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ABSTRACT. Let K be a nonempty subset of a p-uniformly convex Banach space E, G a
left reversible semitopological semigroup, and & = {T; : t € G} a generalized Lipschitzian
semigroup of K into itself, that is, for s € G, ||[Tsx — Tsy || < asllx —y || +bs(llx — Tex|| +
ly =Tsyll) +cs(lx — Tsy |l + 1|y — Tsxll), for x,y € K where as,bs,cs > 0 such that there
exists a t; € G such that b +cs < 1 for all s > t;. It is proved that if there exists a closed
subset C of K such that sco{Tix :t > s} C C for all x € K, then & with [(x+ )P («P -
2P=1—1)/(cp—2P~1BP)-NP]V/P < 1 has a common fixed point, where « = limsup; (as +
bs+cs)/(1—bs—cs) and B =limsup,(2bs +2¢5) /(1 —bs —cs).

2000 Mathematics Subject Classification. 47H10.

1. Introduction. Let K be a nonempty subset of a Banach space E and T a mapping
of K into itself. The mapping T is said to be Lipschitzian mapping if for each n > 1,
there exists a positive real number k,, such that

[|[T"x —T"y|| < knllx =l (1.1

for all x, ¥ in K. A Lipschitzian mapping is said to be nonexpansive if k,, = 1 for
all n > 1, uniformly k-Lipschitzian if k,, = k for all n > 1, and asymptotically nonex-
pansive if lim, k,, = 1, respectively. These mappings were first studied by Goebel and
Kirk [7] and Goebel, Kirk, and Thele [9]. LifSic [13] proved that in a Hilbert space
a uniformly k-Lipschitzian mapping with k < +/2 has a fixed point. Downing and
Ray [4] and Ishihara and Takahashi [12] proved that in a Hilbert space a uniformly
k-Lipschitzian semigroup with k < +/2 has a common fixed point. Casini and Maluta
[3] and Ishihara and Takahashi [11] proved that a uniformly k-Lipschitzian semigroup
in a Banach space E has a common fixed point if k < +/N(E), where N (E) is the constant
of uniformly normal structure.

In these results, the domains of semigroups were assumed to be closed and convex.
Ishihara [10] gave fixed point theorems for Lipschitzian semigroups in both Banach
and Hilbert spaces in which closedness and convexity of domain were not needed.

Now we consider the following class of mappings, which we call generalized Lips-
chitzian mapping, whose nth iterate T" satisfying the following condition:

IT"x = T"y || < anllx = ¥ Il + b (|lx = T"x|[| + ||y = T" ¥[) w.2)
+en(llx =T "y||+[ly = T"x]), '
for each x,y € K and n > 1, where a,, b,, c, are the nonnegative constants such
that there exists an integer ng such that b, + ¢,, < 1 for all n = n.
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This class of generalized Lipschitzian mappings is more general than the classes
of nonexpansive, asymptotically nonexpansive, Lipschitzian and uniformly k-Lip-
schitzian mappings. The above facts can be seen by taking b, = ¢,, = 0.

In this paper, we prove a fixed point theorem for generalized Lipschitzian semi-
groups in a p-uniformly convex Banach space. Next we give its corollaries in a Hilbert
space, in L? spaces, in Hardy space H? and in Sobolev spaces H*? for 1 < p < o and
k = 0. Our results improve and extend results from [10, 11, 12].

2. Preliminaries. Let G be a semitopological semigroup, that is, G is a semigroup
with a Hausdorff topology such that for each a € G the mapping s — a-s and s —
s-a from G to G are continuous. A semitopological semigroup G is left reversible if
any two closed right ideals of G have nonempty intersection. In this case, (G, <) is
a directed system when the binary relation “<” on G is defined by a < b if and only
if {a} uaG 2 {b} UDbG. Examples of left reversible semigroups include commutative
and all left amenable semigroups.

Let K be a mapping subset of a Banach space E. Then a family ¥ = {T; : t € G} of
mappings from K into itself is said to be a generalized Lipschitzian semigroup on K
if ¥ satisfies the following:

(i) Tys(x)=T:Ts(x) fort, s € G and x €K;

(ii) the mapping (s,x) — T(x) from G X K into K is continuous when G XK has the

product topology;

(iii) for eachs € G

| Tsx = Tsy|| < asllx =+ bs (||x = Tsx|| + ]|y - Ts )
2.1)
+es([lx = Toy || + ||y = Tsx|]),

for x,y € K where ag,bs,c; > 0 such that there exists a t; € G such that
bs+cs <1 forall s > t;.
Let {By: @ € A} be a decreasing net of bounded subsets of a Banach space E. For a
nonempty subset K of E, define

v ({Ba},x) = infsup {llx -yl : y € Ba};
¥ ({By},K) = inf {r ({Bs},x) : x €K}, 2.2)
A({Ba},K) = {x € K:7({Bs},x) =7({Ba},K)}.

