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ABSTRACT. We consider the fuzzification of the notion of an n-fold positive implicative
ideal. We give characterizations of an n-fold fuzzy positive implicative ideal. We establish
the extension property for n-fold fuzzy positive implicative ideals, and state a characteri-
zation of PI"-Noetherian BCK-algebras. Finally we study the normalization of n-fold fuzzy
positive implicative ideals.
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1. Introduction. For the general development of BCK-algebras, the ideal theory
plays an important role. In 1999, Huang and Chen [1] introduced the notion of n-fold
positive implicative ideals in BCK-algebras. In this paper, we consider the fuzzifica-
tion of n-fold positive implicative ideals in BCK-algebras. We first define the notion of
n-fold fuzzy positive implicative ideals of BCK-algebras, and then discuss the related
properties. We give the relation between a fuzzy ideal and an n-fold fuzzy positive
implicative ideal. We state a condition for a fuzzy ideal to be an n-fold fuzzy positive
implicative ideal. Using level sets, we give a characterization of an n-fold fuzzy posi-
tive implicative ideal. We establish the extension property for an n-fold fuzzy positive
implicative ideal. Using a family of n-fold fuzzy positive implicative ideals, we make
a new n-fold fuzzy positive implicative ideal. We define the notion of PI"-Noetherian
BCK-algebras, and give its characterization. Furthermore, we study the normalization
of an n-fold fuzzy positive implicative ideal.

2. Preliminaries. By a BCK-algebra we mean an algebra (X;*,0) of type (2, 0) sat-
isfying the axioms
M ((x*xy)*k(x*k2z))*(zxy) =0,
D) (x*x(x*xy))*xy =0,
() x*xx =0,
(IV) 0k x =0,
(V) x*ky=0and y*xx =0imply x =y,
for all x,y,z € X. We can define a partial ordering < on X by x < y if and only
if x %y = 0. A BCK-algebra X is said to be n-fold positive implicative (see Huang and
Chen [1])if there exists a natural number # such that x % y"*! = x x y" forall x,y € X.
In any BCK-algebra X, the following hold:
(P1) xx0=x,
(P2) xxy <x,
(P3) (x*xy)*xz=(x*xz)*xYy,
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(P4) (x*xz)x(y*xz)<x*xYy,

(P5) x <y impliesx*z<y*xzand zxy < z*X.

Throughout this paper X will always mean a BCK-algebra unless otherwise specified.
A nonempty subset I of X is called an ideal of X if it satisfies

(1) oe1,

(I2) xxyeland y €l imply x €1.
A nonempty subset I of X is said to be a positive implicative ideal if it satisfies

(I1) 01,

(I3) (xky)kxzeland yxzelimply xxzel.

THEOREM 2.1 (see [3, Theorem 3]). A nonempty subsetI of X is a positive implicative
ideal of X if and only if it satisfies
(I1) 0€el,
(4) ((xky)xy)xzelandzelimply xxy el.

We now review some fuzzy logic concepts. A fuzzy set in a set X is a function
u:X —[0,1].Forafuzzysetpin X and t € [0,1] define U (u;t) to be the set U(u;t) :=
{xeX|ulx) =t}

A fuzzy set py in X is said to be a fuzzy ideal of X if

(F1) pu(0) = u(x) for all x € X,

(F2) p(x) =zmin{u(x*y),u(y)} forall x,y € X.

Note that every fuzzy ideal u of X is order reversing, that is, if x < y then u(x) >
H(y).

A fuzzy set p in X is called a fuzzy positive implicative ideal of X if it satisfies

(F1) u(0) = u(x) for all x € X,

(F3) p(xs*kz)zmin{u((x*xy)*xz),u(y*z)} forall x,y,z e X.

THEOREM 2.2 (see [2, Proposition 1]). For any fuzzy ideal u of X, we have

plx*xy) = p((x*xy)*xy) = pu((x*xz)x (y*2z)) 2 pu((x*y)*z) Vx,»y,zeX.
(2.1)

3. n-fold fuzzy positive implicative ideals. For any elements x and y of a BCK-
algebra, x * y™ denotes

(- ((x*xy)xy) k-2 )%y (3.1

in which y occurs n times. Using Theorem 2.1, Huang and Chen [1] introduced the
concept of an n-fold positive implicative ideal as follows.

