(U1,...,Upn) € M™, the symbols xs,xu denote the vector [Xsl,...,XSk]T and [xv,,.--,
Xunm 1T, respectively. The aim is to prove the following lemma.
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LEMMA 3.1. Suppose that

(1) up is bounded and nonatomic;

(2) C is a (totally) unimodular matrix;
(3) for all x € X the system of equations

Cy = xu(x) (3.1)

is consistent.
The set

W ={(Hs,---, Hs5,) 1S € M¥, Cxs = xul (3.2)

is compact and convex. If u is bounded (but not necessarily nonatomic), then the set W
is compact (but it may not be connected).

PROOF. Suppose first that u is nonatomic. This part of the proof is similar to the
proof of Lapunov convexity theorem and uses the ideas of Lindenstrauss (see [8]).
Without loss of generality, we assume that u is scalar and nonnegative. Let

k
L=T]L>X,M,p),
i=1

K={g=(91,...,9x) €¥:0<g;<1, Cg=xu}, (3.3)

J:2—RK  J(@) = (J gldu,---,J gkdu>-
X X

The set ¥ with the standard norm || g|| = 2’1-‘:1 lgillo, Where || - || is the norm in
L®(X,M,u) such that ||hlle =infa.ua)-0Subxex_4 R (x)] is a Banach space.

The set K is an intersection of cartesian product of k sets {h € L*(X,M,u):0<h <
1} and the set of functions satisfying the equation Cy = xy. From Alaoglu theorem
(cf. [1, 2]) and Tichonov theorem, we obtain that

k
[[{gel>X,M,u):0=<g =<1} (3.4)
i=1
is compact in x-weak topology of £. Because the set of solutions of (3.1) is closed, the
set K is compact.

Let J; for i = 1,...,k denotes the ith components of the map J. The functions J;
are linear and continuous in the topology of L* (X, M, u) defined by the norm | - || .
Dunford-Schwartz theorem implies that J; are continuous in the *x-weak topology of
L*(X,M,u). Therefore the map J is continuous in the weak *-topology of &. The set
J(K) C RF is the image of a compact and convex set in the linear map, therefore it is
also compact and convex.

We show that K is nonempty. We denote by R, for any given x € X, the set of non-
negative solutions of the system (3.1). Under the assumptions, for p-a.a. x € X we have
Ry + @. Because {(x,z):x € X, z€ Ry} € M® B(R¥), then there exists a measurable
selector vg of the family {®, : x € X} (i.e., the map v : X — R¥, such that for p-a.a.
x € X, vo(x) € Ry holds). Definition of K implies that vy € K, thus K is nonempty. Of
course W is nonempty too. We prove that J(K) = W. Because U,cpr Jl{a})nK =K
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and W c J(K), then it suffices to show that either the set J~!({a}) nK is empty or it
includes the map xs for any S € MX,

Fixa € J(K).The set J~' ({a}) nK is nonempty, compact, and convex. Krein-Millman
theorem follows that this set has at least one extreme point. Let f = (f1,...,fm) be
such a point. We will show that each component of f takes only values 0,1 (u-a.e. on X).

Let X¢ denote the set {y : Cy = 0}. If dimX¢ = 0, then for every x € X, R, con-
tains one element. This unique element is obviously the extreme point of Ry. As the
matrix C is unimodular we have that every component of »(x) € R, is either 0 or
1. The selector vy of the family {R, : x € X} (the map vo(x) = r(x) for x € X)
can be written as vy = xs for any S € MX. This means that Lemma 3.1 holds in
this case.

Suppose that for any i € {1,...,k}, f; is not a characteristic function of any mea-
surable set. In this case, dim X > 0 and there exist € > 0 and the set Ey € M such that
U(Ey) >0 and € < fi(x) < 1—¢€ for every x € Ey. The unimodularity of C implies that
every component of the extreme point of %R, is equal to 0 or 1. Therefore, for every
x € Ey, the vector f(x) is not an extreme point of R,.. Hence there exist a set E, C Ey,
a vector ¢ € X¢, ¢ # 0, and a number 6 > 0, such that

U(E(,)) >0, Vx eE(,)a (A €[0,0] = fi(x)+Ace +9Rx_gtx,ex)s (3.5)

where R ., denotes the set of extreme points of R.