We know that v ({By}, ) is a continuous convex function on E which satisfies the
following:

|7 ({Ba},x) =7 ({Ba}, ) | < llx =y I <7 ({Ba,x) +7 ({Ba}, ) (2.3)

for each x,y € E. It is easy to see that if E is reflexive and K is closed convex, then
A({Bq},K) is nonempty, and moreover, if E is uniformly convex, then it consists of a
single point (cf. [14]).

Let p > 1, and denote by A the number in [0,1] and by W, (A) the function A - (1 -
AP +AP - (1-A).
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The functional || - ||” is said to be uniformly convex (cf. Zalinescu [25]) on the Banach
space E if there exists a positive constant ¢, such that for all A € [0,1] and x,y € E
the following inequality holds:

lAx + (1 =)y [[” <Alx|IP + Q=D YIP =Wy Q) -cp - llx = ¥ IIP. (2.4)

Xu [24] proved that the functional || - ||” is uniformly convex on the whole Banach
space E if and only if FE is p-uniformly convex, that is, there exists a constant ¢ > 0
such that the moduli of convexity (see [8]) 0g(g) > c-&? forall0 <& < 2.

The normal structure coefficient N(E) of E (cf. [2]) is defined by

diamK

:K is a bounded convex subset of E
1k (K)

N(E) =inf {
(2.5)
consisting of more than one point},

where diamK = sup{|lx — v|l : x,¥ € K} is the diameter of K and rx(K) =
infycx {sup,cx [Ix — ||} is the Chebyshev radius of K relative to itself. The space
E is said to have uniformly normal structure if N(E) > 1. It is known that a uni-
formly convex Banach space has uniformly normal structure and for a Hilbert space
H, N(H) = /2. Recently, Pichugov [18] (cf. Prus [20]) calculated that

N(L?P) =min {217, 2D/} 1 < p < 0. (2.6)

Some estimates for normal structure coefficients in other Banach spaces may be found
in [21].
For a subset K, we denote by coK the closure of the convexity hull of K.

3. Main results. Now we are in position to give our result.

THEOREM 3.1. Let p > 1 and let E be a p-uniformly convex Banach space, K a
nonempty subset of E, G a left reversible semitopological semigroup, and ¥ = {T; : t €
G} a generalized Lipschitzian semigroup on K with

(ox+B)P (P - 2= —1) /P
[ C — 27 TGPy NP ] <1, (3.1)
where
o as+bs+cs s 2bg +2c;
a—llmssup 1 b ¢’ B —hmssup R (3.2)

Suppose that {T;y :t € G} is bounded for some y € K and there exists a closed subset
C of K such that (\sco{Tix :t > s} < C for all x € K. Then there exists a z € C such
that Tsz = z for all s € G.

PROOF. Let B;(x) =co{Tix:t > s} and let B(x) =();Bs(x) for s € G and x € K.
Define {x, : n > 0} by induction as follows:

X0 =V, Xpn = A({Bs(xn-1)},B(xn-1)), forn=1. (3.3)
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Since B(x) = C =K for all x € K, {x,} is well defined. Let

D =7 (1B, (om) LB (xm 1)), m= 1 G4
Now, for each s, t € G and x, y € K, we have
ITsTix = Tovl| < al|Tox = v[| + be (|| Tox = TeTaxl| + [ly = Tov|)
ey~ TuToxl| 41 Tox - Ty ), 5-3)
and so
T =Tl < S8 S ma -yl + 225528yl @)

Then from x,, € B(Xm-1) =\ B:(xm-1) and a result of Ishihara and Takahashi [11],
we have

1

Ym =7 ({Bs(xm) },B(xm)) < N

-il’Slf diam (B; (xm)) (3.7)

and by using (3.6), we have
irslfdiam (Bs(xm)) = ilslfsup I Taxm — Tpxml|:a, b = s}
< limsup (limsup || Tsxm — Tt Xml|)
t K

< limsup (limsup || T; TsxXm — Tt Xml|)
t K

(3.8)

slimsup[limsup{(w)-||T5xm—xm||

t s 1-bt—c¢
th+2Ct ) B }]
+<1—bt—Ct ||Xm TtXmH
< (a+p)-Dm,
and hence
o+

Ym < NB -Dyy, (3.9)

where N is the normal structure coefficient of E. Again from (2.4) and (3.6) we have

HAme + (1 =M T Xme1 — Tsmep +Cp-Wp(A) - ||Xm+1 —TiXm+1 ||p
= )\||xm+l - Tsmep +(1-A)- ||Ttxm+l - Tsmep