DEFINITION 3.1. A subset A of X is called an n-fold positive implicative ideal of X if
(I1) 0e€A,
(I5) x*y™ € A whenever (x x y"*1)xz € A and z € A for every x,y,z € X.

We try to fuzzify the concept of n-fold positive implicative ideal.

DEFINITION 3.2. Let n be a positive integer. A fuzzy set u in X is called an n-fold
fuzzy positive implicative ideal of X if
(F1) p(0) = u(x) for all x € X,



ON n-FOLD FUZZY POSITIVE IMPLICATIVE IDEALS OF BCK-ALGEBRAS 527

(F4) p(x*xy™) =2min{u((x*xy"*1)xz),u(z)} forall x,y,z € X.
Notice that the 1-fold fuzzy positive implicative ideal is a fuzzy positive implicative
ideal.

EXAMPLE 3.3. Let X = {0,a,b} be a BCK-algebra with the following Cayley table:

ST Q OO
SO O
(=il AN

‘w& o‘*‘

Define a fuzzy set yu: X — [0,1] by u(0) = tg, u(a) = t1, and u(b) = t, where
to > t; >t in [0,1]. Then u is an n-fold fuzzy positive implicative ideal of X for every
natural number n.

PROPOSITION 3.4. Every n-fold fuzzy positive implicative ideal is a fuzzy ideal for
every natural number n.

PROOF. Let u be an n-fold fuzzy positive implicative ideal of X. Then

p(x) = p(x*0") =min{u((x* 0" *xz),u(z)}

(3.2)
=min{u(x*z),u(z)} Vx,ze€X.

Hence u is a fuzzy ideal of X. O
The following example shows that the converse of Proposition 3.4 may not be true.

EXAMPLE 3.5. Let X = NU {0}, where N is the set of natural numbers, in which
the operation x is defined by x * y = max{0,x — y} for all x,y € X. Then X is a
BCK-algebra [1, Example 1.3]. Let u be a fuzzy set in X given by u(0) =ty > t; = u(x)
for all x(# 0) € X. Then u is a fuzzy ideal of X. But u is not a 2-fold fuzzy positive
implicative ideal of X because p(5*22) = u(1) = t; and pu((5*23) % 0) = u(0) = to,
and so

p(5%2%) # min {u((5%23) %0),u(0)}. (3.3)
Let X be an n-fold positive implicative BCK-algebra and let u be a fuzzy ideal of X.

For any x,y,z € X we have

p(xxy™) = p(xox y™ ) = min{p((x Y™ x 2),u(2)} (3.4)

Hence p is an n-fold fuzzy positive implicative ideal of X. Combining this and
Proposition 3.4, we have the following theorem.

THEOREM 3.6. In an n-fold positive implicative BCK-algebra, the notion of n-fold
fuzzy positive implicative ideals and fuzzy ideals coincide.

PROPOSITION 3.7. Let u be a fuzzy ideal of X. Then u is an n-fold fuzzy positive
implicative ideal of X if and only if it satisfies the inequality p(x x y™) = u(x * y"*1)
forall x,y € X.
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PROOF. Suppose that u is an n-fold fuzzy positive implicative ideal of X and let
x,y € X. Then

p(x o+ y™) = min {p((x % y"™") % 0),1(0)}
=min {u(x *y"1),u(0)} (3.5)
= p(x ™).
Conversely, let u be a fuzzy ideal of X satisfying the inequality
ulxxy™) = u(xxy™t) vx,ycX. (3.6)
Then
ulxxy™) = p(ex y™) =2min{u((x *y™") % z),u(z)} Vvx,y,zeX. (3.7)

Hence u is an n-fold fuzzy positive implicative ideal of X. O

COROLLARY 3.8. Every n-fold fuzzy positive implicative ideal u of X satisfies the
inequality p(x * y™) = pu(x * y"*k) for all x,y € X and k € N.