Because p is nonatomic, there exists a measurable set E; C E; such that 0 < pu(E;) <
U (Ej). Choose the measurable sets G; C E; and G» C E, — E; with positive measures
and the numbers 51,5, € R(s1 +52 > 0), such that

max (|s1],]s2]) <§6;

s1(u(Er) =2u(Gy)) +s2(u(Ey — E1) —2u(Gz2)) = 0.

(3.6)

Consider the function

h = s1(Xg, —2X6,) +52 (XE(’)—EI —2X6,)- (3.7

Itis easy to check that [y hdu = 0 and for sufficiently small s1, s> functions f* = f +hc,
f~ = f—hc belong to J~}({a}) nK. Because f = 1/2(f* + f~), then f is not an ex-
treme point of J~1({a}) nK. This contradicts the definition of f. For i = 1,...,k and
p-a.a. x € X, we have fi(x) € {0,1}, which implies the existence of an element S € M
such that xs = f. This finishes the proof of the first part of Lemma 3.1.

Suppose that the measure u is only bounded (not necessarily nonatomic). It is easy
to see that the following decomposition holds:

H = HUna + Ha, (3.8)

where the measures Ly, 4, U, are singular and the first of them is nonatomic. Of course
Ha is concentrated on the family of atoms of u. Let A, denote the family of u’s



OPTIMIZATION PROBLEMS FOR SET FUNCTIONS 375

atoms and a, the sum of sets of this family. For § = (S51,...,5) € Mk, we denote
S—ay=(S1—ay,....S5«—ay) and Snay = (S1nay,...,Sknay). For every A € M we
have an obvious decomposition A = (A—ay) U (Anay), SO Xu = Xvu-a, + Xuna, and
Xs = Xs-a, + Xsna,- This means that

W = WyaWa, (3.9

where

Wha = {(Una(sl)a---sUna(Sk)) S eMka Cxs = XUfau}a

(3.10)
Wa = {(Ha(S1),.., Ha(Sk)) : S € M¥, CXs = Xuray}-

From the first part of Lemma 3.1, it follows that W,,, is compact. It remains to prove
that W, also has this property. Note that W, can be rewritten as follows:

Wﬂ_{ Z (u(Slmb),...,u(Skmb)) :SEMk7 CXS _Xl/r\uu]’

beAy
(3.11)
—{ > (D)X, -, u(D)XpK) t (Xp1,-- -, Xpk) € {0,135 Ry, b€ Ay ¢,
beAy
where R, for b € A, satisfies the condition
u({x € b: Ry =Rp}) = u(b). (3.12)
The set W, is equal ¢(U), where (]| denotes the cartesian product of set)
U= T[] (10,13*nay),
beAy
KAy ' (3.13)
¢:[0,1]% — RF, ¢((Xbi)heA”,i:1 ..... W= (HD)xp1,...,u(D)Xpk).

beAy

Continuity of ¢ and the compactness of U imply that W, is compact. This completes
the proof. O

Note thatin Lemma 3.1, the system Cxs = Xy was rewritten as the condition xs(x) €
R(x) for p-a.a. x € X. Unimodularity of matrix C and other assumptions guarantee
that the sets % (x) were nonempty subsets of {0,1}*. Taking the measurable map
v X — 2008% _ 15} (the symbol 2{%1* denotes the family of all subsets of {0,1}X),
measurability of v means that v—1(B) € M for every B c {0,1}¥, and replacing (3.1)
by (the map xs satisfying such condition will be called the selection of v)

Xs(x) ev(x) forpu-a.a. xe€X, (3.14)

it is easy to prove the following theorem.
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THEOREM 3.2. Let u be the bounded, nonatomic measure and let v : X — 2101 pe
the measurable map, such that for p-a.a. x € Xv (x) = &. Then the set

W= 1{(u(S1),...,u(Sx)) :S = (S1,...,5¢) € MX, xs is selection of v} (3.15)
is compact and convex.

PROOF. The collection {v~1({B}):B c {0,1}¥} is the partition of X. It follows that
W = 3 pcio11k W, where

W= {(S1)e sk (S1)) S = (S1,eS0) € ME,

(3.16)
S;icv Y(B), Xsly-1() is a selection of v |-U—l(B)},

see Lemma 3.1. The set W is nonempty and compact since any Wp has these properties
(see Lemma 3.1). This completes the proof. O

4. Differentiability of set functions. The definition presented below seems to be
a generalization (on the case of bounded measure with any family of atoms) of the
notion of differentiability introduced in [5, 9].