= )\||Xm+l _Tsmep +(1-A)- ||Ttxm+l _Tthmep
(3.10)
ag +bt+Ct

1*bt*Ct
2bt+20t )
I*bt*Ct

<At = TP +(1=) - | T = X

14
IT:me1 =Xl
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Taking the limsup,, we have

Tin+Cp-Wy(A) - ||xXme1 — Texmar||”

ar+by+c 2bi+2c b
sz\n’,’ﬁ(lf?\)[ 1t—b:—ctt T + 1_tbt_ctt -||Ttxm+1fxm+1\l] :

It then follows that

Pt cp Wyp(A) Dl < A+ (1=A) - 20" [P+ B7 - DI, .

and so

A-2)-@-ar=1) ]
CpWy(A)—(1—-A)-2v-1.8p | '™

p
Dy =

- (1-2)-(2P7 L. aP 1) _(0(+B)F’_Dp
T lep Wy(A)—(1—A)-2v-1-pp N? "

Letting A — 1, we conclude that

1/p
(x+pB)yP (2P~ 1-a? —1) B
Dmﬂs[ (cp—2vr-1.BP).NP Dm=A-Dm, m=1,

where

A= (x+p)P(2r-a 1) 1m<1
L (cp—2r-1-Br)-Nv
by the assumption of the theorem. Since

|xXms1 = xml| < v ({Bs(xm) }, Xms1) +¥ ({Bs (xXm) }, Xm)
<¥m+Dm
<2D,,

<2-A™'D; —0 asm — oo,

45

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

it follows that {z,,} is a Cauchy sequence. Let z = lim,;, .« X;. Then we have

Iz = Tsz|| < [|z = xml| + [[xm — Tsxm|| + || Tsxm — Ts2||

a3+bs+cs|| 3 I
m

=< ||Z—Xm||+l|xm—T5XmH+ m
2bs +2cy
1-bs—c, [12¢m = Tsxml|
L PP = T

= 1-bs—cs [z = xml|+ 1-bs—cs

(3.17)
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Taking the limit as m — o on each side, we have

. 1+as 1+bs+cs _
||Z*TSZ||Sy}/{l{l}o[m'nzfxm”‘l’m'Dm]—0 (3.18)
for all s € G. Hence we have Tsz = z for all s € G. This completes the proof. O

REMARK 3.2. Theorem 3.1 is also true for Lipschitzian semigroup & = {T; : t € G}
on K with

1/p
limsupk; < [%(1+,/1+4-cp-Nﬂ)] . (3.19)
S

As a direct consequence of Theorem 3.1, we have the following result.

COROLLARY 3.3. Let p > 1 and let E be a p-uniformly convex Banach space, K a
nonempty subset of E, and T a mapping from K into itself such that

IT"x ~T"y|| < anlix =yl +bu(|lx = T"x[|+ ||y = T"¥|l) (3.20)

+en(llx =T"y[|+[|ly = T"x]]), '
for each x,y € K and n > 1, where a,, b,, c, are the nonnegative constants such
that there exists an integer ny such that b, + ¢, < 1 for all n > ny. Suppose that
{T"y :n > 1} is bounded for some y € K and there exists a closed subset C of K such
that N, co{T"x:k=n}cC forall x K. If

1/p
(x+B)P(ax? -2P71 1)
1 21
] < 620
where
i An+bntcn i 2bn+2cn.

cx—hmnsup 1—by—cp’ B—hmnsupl_bn_Cn, (3.22)

then there exists a z € C such that Tz = z.

4. Some applications. In a Hilbert space H, the following equality holds:

[Ax + (1=2)2| = Allxl2+ (1 =) I3[ = A(1=A) [l - |2 1)

for all x, ¥ in H and A € [0,1].
By Theorem 3.1 and (4.1), we immediately obtain the following.

THEOREM 4.1. Let K be a nonempty subset of a Hilbert space H, G a left reversible
semitopological semigroup, and ¥ = {T; : t € G} a generalized Lipschitzian semigroup
on K with

(4.2)

(x+ B2 (a2 -1)]""
[ 2(1-267) } <b

where «, B are as in Theorem 3.1. Suppose that {T;y : t € G} is bounded for some
v € K and there exists a closed subset C of K such that (\;co{T:x :t > s} < C for all
x € K. Then there exists z € C such that Tsz = z for all s € G.
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The following result follows easily from Theorem 4.1.

COROLLARY 4.2 (see [10, Theorem 1]). Let K be a nonempty subset of a Hilbert space
H, G a left reversible semitopological semigroup, and ¥ = {T; : t € G} a Lipschitzian
semigroup on K with limsup, ks < +/2. Suppose that {T;y :t € G} is bounded for some
v € K and there exists a closed subset C of K such that (\;co{Tix :t > s} < C for all
x € K. Then there exists z € C such that Tsz = z for all s € G.