PROOF. Using Proposition 3.7, the proof is straightforward by induction. O

LEMMA 3.9. Let A be a nonempty subset of X and let u be a fuzzy set in X defined by

t1 ifxeA,
H(x):= } (3.8)
t, otherwise,

where t; >t in [0,1]. Then u is a fuzzy ideal of X if and only if A is an ideal of X.

PROOF. Let A be anideal of X. Since 0 € A, therefore u(0) = t; = u(x) forall x € X.
Suppose that (F2) does not hold. Then there exist a,b € X such that u(a) = t, and
min{u(a x b),u(b)} = t,. Thus u(a*xb) =t, = u(b), and soaxb € A and b € A.
It follows from (I2) that a € A so that u(a) = t,. This is a contradiction. Suppose
that u is a fuzzy ideal of X. Since u(0) > u(x) for all x € X, we have u(0) = t; and
hence 0 € A. Let x,y € X be such that x x y € A and y € A. Using (F2), we get
u(x) =min{u(x *xy),u(y)} =t; and so u(x) = t, that is, x € A. Consequently, A is
an ideal of X. O

PROPOSITION 3.10. Let A be a nonempty subset of X, n a positive integer, and u a
fuzzy set in X defined as follows:

ty ifX EA,
u(x):= ) (3.9
t, otherwise,

where t| > t, in [0,1]. Then u is an n-fold fuzzy positive implicative ideal of X if and
only if A is an n-fold positive implicative ideal of X.

PROOF. Assume that uis an n-fold fuzzy positive implicative ideal of X. Then uis a
fuzzy ideal of X. It follows from Lemma 3.9 that A is anideal of X. Let x,y € X be such
that x * y™*! € A. Using Proposition 3.7, we get p(x * y™) = u(x x y"*1) = t; and so
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u(x*xy") =ty, thatis, x x y™ € A. Hence by [1, Theorem 1.5], we conclude that A is an
n-fold positive implicative ideal of X. Conversely, suppose that A is an n-fold positive
implicative ideal of X. Then A is an ideal of X (see [1, Proposition 1.2]). It follows
from Lemma 3.9 that u is a fuzzy ideal of X. For any x,y € X, either x x y"™ € A or
x % y™ ¢ A. The former induces p(x * y") = t; = u(x * y"*1). In the latter, we know
that x x y"*1 ¢ A by [1, Theorem 1.5]. Hence u(x * y") = tp = u(x * y™*!). From
Proposition 3.7 it follows that u is an n-fold fuzzy positive implicative ideal of X. O

PROPOSITION 3.11. A fuzzy set u in X is an n-fold fuzzy positive implicative ideal
of X if and only if it satisfies

(F1) wp(0) = p(x),

(F5) p(xxz™)>=min{u((x*xy)*xz"),u(y*xz"}, forall x,y,z € X.

PROOF. Suppose that u is an n-fold fuzzy positive implicative ideal of X and let
X,¥,z € X. Then p is a fuzzy ideal of X (see Proposition 3.4), and so u is order revers-
ing. It follows from (P3), (P4), and (P5) that

p((ex 22" x (yx2™) = u(((xx2") * (yx2") % 2") = u((x * ¥) x2").  (3.10)
Using (F2) and Corollary 3.8, we get

Pk 2™) = p(xox z%) = min {u( (% 2°") % (v x2")), u(y * 2")}
3.11)
>min {p((x*y)*z"),u(y *z")},
which proves (F5). Conversely, assume that u satisfies conditions (F1) and (F5). Taking
z =0in (F5) and using (P1), we conclude that
p(x) = p(x*0) =min {pu((x*y)*0"),u(y *0")}
. 3.12)
=min {p(x*y),u(y)}.
Hence p is a fuzzy ideal of X. Putting z = v in (F5) and applying (1), (IV), and (F1), we
have

p(x*y™) =zmin{u((x*y)*y"),u(y*y")}
(3.13)

=min {u(x * "), u(0)} = p(x* y™1).

By Proposition 3.7, we know that u is an n-fold fuzzy positive implicative ideal of X.
O

Now we give a condition for a fuzzy ideal to be an n-fold fuzzy positive implicative
ideal.

