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ABSTRACT. Let X be an arbitrary nonempty set and & a lattice of subsets of X such that
g, X e &. Let 4(&£) denote the algebra generated by & and I(¥) denote those nontrivial,
zero-one valued, finitely additive measures on «(&£). In this paper, we discuss some of the
normal characterizations of lattices in terms of the associated lattice regular measures,
filters and outer measures. We consider the interplay between normal lattices, regularity
or o-smoothness properties of measures, lattice topological properties and filter corre-
spondence. Finally, we start a study of slightly, mildly and strongly normal lattices and
express then some of these results in terms of the generalized Wallman spaces.

2000 Mathematics Subject Classification. 28A12, 28C15.

1. Introduction. This paper presents a systematic study of various concepts per-
taining to normal lattices. Normal lattices are an important class of lattices which have
been investigated both in an abstract setting and in a point-set framework by others
(see [1, 4, 8, 9]).

In Section 2, we give notations and definitions which is fairly standard (see [1, 2,
3, 10]) and a brief background consisting of several results pertaining to lattices,
measures, and filters.

In Section 3, we study normality properties of lattices in the point-set framework;
most of this material can be readily extended to general lattices. We discuss some of
the implications between normality properties and the associated lattice regular mea-
sures; in the case of zero-one valued lattice regular measures, these properties have
associated filter and topological consequences. Also, by choosing normal lattices in a
topological setting, we present interesting results on the associated outer measures
on both &£ and ¥'.

In Section 4, we start a study of slightly, mildly, and strongly normal lattices and
we investigate them from a measure theoretic point of view and thereby extend some
results given in [6, 9].

This work is then carried out in Section 5 where we express some of these results in
terms of generalized Wallman spaces. Specific characteristic on regularity and normal-
ity are given for the various Wallman spaces associated with the considered measures
of I5(¥), I (¥), and I(0, ¥).

2. Background and notation. In this section, we introduce the notation and termi-
nology that will be used throughout the paper. All is fairly standard and we include it
for the reader’s convenience.
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Let X be an arbitrary nonempty set and £ a lattice of subsets of X such that @,
X € &. Let A (&) denote the algebra generated by &; 6 (£) be the lattice of all countable
intersections of sets from .

DEFINITION 2.1 (lattice terminology). The lattice £ is called: 6-lattice if & is closed
under countable intersections; complement generated if L € ¥ implies L = NL,, n =
1,...,0, L, € £ (Where prime denotes the complement); disjunctive if for x € X and
L, € ¥ such that x ¢ L; there exists L, € £ with x € L, and L; n L, = J; separating
(or Ty) if x, € X and x # y implies there exists L € £ such that x € L, y ¢ L; T, if
for x,y € Xand x # y there exist L,,L, € £such that x € L}, ¥ € L), and L) nL} = @;
normal if for any Ly, L, € $with Ly nL; = @ there exist L3, Ly € $with Ly C L5, Ly C L},
and L5 n L} = @; compact if for any collection {L} of sets of £ with NyLy = &, there
exists a finite subcollection with empty intersection; countably compact if for any
countable collection {L} of sets of £ with NyLy = &, there exists a finite subcollection
with empty intersection; countably paracompact if for any sequence {A, € £}, A, | 9,
there exists {L,, € ¥}, such that A, < L, and L;, | &; Lindelof if for any collection
{Ly} of sets of £ with nyLy = &, there exists a countable subcollection with empty
intersection.

DEFINITION 2.2 (measure terminology). We denote by M(¥) those nonnegative,
finite, finitely additive measures on #(&£). A measure u € M(¥) is called: o-smooth
on ¥ if for all sequences {L, } of sets of £ with L,, | &, u(L,) — 0; o-smooth on A (£)
if for all sequences {A;} of sets of A4(&£) with A, | &, u(A,) — 0, that is, countably
additive; strongly o-smooth on & if and only if for any sequence {L,, € £}L,, | L
where L € &, then u(L) =infu(L,) =limu(L,); $-regular if for any A€ A(£), u(A) =
sup{u(L) |LC A, L € ¥}.

We denote by Mg (¥) the set of ¥-regular measures of M(Z£); My (£) the set of
o-smooth measures on &£, of M(£); M7 (£) the set of o-smooth measures on « (&) of
M(£); M7 (£) the set of $-regular measures of M? (£); and M (o, %) the set of strongly
o-smooth measures on <.