Before defining a derivative of set functions, we note a few facts. Note that any
set function can be equivalently defined on the family of characteristic functions of
measurable subsets of X. We denote M = {xs : S € M}. Any element S € M* cor-
responds to k characteristic functions xs € L*(X,M,u,R¥) (or xs € L®(X,M, u,R¥),
where L*(X,M,u,R¥) denotes the space of essentially bounded functions), this im-
plies equivalence between set functions and maps defined on M¥, set function F cor-
responds to F: Mk — R, F(xa) = F(A). Additionally, if we can identify the sets whose
symmetric difference has measure zero, then M¥ can be viewed as a metric space—the
distance can be defined as follows: if A = (A1,...,Ax) € M¥, B = (By,...,Bx) € M¥, then

k
p:MFxM* —R,  p(AB)=> u(A;AB), 4.1)
i=1
where A denotes the symmetric difference of sets.

Of course, the derivative of the function can be easily defined, if its domain has
the structure of a linear and metric space. Unfortunately, M¥ (or equivalently M¥)
has no “natural” linear structure. Additionally M* is not a convex nor a closed sub-
set of the space of integrable or essentially bounded functions. These facts do not
make impossible defining differentiability, but they require making the appropriate
modifications.

DEFINITION 4.1. We say that a set function F is differentiable at S° € M* if for
any S € M* there exist an integrable function Ssosna, 1 X —ay — Rk and the map
¢s0 : M¥ — R, such that the following decomposition holds:

F(S)-F(s°) = JXfSO,Smau (Xs —xso0) dp+ pso(Snay) +Rgo(S), )

Rgo(S) =0(p(S—au,S°—ay)).

The pair ((f50,5na,)sem, Pso) is called the derivative of F at SO,
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EXAMPLE 4.2. The set functions (2.1) are differentiable. Moreover,

fSO,Srmy = flx-au Ps0(S) = JXf(XSr\au _XSOrm“) dp. (4.3)

The notion of differentiability has some “good” properties. For example, the unique-
ness property: any set function F : M¥ — R has, at given S° € M¥, no more than one
derivative. The proof can be found in [7].

Indthe special case when i is nonatomic, we have a,, = @ and for every S € M¥Sna,
=@ (2,...,@) € M* which means that fo g4, = fs0,2 and ¢go = 0 for § € M¥,

5. Properties of solutions of optimization problems with set functions. In this
section, we formulate the necessary conditions for optimality in the problems (2.3),
(2.4), and (2.5) with differentiable set functions F; (i = 0,1,...,s). The derivatives of
these functions are denoted by (fs,i,0), respectively, the components of fs; are de-
noted by fsij, where j =1,...,k.

We begin by considering the case with nonatomic measure.

THEOREM 5.1. Let S* € M¥ be an optimal solution of (2.3), (2.4), and (2.5).
(1) Suppose that
(a) u is bounded and nonatomic;
(b) F; (i=0,1,...,s) are differentiable at S* in the sense of Definition 4.1;
(c) themapv:X — 2ok {D} is measurable; then there exist the nonnegative
numbers A§,Af,...,A¥, not simultaneously equal to zero, such that for every
S € Mk satisfying xs(x) € v(x) for x € X, the following inequality holds:

S
Z/\fJ Soxi(Xs—Xs+)du = 0. (5.1)
i=0 X
Moreover, fori=1,...,s,
AFFi(S*) = 0. (5.2)
(2) If there exists S € M, such that X¢ 1s measurable selection of v satisfying, for
i=1,...,s, the inequality
Fi(8) + Lfs*,i(xs: —Xs*)du <0, (5.3)
then in (5.1) we may put A§ = 1.

PROOF. The presented conditions are similar to the Lusternik theorem describing
necessary conditions for conditional extrema of functionals in Banach spaces. The
proof is divided into a sequence of steps.