THEOREM 3.12. A fuzzy set u in X is an n-fold fuzzy positive implicative ideal of X
if and only if u is a fuzzy ideal of X in which the following inequality holds:
(F6) p((x*xz™)*x(y*xz")) =u((x*xy)*xz") forall x,y,z € X.

PROOF. Assume that py is an n-fold fuzzy positive implicative ideal of X. By
Proposition 3.4, it follows that pisafuzzyideal of X.Leta=x % (y xz") and b=x* .
Then

p((axb)*z") = pu(((x* (y*2")) * (x*y)) *2z")

(3.14)
= p((y* (y*2z")) *xz") = u(0),
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and so p((a*b) *z") = u(0). Using (F5) we obtain
p((xxz™) * (yx2")) =p((x* (y*xz"))*x2") =plaxz")
>min{u((a*xb)*z"),u(b*xz")}
=min {u(0),u(b*z")}
=u(b*z") =p((x*y)*z"),

(3.15)

which is condition (F6). Conversely, let u be a fuzzy ideal of X satisfying condition

(F6). It is sufficient to show that u satisfies condition (F5). For any x,y,z € X we have
p(xx2") = min {u((x *2") % (¥ *2")),u(y x2")}

3.16

> min (% ) 2), (v %2}, .10

which is precisely (F5). Hence u is an n-fold fuzzy positive implicative ideal of X. O

THEOREM 3.13. Let u be a fuzzy set in X and let n be a positive integer. Then u is an
n-fold fuzzy positive implicative ideal of X if and only if the nonempty level set U (u;t)
of u is an n-fold positive implicative ideal of X for every t € [0,1].

PROOF. Assume that uis an n-fold fuzzy positive implicative ideal of X and U (u;t)
+ @ for every t € [0,1]. Then there exists x € U(u;t). It follows from (F1) that u(0) >
u(x) =t sothat 0 € U(u;t). Let x,y,z € X be such that (x % y""1) %z € U(u;t) and
ze U(u;t). Then pu((x % y™1)yxz) > t and u(z) = t, which imply from (F4) that

u(x*y”)zmin{u((x*y"“)*z),u(z)}zt, (3.17)

so that x x y™ € U(u;t). Therefore U(u;t) is an n-fold positive implicative ideal of
X. Conversely, suppose that U(u;t)(# @) is an n-fold positive implicative ideal of X
for every t € [0,1]. For any x € X, let u(x) = t. Then x € U(u;t). Since 0 € U(u;t),
we get u(0) >t = p(x) and so u(0) > u(x) for all x € X. Now assume that there
exist a,b,c € X such that u(a x b™) < min{u((a * b"*1) x c),u(c)}. Selecting sog =
(1/2)(u(a*b™) +min{u((a*b™1)xc),u(c)}), then

plaxb™) <so <min{p((a*xb™") xc),u(c)}. (3.18)

It follows that (a x b™*1) xc € U(u;sg), ¢ € U(u;80), and a * b™ ¢ U(u;So). This is a
contradiction. Hence u is an n-fold fuzzy positive implicative ideal of X. O

THEOREM 3.14. If u is an n-fold fuzzy positive implicative ideal of X, then the set
Xy:={xeX|ux)=u0)} (3.19)
is an n-fold positive implicative ideal of X.

PROOF. Let u be an n-fold fuzzy positive implicative ideal of X. Clearly O € X,,. Let
x,¥,z € X be such that (x * y"*1) %z € X, and z € X,;. Then

u(xx y™) =min{u((x *y™1) xz),u(z)} = u(0). (3.20)

It follows from (F1) that p(x % y™) = u(0) so that x * y" € X,,. Hence X, is an n-fold
positive implicative ideal of X. O
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THEOREM 3.15 (extension property for n-fold fuzzy positive implicative ideals). Let
u and v be fuzzy ideals of X such that u(0) = v(0) and u < v, that is, u(x) < v(x) for
all x € X. If u is an n-fold fuzzy positive implicative ideal of X, then so is v.