If 1 <p <2, then we have for all x,y in L? and A € [0,1],
Ax+ 1 =2)»[]> < Allx2+ A=)y I2=A(1=A) (p-1)llx - yII2. 4.3)
(The inequality (4.3) is contained in [16, 23].)

Assume that 2 < p < o and t, is the unique zero of the function g(x) = —x?~! +
(p—1)x+p—2in the interval (1, ). Let

_ 1+th7!
cp=(p-1)(1+t,)° " = —F (4.4)
14 p ( 17) (1+tp)p 1
Then we have the following inequality:
Ax+ @ =2)x||” <Alx[”7 + (L= Iy IP =Wy (A) - cp - Ix = > (4.5)

for all x, v in L? and A € [0, 1]. (Inequality (4.5) is essentially due to Lim [15].)
By inequality (4.3) and (4.5), we immediately obtain from Theorem 3.1 the following
result.

THEOREM 4.3. Let K be a nonempty subset of L¥, 1 < p < o, G a left reversible
semitopological semigroup, and ¥ = {T; : t € G} a generalized Lipschitzian semigroup
on K with

[ (x+B)2(2a2—1)

1/2
Z(PI)/n(p—l_ZBZ):| <1l forl<p=<2,

(4.6)

1/p

(+B)P- (2P 1or —1)
[ (cp—2v 1B 2 <1l for2<p<oo,
where «, B are as in Theorem 2.4. Suppose that {T;y : t € G} is bounded for some
v € K and there exists a closed subset C of K such that (\sco{T;x :t > s} < C for all
x € K. Then there exists z € C such that Tsz = z for all s € G.

REMARK 4.4. Theorem 4.1 is also true for Lipschitzian semigroup &¥ = {T; : t € G}
on K with

1 1/p
limsupk; < [§(1+\/1 +4-(p—1)-2(P—1>/P>] forl<p<2,
S

) 1 1/p
hmssupk5<[§<1+,/1+8-c,,>] for2 <p < o,

4.7)
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Let HP, 1 < p < o, denote the Hardy space [6] of all functions x analytic in unit
disc |z| < 1 of the complex plane and such that

1 (2m ) Lp
x| = lim (J | x (ret) |”d9> < 0. (4.8)
r—1 21 Jo
Now, let Q be an open subset of R™. Denote by H*?(Q), k > 0, 1 < p < o, the
Sobolev space [1, page 149] of distributions x such that D%x € L7 (Q) for all |x| =
o1+ - - -+ &y < k equipped with the norm

1/p
Ixlh =1 > |D"‘x(w)”dw) . (4.9)
(:x<kLl

Let (Qa, >0 Ha), & € A, be a sequence of positive measure spaces, where the index
set A is finite or countable. Given a sequence of linear subspaces Xy in L? (Qu, > o Ha)
we denote by L, 1 < p < o and g = max{2,p} (see [17]), the linear space of all
sequences X = {xy € X : @ € A} equipped with the norm

1/a
llxll = ( > (IIXaIIp,a)“) , (4.10)

xEA

where || - || ,« denotes the norm in L (Qq, X, o, Heo)-

Finally, let L, = LP(S1,>.1,p41) and Lg = L9(S2,20,H42), where 1 < p < o0, g =
max{2,p} and (S;,2.;,Mi) are positive measure spaces. Denote by L;(L,) the Banach
spaces [5, Chapter III, Section 2, Definition 10] of all measurable L,-value function x
on S such that

1/q
= ([, (k) te@s)) @11
2

These spaces are g-uniformly convex with g = max{2,p} (see [19, 22]), and the norm
in these spaces satisfies

[Ax + (1 -2y <Allx T+ A=) |y 19 —d-Wa(A) - |lx -y (4.12)

with a constant

Pl g 1<p<2,
8
1

d=d,= 4.13)

P2 for 2 <p < co.

Now from Theorem 3.1, we have the following result.

THEOREM 4.5. Let K be a nonempty subset of the space E, where E = H?, or E =
H*P(Q), orE = Lgp,orE=Lg(Ly),and1l <p < o, g =max{2,p}, k= 0.Let G be aleft
reversible semitopological semigroup and ¥ = {T; : t € G} a generalized Lipschitzian
semigroup on K with

[(a+B)“(aq-2“‘1—l)}l/q<1 (4.14)

(d—24-1p1) -Na
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where «, B are as in Theorem 3.1. Suppose that {T;y : t € G} is bounded for some
v € K and there exists a closed subset C of K such that (\;co{T;x :t > s} < C for all
x € K. Then there exists z € C such that T;z = z for all s € G.

REMARK 4.6. Theorem 4.5 is also true for Lipschitzian semigroup ¥ = {T;y : t € G}
on K with

1/q
limsupk; < [%<1+x/1+4-d-N‘1)] . (4.15)
)
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