STEP 1. We show that

V= {(xo,...,vg) e R : 35 e M¥, xs selection of v,
(5.4)
Vi=1,...,8, X; = JXfS*,i(XS_XS*)dU"‘ (1 —51'0)1:1'(5*)},

where § denotes Kronecker delta, is convex. Fix p!,p? € V, a € [0,1]. There exist
S1,§2 € M* such that, form =1,2,i=0,1,...,s,

leZLfs*,i(Xsm—Xs*)du+(1—5i,0)Fi(S*) (5.5)
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and xsm (x) € v(x) for p-a.a. x € X. Lemma 3.1 applied to the measure

M3A— v(A) = (J fg*,iXAdu) € R*H (5.6)
X

i=0,1,...,s

shows that the set
{(L(fg*,oxsdu,...,L(fg*,sxgdu) eR*:S e MK, xs(x) ev(x) for x € X} (5.7)

is convex. For any a € [0, 1] there exists an element S € M* such that

(J fS“,OXS“lei-'-vJ fS“,SXS“du>:a(J f51,0X51 d[,l,...,I fsl‘sxsld[,l>
X X X X (5.8)

+(1-a) (JXfSZ,OXSZ ag,..., JXfSZ,SXSZ du)

and for p-a.a. x € X, xsa(x) € v(x).
This implies that

ap'+(1-a)p?= (fosa,o(Xsa —Xs*)duy---,Jsta,s (Xsa —Xs*)du) +(1—-0640)Fi(S*),

(5.9)
which means that ap! + (1 —a)p? € V. This finishes the proof of convexity.

STEP 2. We show that V is disjoint with ] — oo, 0[**1. If for p-a.a. x € X the set v (x)
has only one element, then for § € M* satisfying the condition xs(x) € v (x) we have
S = S§*. The set V is disjoint with ] — c0,0[**! and the inequality (5.1) obviously holds.

Assume that there exists S = $* such that x50 (x) € v(x) for y-a.a. x € X. Suppose
that VNn]—c0,0[*!1+ &. Hence there exists S° € M¥, such that for alli = 0,1,...,s the
following inequality holds:

L{fS*,i(XSO_XS*)d/J"‘(1_61'0)1:1'(5*) <0. (5.10)

Lapunov convexity theorem applied to the measure

M3A— (JA |Xs0—Xs%] d”’JAfS*’O(XSO_XS*)d”v--vJAfS*,s(XsO—XS*)du) € R**2,
(5.11)
where [xs0 = xs+| = _; [Xg0 — Xs |, implies that for any & € [0,1] there exists a
J J
U-measurable set
Q¥ C{x e X:xs+(x) = xs0(x)} (5.12)

such that
O‘JX | xs0—Xxs* | dp = LM | Xs0 — Xs* | du, (5.13)

and for every i = 0,...,s,

aJ Ss=i(Xso—Xxs*)du :J Ssxi(Xs0 —Xxs+) dp. (5.14)
X Q&
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Consider for fixed « € [0,1], the map
u*: X — RF, u(x) = xsx () + (X50 (%) = Xs* (X)) Xae (X), (5.15)

and we denote by S® the element M* which corresponds to u%, that is, xs« = u®. It
is easy to check that xs«(x) € v(x) for p-a.a. x € X. For sufficiently small & > 0 the
element S* is closed to S$* with respect to the metric p (see (4.1)):

p(S%,8*) = Jx [ X5 —Xs* | dp = JQD( | Xso—Xs* | dp = O‘JX | xso—Xxs* | du, (5.16)

therefore p(§%,5*) - 0if ox — O+.
Differentiability of F; implies that

Fi(5%) = Fil8™) = [ fsvi(se—xse) du+ Ris (5, 517)

and hence
Fi(S%) - F;(S*) = aJng*,i(Xso —Xs*)du+R;sx (5%), (5.18)

where R; s+ (S%) = 0(p(§%,5*)) = o(x) if &« — 0. Equation (5.10) gives that the first
component in (5.18) is negative, therefore for sufficiently small « > 0 its absolute
value is greater than the second one. This implies that Fy(S%) < Fo(S*) and F;(S%) <
Fi(S*) <0fori=1,...,s. Element S* is the feasible solution of (2.3), (2.4), and (2.5);
the value of the objective function for S* is less than for $*. This contradicts the
definition of S*.