PROOF. Using Proposition 3.7, it is sufficient to show that v satisfies the inequality
v(x*y™) = v(x*xy"l) forall x,y € X. Let x,y € X. Then

v(0) = p(0) = (o (e Y™ 1)) y™ ) < (3 (k™)) % ™)

() 5 e Sy (k) x G ).
Since v is a fuzzy ideal, it follows from (F1) and (F2) that
v(x k™) =min{v((x*y")* (x* ")), v(xxy" 1)}
>min {v(0),v(x*y™H)} = v(xx y"t). (3:22)
This completes the proof. O

4. PI"-Noetherian BCK-algebras

DEFINITION 4.1. A BCK-algebra X is said to satisfy the PI"-ascending (resp., PI"-
descending) chain condition (briefly, PI"-ACC (resp., PI"-DCCQ)) if for every ascending
(resp., descending) sequence A; < A, < - - - (resp., A; 2 A, 2 - - -) of n-fold positive
implicative ideals of X there exists a natural number v such that A, = Ay for all r > k.
If X satisfies the PI"-ACC, we say that X is a PI"-Noetherian BCK-algebra.

THEOREM 4.2. Let {Ay | k € N} be a family of n-fold positive implicative ideals of X
which is nested, that is, Ay 2 A, 2 - - - . Let u be a fuzzy set in X defined by

kik]_ ifxEAk\Ak+1,k=0,1,2,...,
px) =4 K+ (4.1)

1 if x € N_oAxk,

for all x € X, where Ay stands for X. Then u is an n-fold fuzzy positive implicative
ideal of X.

PROOF. Clearly u(0) = u(x) for all x € X. Let x,y,z € X. Suppose that
(kY™ 1) kz € AR\ Aks1, ZE€Ar\Arn (4.2)

for k=0,1,2,...;v =0,1,2,.... Without loss of generality, we may assume that k <.
Then obviously z € Ag. Since Ay is an n-fold positive implicative ideal, it follows that
x % y™ € Ay so that

pulxky™) = =min {u((x*y™ 1) xz),u(z)}. 4.3)

Kk
k+1
If (x*xy" ) xzeny Ax and z € Ny Ak, then x % ¥y™ € Ny_,Ak. Hence

plxxy™) =1=min{u((x*y") xz),uz)}. (4.4)
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If (xky™)xz¢ Np_oAk and z € Ny_yAg, then there exists i € N such that (x *
Yy 1y xz € A;\ Ay . It follows that x % Y™ € A; so that

y(x*y”)zﬁ:min{u((x*y"“)*z),u(z)}. 4.5)

Finally, assume that (x * y"*!) xz € n_ Ak and z ¢ Ny_,Ak. Then z € Aj\ Aj,; for
some j € N. Hence x * y" € A;, and thus

u(xxy") = =min{u((x*y") xz),u(z)}. (4.6)

J
j+1
Consequently, u is an n-fold fuzzy positive implicative ideal of X. O

Theorem 4.2 tells that if every n-fold fuzzy positive implicative ideal of X has a

finite number of values, then X satisfies the PI"-DCC.
Now we consider the converse of Theorem 4.2.

THEOREM 4.3. Let X be a BCK-algebra satisfying PI"-DCC and let u be an n-fold
fuzzy positive implicative ideal of X. If a sequence of elements of Im(u) is strictly in-
creasing, then u has a finite number of values.

PROOF. Let {ty} be a strictly increasing sequence of elements of Im(u). Hence 0 <
ti<tr<---<1.Then U(u;7) := {x € X | u(x) > t,-} is an n-fold positive implicative
ideal of X for all v = 2,3,.... Let x € U(u;v). Then u(x) > t, > t,_1, and so x €
U(u;r —1). Hence U(u;v) < U(u;r —1). Since t,_, € Im(u), there exists x,_; € X
such that p(x,-1) = t,_1. It follows that x,,_, € U(u;v — 1), but x,,—1 ¢ U(u;v). Thus
U(u;v) ¢ U(u;r — 1), and so we obtain a strictly descending sequence

U(s1) 20(p2) 20 (;3) 2 -+ - 4.7)

of n-fold positive implicative ideals of X which is not terminating. This contradicts
the assumption that X satisfies the PI"-DCC. Consequently, u has a finite number of
values. O

THEOREM 4.4. The following are equivalent.
(i) X is a PI"-Noetherian BCK-algebra.
(ii) The set of values of any n-fold fuzzy positive implicative ideal of X is a well-
ordered subset of [0,1].