In addition, I(£), Izx(£), I (%), I7(£), IF(£), and I(o,¥) are the subsets of the
corresponding M’s which consist of the nontrivial zero-one valued measures.

Finally, P(¥) = {mr, defined on ¥, nontrivial, monotone and (AN B) = w(A)1(B),
A, B, € &} is the set of all premeasures on &; P, (£) is the set of all premeasures on &
which are o-smooth on .

DEFINITION 2.3 (filters-measures correspondence). A filter in &£ is a subset of &£,
F(&), satisfying the conditions: & ¢ F(&); F(¥) is closed under finite intersections;
AeF(&), Be P and A C B, then B € F(£). An ultrafilter in & is a maximal filter
(relative to the partial order on the collection of filters in £ given by inclusion). An
Z-filter F(£) is prime if given A,B € & such that AUB € F(¥), then either A € F(£) or
B e F(%).

There exists a one-to-one correspondence between
(i) F-filters F(¥) and elements of P(&¥) defined by 1t (L) = 1 if and onlyif L € F(¥);
(ii) Z-filters F(£) with countable intersection property and elements of P, (¥) =
{mreP(®) |if t(L,) =1 forall n where L, € &, then NL, = @};
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(iii) prime -filters and elements of I(£) given by: for any u € I(¥) associate the
prime $£-filter F(£) = {A e L/u(A) =1};
(iv) prime &-filters with countable intersection property and elements of I, (£);
(v) L-ultrafilters and elements of Iz (£) given by: for any £-ultrafilter F(¥) asso-
ciate the zero-one valued measure defined on «{(¥) by: u(E) = 1 if there exists
A€eF(&), ACE, and u(E) =0 if there exists A € F(£), ACE’;
(vi) $-ultrafilters with countable intersection property and elements of I3 (¥).

DEFINITION 2.4 (lattice-measure correspondence). The support of u € I(¥) is
S =n{Le&|ul)=1}.

With this notation and in light of the above correspondences, we now note that:
for any u € I(£), there exists v € Ix(¥) such that y < v(¥) (i.e., u(L) < v(L) for all
L € &). For any u € I(¥£), there exists v € Izx(£") such that y < (¥'). & is compact
if and only if S(u) = @ for every p € Ix(£) and &£ is countably compact if and only
if Ix($) = I (£). £ is normal if and only if for each u € I(¥), there exists a unique
v € Iz (&) such that y < v(&£). &£ is regular if and only if whenever uy,u; € I(£) and
< pp(¥), then S(uy) = S(u2). & is replete if and only if for any pu € I (£), S(u) + @.
¥ is prime-complete if and only if for any y € I, (¥), S(u) = &. &£ is Lindelof if and
only if for any m € P, (&£), S(11) + &. Finally, if u, is the measure concentrated at
x € X then u, € Izx(£), for all x € X if and only if & is disjunctive.

For further results and related matters see [2, 3, 4].

3. Normal lattices, filters, and outer measures. In this section, we present a num-
ber of theorems on the normality properties of lattices. We consider the interplay
between normal lattices, $-regular or o-smooth measures, associated outer measures
and filters. Many of the results derived in this part are not new. Their inclusion is jus-
tified by the necessity of enumerating the known facts in this field and the wish to
make the paper self-contained.

THEOREM 3.1. Let & be a lattice of subsets of X and let F(£) be a prime £-filter.
Define G(L) ={LeL|LnA= D forall A € F(£)}. Then G(£) is a prime £L-filter if
and only if ¥ is normal (actually G(¥£) is an E-ultrafilter).

PROOF. (a) Suppose that & is normal. Let L € G(¥), B € £ and L C B. For any
AeF(¥), D+LnNnACBNA, so G(¥) is closed under supersets. Let Ly, L, € G(&£)
such that L1 N Ly ¢ G(£); then (L1 nA)N (LyNA) = & for some A € F(£). Since & is
normal, there exist L3,[4 € £, LinACL;, [o,nACLy,and LynLy = (L3ULy) = @,
thatis, LsULy = X.

Suppose that L3 € F(£);thenLiNnANL3y = &, with A, L3, AnL3; € F(£); contradiction,
since L, € G(&). Similarly, for Ly € F(¥). Now, suppose that L, e £and L UL, €
G(&£) but Li,L, ¢ G(£). Then there exist A,B € F(¥) withLinA =0, L,NB =, and
(LiuLy)N(ANB) = &, contradiction. It follows that G(&£) is a prime $-filter.