STEP 3. This step finishes the proof of inequality (5.1), the separation theorem
implies that there exist nonnegative numbers Ag,...,A¥ not all zero such that, for all
(to,t1,...,ts) €V,

s
D AFti = 0. (5.19)
i=0

For S € M satisfying xs(x) € v(x) for y-a.a. x € X, we have
s
Z )\;k (L{fs*’i(xs — Xs* ) d/J + (1 - (S(),i)Fi(S*)) > 0. (5.20)
i=0

Letting S = S* we obtain fleAj‘Fi(S*) > 0. Because A} = 0 and F;(§*) < 0 for i =
1,...,s, then A} F;(S*) = 0. This finishes the first part of the proof.

Now suppose that there exists an element S € M*, which satisfies the inequalities
(5.3) with Ag = 0. The inequality (5.20) gives

ZM“(Lfs*,i(XsxS*)du+Fi(S*)> > 0. (5.21)
i=1

Each component of this sum is nonpositive, then A} =0 for i = 1,...,s. We obtain the
contradiction with the fact that A§,A¥,...,A¥ are not all zero. Hence A§ > 0. Dividing
both sides of (5.1) by A§, we obtain a new sequence of numbers where A = 1. The
proof is complete. O
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COROLLARY 5.2. Suppose that S* = (Sf,...,S) € M¥ is an optimal solution of (2.3),
(2.4), and (2.5) and this problem does not have the conditions (2.5). If the assumptions
of Theorem 5.1 are satisfied, then there exist nonnegative numbers A§,AT,...,A¥, not
simultaneously equal to zero, such that for j =1,...,k,

S N <0 ifxeSs,
DA S i) ) . (5.22)
i=0 >0 leEX—Sj.
PROOF. According to Theorem 5.1, for every S € M* we have
S
STA Lfg*,,.(xS—xg*)du > 0. (5.23)
i=0

Fix j € {1,...,k}. Inequality (5.23) must hold for every measurable u = (uy,...,ux)
such that X — {0,1}*, where u; = Xs; for i # j. This gives (the symbol fs« ;; denotes
the jth component of fgx ;)

S
EOA;* fog*,ij(uj ~Xsy)du=0, (5.24)

which is equivalent to (5.22). This completes the proof. O

COROLLARY 5.3. Let S* be the optimal solution of (2.3), (2.4), and (2.5) in which the
condition (2.5) can be written as xXs(x) € V for u-a.a. x € X, where V is a given subset
of {0,1}k. Theorem 5.1 shows that there exist nonnegative numbers AfF (i=0,1,...,s),
which do not vanish simultaneously, such that, for v € V and x € xgl (0),

S
VeV D Affsi(v-v)=0. (5.25)
i=0
EXAMPLE 5.4. Let (X, M, u) be a probabilistic space with nonatomic, bounded mea-
sure u, F; (i=0,1,...,s), the differentiable set functions on M3. Consider the problem
Fo(S1,52,83) — min, (5.26)
subject to
(S1,Sz,53) GMS, Fi(Sl,Sz,Sg) <0 (i = 1,...,S), Sl USZ C S3. (5.27)

Note that the last constraint can be written, using the characteristic functions of
S1,82,83, in the following form:

Xsjus, = mMax (XS] yXSz) = XS3- (528)
This inequality has five solutions:
v1=(0,0,0), v2=(0,0,1), v3=(1,0,1), v4=(0,1,1), vs=(1,1,1), (5.29)

thus we have
(X5, (X), X5, (x),Xs3(x)) €V for x € X, (5.30)

where V = {vy,V2,V3,V4,Vs5}.
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Suppose that F; are differentiable. We denote the derivative of F; at S = (S51,52,S53)
by fs,i, and its components by fsi1, fs,i2, fs.i3, respectively. Assume that the prob-
lem (5.26) and (5.27) has the optimal solution $* = (57,55, S55). Corollary 5.3 implies
that there exist nonnegative numbers A} (i = 0,...,s) (which do not vanish simulta-
neously), such that for any v € V,

J Fsx(V—Xs+)du =0, (5.31)
X

where Fgx = >3, Af fo+ ;. The function Fg+, like fox ;, has three components which
correspond to S1,S52,53. We denote them by %51* , %52* , %S;, respectively.
Consider the inequality (5.31). Putting the functions

«(x) forxeSfuSrusSsk,
v(k)(x):{XS() 1592 o3 (5.32)

Vi for x ¢ SfUSF UST,

where k = 1,...,5, we obtain the system of inequalities which holds u for a.a. X — S u
SF¥USY (i.e., for x such that xs+ (x) = v1),

Fsp (X) +Fgr (x) 20, Fsp (X) +Fgz (x) 20, (5.33)
Fsr (x) +Fgz (x) +Fgz (x) = 0.