PROOF. (i)=(ii). Let u be an n-fold fuzzy positive implicative ideal of X. Assume
that the set of values of u is not a well-ordered subset of [0,1]. Then there exists a
strictly decreasing sequence {ty} such that u(xy) = tx. It follows that

Up) cU(2) U(3) & - - - (4.8)

is a strictly ascending chain of n-fold positive implicative ideals of X, where U (u;7) =
{x € X | u(lx) = t,} for every v = 1,2,.... This contradicts the assumption that X is
PI"-Noetherian.

(ii)=(i). Assume that condition (i) is satisfied and X is not PI"-Noetherian. Then there
exists a strictly ascending chain

Al GAGA3E - (4.9)
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of n-fold positive implicative ideals of X. Let A = UgenAg. Then A is an n-fold positive
implicative ideal of X. Define a fuzzy set v in X by

0 ifxé¢ Ay,
v(x):= 1 (4.10)

i~ where ¥ = min{k € N | x € Ay}.

We claim that v is an n-fold fuzzy positive implicative ideal of X. Since 0 € A for all
k=1,2,...,wehave v(0) =1 > v(x) forall x € X.Let x,y,z€ X. If (x * y" )%z €
Ax\Ag-1 and z € A\ Ax-; for k = 2,3,..., then x x y" € A. It follows that

=min {v((x*y") xz),v(z)]. 4.11)

==

vixxy") =

Suppose that (x % y"* 1) %z € Ay and z € Ax \ A, for all r < k. Since A is an n-fold
positive implicative ideal, it follows that x x y" € Ay. Hence
1

> = v(z), v(xxy™) z=zmin{v((x*y" ) *xz),v(z)}. (4.12)

==

v(ixxy") =
Similarly for the case (x x y"*1) xz € A\ A, and z € Ay, we have
vix*y™) =zmin{v((x* ™) xz),v(z)}. (4.13)

Thus v is an n-fold fuzzy positive implicative ideal of X. Since the chain (4.9) is not ter-
minating, v has a strictly descending sequence of values. This contradicts the assump-
tion that the value set of any n-fold fuzzy positive implicative ideal is well ordered.
Therefore X is PI"-Noetherian. This completes the proof. O

We note that a set is well ordered if and only if it does not contain any infinite
descending sequence.

THEOREM 4.5. Let S = {t | k = 1,2,...} U {0} where {t} is a strictly descending
sequence in (0,1). Then a BCK-algebra X is PI"-Noetherian if and only if for each n-
fold fuzzy positive implicative ideal u of X, Im(u) < S implies that there exists a natural
number k such that Im(u) c {t1,t2,...,tx} U {0}.

PROOF. Assume that X is a PI"-Noetherian BCK-algebra and let u be an n-fold
fuzzy positive implicative ideal of X. Then by Theorem 4.4 we know that Im(u) is a
well-ordered subset of [0,1] and so the condition is necessary.

Conversely, suppose that the condition is satisfied. Assume that X is not PI"-
Noetherian. Then there exists a strictly ascending chain of n-fold positive implica-
tive ideals

AGAGAIE - (4.14)

Define a fuzzy set p in X by
t, ifxeA,

u(x) =1ty ifxeAx\Ar_1, k=2,3,..., (4.15)
0 if x € X\uUp_ Ag.
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Since 0 € A, we have u(0) = t; > u(x) for all x € X. If either (x * y"*1) %z or z
belongs to X \ Up_; A, then either p((x % y"*!) % z) or u(z) is equal to 0 and hence

p(xxy™) =0=min{u((x* ™) xz),uz2)}. (4.16)

If (x*xy™1)xze A and z € Ay, then x * y" € A; and thus

u(xxy™) =ty =min{pu((x* y") % z),u(z)}. 4.17)
If (x*y™1)xze A\ A1 and z € Ap\ Ax_1, then x x y™ € Ax. Hence

p(xxy™) =t =min{u((xx y" ) xz),u(z)}. (4.18)