If G(¥) CcH(¥), where H(¥) is an $-filter and if L € H(£), then for any A € F(¥) C
G(¥) cH(®), LN A + &, therefore G(&¥) is an F-ultrafilter.

(b) Now let u € I(£) corresponding to F(¥) and suppose py < vi,Vv» (¥) where vi,v» €
Iz (£). Corresponding to v; and v, we have the $-ultrafilters F, (£) and F,(£), with
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F(¥) CFi (%), F2(£) c G(£), hence F1 (£) =F,(¥),=G(&), that is, v € Iz (¥) must be
unique, therefore & is normal. O

THEOREM 3.2. Let & be a lattice of subsets of X and define
J(&) ={meP(®) |if X=L,UL,, thent (L) =1 orm(Ly) =1, L,Lo € £}.  (3.1)
Let m € J(£) and define
F(®)={AecZ|mA) =1}, GE)={LeF|LNnA+T VAEFP)}. (3.2)

If & is normal then G(&£) is an L-ultrafilter.

PROOF. C(learly, F(¥) is an ¥-filter, not a prime &-filter. The proof of the fact that
G(Z) is a prime £-filter follows the corresponding proof of Theorem 3.1 since we only
need to show L;NL} + . O

DEFINITION 3.3 (associated outer measures). For yu € I(¥) and E C X define
w(E)=inf{u(L") |ECL’, L € %}. (3.3)

For u €1,(£) and E C X define
u’(E) _inf{zu(L;) | E C UL, Liei}. (3.4)
i

Then ' is a finitely subadditive outer measure and u’’ is a countably additive outer
measure.

Furthermore, if u € I, (£) then

@u=p" =y (£).

(b) " < p" = p(&).

(O If uelf(¥$) then p=p"” =p'(¥) and p"” = p' = u(<L).

(d) p €Izx(£) if and only if y = u' (£).

Various lattice topological properties have been characterized in terms of the outer
measures ' and y’. We note here Theorem 3.4 without proof (see [7]).

THEOREM 3.4. The lattice & is normal if and only if for v € I(£) and u € Iz (£) with
v=u($), theny =v'(&£).

THEOREM 3.5. Let u € Ig(£) and v € Ig(&£’) such that u < v(<£'). Then &£ is normal
if and only if i’ = v’ (&) for all such yu and v.

PROOF. Suppose u < v(¥'). Then v < u(¥) and since u € Ix(&£) it follows that
u=p(£). Thenv < u=pu <v'(£). Suppose & is normal. Let A € &£ with u(A) = 0.
Since u € Izx(¥), there exists L ¢ A’, L € & with u(L) = 1. But AnL = @ implies
that there exist C’, D’ such that Ac C', L c D', C'nD’' = &, C,D € ¥. Then we
have Ac C'"cD cL and v(C') < v(D) < u(D) < u(L’) = 0. Then v'(A) = 0 and
since A was arbitrary in &, u’ = v'(&£). Conversely, suppose that u’ = v'(£) and let
uel(®), u,pu € Ix(L) with pu < p,u(£). But p < v € Ix(¥£') on £, so we have
vV < U < pp, (). By the assumption, v/ = p; = 5 (£) and therefore we get that
U1 =y =V =, = o, that is, &£ is normal. O
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THEOREM 3.6. Let &£ be a normal lattice and let u € 1,(£) and v € Iz (£) such that
U <Vv(£). Thenv €l1s(£'). If £ is also countably paracompact then v € 13 (¥£).

PROOF. LletL;, | &, L, € £ and suppose v(L,) =1 for all n. Since v € Izx(¥), there
existi, c L), [, €% v(L,) =1forallnand L, | @.Since ¥ is normal, therefore there
exist A, B}, such that L,, ¢ A}, L, C B}, A,,nB,, = @ and A,, B, € ¥. Consider the
sequence of inclusions L, C B), C A, C L},. Since L, | @&, we may assume, with no
loss of generality, that L, B, and A, | @. u € 1,(£) implies u(B,) — 0. But u(B;,) =
v(B;,) = 1, contradiction. Next, let £ be also countably paracompact and let v € I, (£"),
B, € ¥, By | @. There exist A, € ¥, B, C A;, | &, and v(By) < v(A;,) — 0. Therefore
v eI (£). O

Consider now the following theorem which is similar to Theorem 3.6 in the case of
strongly o-smoothness.