For x € S§§ — (S USy) (f x5+ (x) = v2),

For(x) <0,  Fgr(x)20,  Fgz(x)20. (5.34)
If x € Sf — S5 (xs* (x) = v3), then

Fsr(x) =0,  Fgp(x) =0, Fsy(x) =0. (5.35)
If x € SF — S (xs+ (x) = v4), then

For(x)20,  Fgr(x)<0,  Fgr(x) <0 (5.36)
In the case when x € §{' NS5 NS3 (Xs+ (x) = vs), then

For(x) <0,  Fgr(x)<0,  Fgr(x) =<0 (5.37)

Inequalities (5.33), (5.34), (5.35), (5.36), and (5.37) allow us to determine the optimal
solution (—-s)S* = (§,55,57) (if exist) of the problem (5.26) and (5.27).

The considerations presented so far concerned the special case when the measure
U was nonatomic. It is easy to prove some generalizations of Theorem 5.1. We have
the following corollary.

COROLLARY 5.5. Let S* be an optimal solution of (2.3), (2.4), and (2.5), with differ-
entiable set functions F; (i = 0,...,s). There exist the nonnegative numbers A} (i =
0,...,8), which do not vanish simultaneously, such that any feasible solution S satisfies
the following inequality:

s
D Af JX S5+ 5% nay,i(Xs —Xs) dp =0, (5.38)
i0

—ay

where ((fsxs,i)semk, Ps+.i) is the derivative of F;.
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PROOF. The element S* is the optimal solution of (2.3), (2.4), and (2.5) if and only
if S*—a, = (Sf —ay,...,Sy —ay,) is the optimal solution of the problem (with decision
variables A = (Ay,...,Ax))

Fo(AuS*nay,) — min, (5.39)

subject to
AjeM, AjcX-ay forj=1,...,k

Fi(AuS*na,) <0 fori=1,...,s; (5.40)
Xa(x)ev(x) forp-aa xeX-ay.

Measure p restricted to the family of measurable subsets of X — a, is obviously
nonatomic. Applying Theorem 5.1 to the problem (5.39) and (5.40) finishes the proof.
O

Corollary 5.7 concentrates on ordinary (unconditional) extrema of set function. This
kind of extreme can be viewed as the optimal solutions of (2.3), (2.4), and (2.5), in which
the constraints (2.4) do not appear explicitly.

DEFINITION 5.6. We say that the set function F : M¥ — R has in $* € M* minimum
(local minimum), if $* is the optimal solution of the problem

F(S) — min, (5.41)

subject to
S € M*(there exists € > 0, such that p(S*,S) <e€). (5.42)

The necessary condition for optimality gives the following corollary.

COROLLARY 5.7. IfF has minimum (respectively, local minimum) in S* = (S{,...,S)
and ((fsx snay)semk, Ps*) is the derivative of F in S*, then for any S € MFK (respectively,
there exists € > 0, such that p(S,5*) <€)and j =1,...,k,

X €S} —ay = for snay,;(x) <0;
% (5.43)
X éSJ —ay :fS*,S*mau,J’(X) =0,

Ps+(Snay) =0. (5.44)

PROOF. Without loss of generality, it is sufficient to consider the case of local min-
imum. Minimum of F corresponds to the situation with € > p(X). Formulas (5.43)
follows directly from Theorem 5.1. To finish the proof, we should show the inequality
(5.44). Differentiability of F and optimality of $* imply that if p(§*,S) <€, then

0<F(S)-F(S*) = JX Ss* sxnay (Xs = Xs+) du
—ay (5.45)

+ s+ (Snay)+o(p(S—ay,S*—ay)).

Putting in inequality (5.45) the element S € M* satisfying the conditions p(S,S*) <€
and S —a, = S* —ay, we obtain (5.44). The proof is complete. O
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