Assume that (x * y"1)xz € A; and z € A\ Ay_1 for k =2,3,.... Then x % y"™ € Ay
and therefore
ulxxy™) =t =min{pu((x * y™ ) % z),u(z)}. (4.19)

Similarly for (x % y"*1)xz € Ax\Ay_1 and z € A, k = 2,3,..., we obtain
ulxxy™) =t =min{p((x * y™"H % z),u(z)}. (4.20)

Consequently, u is an n-fold fuzzy positive implicative ideal of X. This contradicts
our assumption. O

5. Normalizations of n-fold fuzzy positive implicative ideals

DEFINITION 5.1. An n-fold fuzzy positive implicative ideal y of X is said to be
normal if there exists x € X such that u(x) = 1.

EXAMPLE 5.2. Let = {0,a,b} be a BCK-algebra in Example 3.3. Then the fuzzy set u
in X defined by u(0) =1, u(a) = 0.8, and u(b) = 0.5 is a normal n-fold fuzzy positive
implicative ideal of X.

Note that if u is a normal n-fold fuzzy positive implicative ideal of X, then clearly
u(0) =1, and hence u is normal if and only if u(0) = 1.

PROPOSITION 5.3. Given an n-fold fuzzy positive implicative ideal u of X let u* be
a fuzzy set in X defined by u*(x) = u(x)+1—-pu(0) for all x € X. Then u™* is a normal
n-fold fuzzy positive implicative ideal of X which contains p.

PROOF. We have pu*(0) = u(0)+1—u(0) =1 = u(x) for all x € X. For any x,y,z €
X, we have

min {p* ((x % y") * 2), u* (2)}
=min{u((x*y" ) % z) +1—p0),u(z) +1-u(0)} G0)
=min {p((x* y™") % 2),u(2)} +1-p(0)
<p(x*kY™) +1-p(0) = p* (x*y™).

Hence p* is a normal n-fold fuzzy positive implicative ideal of X, and obviously
ucut. O
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Noticing that u < u*, we have the following corollary.
COROLLARY 5.4. If there is x € X such that u* (x) =0, then u(x) = 0.

Using Proposition 3.10, we know that for any n-fold positive implicative ideal A of
X, the characteristic function x, of A is a normal n-fold fuzzy positive implicative
ideal of X. It is clear that u is a normal n-fold fuzzy positive implicative ideal of X if
and only if u* = p.

PROPOSITION 5.5. If p is an n-fold fuzzy positive implicative ideal of X, then
(U =p*.
PROOF. The proof is straightforward. O

COROLLARY 5.6. If u is a normal n-fold fuzzy positive implicative ideal of X, then
(u*)* =p.

PROPOSITION 5.7. Let u and v be n-fold fuzzy positive implicative ideals of X. If
u < v andu(0) =v(0), then X, < X, .

PROOF. If x € X, then v(x) = p(x) = nu(0) = v(0) and so v(x) = v(0), that is,
x € X,. Therefore X, € X,,. O

PROPOSITION 5.8. Let u be an n-fold fuzzy positive implicative ideal of X. If there is
an n-fold fuzzy positive implicative ideal v of X satisfying v* < u, then u is normal.

PROOF. Assume that there is an n-fold fuzzy positive implicative ideal v of X such
that vt c u. Then 1 = v*(0) < u(0), and so u(0) = 1. Hence u is normal. O

Given an n-fold fuzzy positive implicative ideal, we construct a new normal n-fold
fuzzy positive implicative ideal.

THEOREM 5.9. Let u be an n-fold fuzzy positive implicative ideal of X and let f :
[0,u(0)] — [0,1] be an increasing function. Let py : X — [0,1] be a fuzzy set in X
defined by uy¢(x) = f(u(x)) forallx € X. Then uy is an n-fold fuzzy positive implicative
ideal of X. In particular, if f(u(0)) = 1 then uy is normal; and if f(t) = t for all
t €[0,u(0)], then u < uy.

PROOEF. Since p(0) = p(x) for all x € X and since f is increasing, we have p7(0) =
SF(u(0)) = f(u(x)) = pr(x) for all x € X. For any x,y,z € X we get

min {py ((x % Y™ % z), up(2)} =min {f (u((x % y"") % 2)), f(u(2))}
(5.2)
= f(min{u((x* Y"1 % 2),u(2)}) < f(u(x*y™)) = pp(x * y™).

Hence pif is an n-fold fuzzy positive implicative ideal of X.If f(u(0)) = 1, then clearly
Uy is normal. Assume that f(t) = t for all t € [0, u(0)]. Then pr(x) = f(u(x)) = p(x)
for all x € X, which proves u < py. O

Let N (X) denote the set of all normal n-fold fuzzy positive implicative ideals of X.

THEOREM 5.10. Let u € N(X) be nonconstant such that it is a maximal element of
the poset (N (X),<). Then u takes only the values 0 and 1.
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PROOF. Since u is normal, we have p(0) = 1. Let x € X be such that u(x) # 1. It is
sufficient to show that p(x) = 0. If not, then there exists a € X such that 0 < u(a) < 1.
Define a fuzzy set vin X by v(x) = (1/2){u(x) + u(a)} for all x € X. Clearly, v is well
defined, and we get

v(0) = %{H(O)+H(a)} = %{1 +u(a)} = %{u(x) +ua)} =v(x) VxeX. (5.3)

Let x,y,z € X. Then

vixxy") = %{u(x*y") +u(a)} = %{min{u((x*y”“) *z),u(2)} +ula)}
= min{ 3 {u((e# ™) £2) @), 3 1) +u@)] (5.4)
=min {v((x*y") xz),v(z)].

Hence v is an n-fold fuzzy positive implicative ideal of X. By Proposition 5.3, v*
is a maximal n-fold fuzzy positive implicative ideal of X, where v* is defined by
vi(x)=v(x)+1-v(0) for all x € X. Note that

v*(@) = V(@) +1-v(0) = 2 (@) + pla)} +1- 5 [u(0) + p(a)

= %{u(aHl} > u(a)

(5.5)

and v*(a) <1 = v*(0). It follows that v* is nonconstant, and u is not a maximal
element of (N'(X),<). This is a contradiction. O

DEFINITION 5.11. An n-fold fuzzy positive implicative ideal p of X is said to be
fuzzy maximal if p is nonconstant and u* is a maximal element of the poset (N(X), ).

For any positive implicative ideal I of X let u; be a fuzzy set in X defined by

(x) 1 ifxel, 5.6)
xX) = .
Hi 0 otherwise.

THEOREM 5.12. Let u be an n-fold fuzzy positive implicative ideal of X. If u is fuzzy
maximal, then
(i) p is normal,
(ii) u takes only the values 0 and 1,
(i) py, =4,
(iv) X, is a maximal n-fold positive implicative ideal of X.

PROOF. Let u be an n-fold fuzzy positive implicative ideal of X which is fuzzy
maximal. Then u* is a nonconstant maximal element of the poset (N (X), <). It follows
from Theorem 5.10 that u* takes only the values 0 and 1. Note that u* (x) =1 if and
only if p(x) = u(0), and u* (x) = 0 if and only if pu(x) = u(0) — 1. By Corollary 5.4, we
have p(x) =0, and so p(0) = 1. Hence p is normal and u* = u. This proves (i) and (ii).

(iii) Obviously My, CH and Hy,, takes only the values 0 and 1.Let x € X.If p(x) =0,
then u c My, - If u(x) =1, then x € X, and so My, (x) = 1. This shows that u < Hy, -
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(iv) Since u is nonconstant, X, is a proper n-fold positive implicative ideal of X. Let
J be an n-fold positive implicative ideal of X containing X,. Then u = My, S H;- Since
p and y, are normal n-fold fuzzy positive implicative ideals of X and since u = u™ is
a maximal element of N'(X), we have that either p =y, or g, =1 where 1: X — [0,1]
is a fuzzy set defined by 1(x) = 1 for all x € X. The later case implies that J = X. If
u=u,, then X, = X, ;= J. This shows that X, is a maximal n-fold positive implicative
ideal of X. This completes the proof. O
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