THEOREM 3.7. Let &£ be a 6 normal lattice and let u € I(o,¥) and v € Izx(£) such
that u <v(¥). Thenv €l(c,¥’).

PROOF. LetL; | L', Ly, L € ¥ and suppose that v(L;)) =1 for all n but v(L") = 0.
Then, since & is normal, it follows that there exist A, € &, A, C L;,, and u(A,) =1
(see [8]).

Now we may assume that A, | A € &, since £ is a é-lattice and u(A) = 1 since
uel(o,%). Then v(A) =1, but A C L', contradiction. O

The next theorem relates the notions of normal lattice, outer measure and filter.

THEOREM 3.8. The lattice & is normal if and only if for each u € I(¥), u’ determines
a prime <L-filter.

PROOF. LetF(¥)={Le & |y (L) =1}.Suppose that £isnormal. Clearly, @ ¢ F(¥).
Let LeF(¥),Be¥withLCB;thenl=pu'(L) <y (B),soBecF(&).LetL,L, €F(&)
but Ly nLy ¢ F(£). Then u' (L1 nLy) = 0, that is, there exists L’ D Ly N Ly, L € £ with
u(L") =0.Wehave L C L] UL5 and since & is normal it follows that L = L3 UL4, L3 C L],
and L4 C L). Hence p(L3) =0 or p(L}) = 0, contradiction. Now let L1,L, € ¥ such that
LiuL, eF(¥) but Ly,L, ¢ F(£), that is, u' (L1 ULy) =1 but p(L]) = u(L) = 0. We get
a contradiction, since p' (L1 ULp) < p(Ly) + u(Ly).

Conversely, suppose that yu’ determines a prime £-filter, F(¥). If £ is not normal,
then there exist u € I(¥), ui, 2 €IR(L), py = pz and p < py, pp < p' (£). To pp and o
correspond the Z-ultrafilters G(¥) and H(¥) and by the above we have G(£), H(¥) C
F(%£); therefore G(¥) = H(¥) = F(¥), which implies p; = u> which is a contradiction.

O

The following theorem on the equality of two outer measures '’ and y’ depending
on the normality of & is well known (see [7]) and we just state it without proof.

THEOREM 3.9. Let u € I,(¥), then u”’ = u' (L) if one of the following conditions is
satisfied:
(a) &£ is normal and 6-lattice; or
(b) £ is normal and countably paracompact.
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REMARK 3.10. Note that if Theorem 3.9(b) is true, then by Theorem 3.6, for u €
Iy (£) and v € Ix (¥) such that u < v (&) it follows that v € I (¥) and then by Definition
3.3(c) we have v = v' = v’ (&£). Therefore in this case, for both u € 1, (¥) and the dom-
inating v € Iz (¥) we have the equality of ", u’ and v’, v"’, respectively.

4. Normal, slightly normal, mildly normal, and strongly normal lattices. In this
section, we summarize some known results (see [6, 9]) on normal, slightly normal,
mildly normal, and strongly normal lattices and give slightly different proofs. First,
we recall some definitions.

DEFINITION 4.1. The lattice ¥ is slightly normal if for all u € I (£’), there exists a
unique v € Ig(£) such that y < v(¥).

DEFINITION 4.2. The lattice &£ is mildly normal if for all u € I, (&), there exists a
unique v € Ig(¥) such that y < v(¥£).

THEOREM 4.3. If & is regular and Lindeldf then it is mildly and slightly normal.

PROOF. Suppose there exist u € I5(£), vi,v2 € Ix(&£) such that vi # vo and u <
v1,Vv2(&£). Then there exist L;,L, € £ suchthat LiNnLy = &, vi(L1) =vo(Ly) =1, and
vi(L2) = vo(Ly) = 0. Since & is regular, S(u) = S(vy) € Ly and S(u) = S(v2) C Lo,
therefore S(u) C (LyNLy) = @.But S(u) =S(v1) =S(v2) = Naily | U(Ly) =1} = O
The lattice &£ is Lindelof, hence there exist a countable subcollection {L;} with n;{L; |
u(L;) =1} = @ which give a contradiction since u € I, (¥). Hence £ is mildly normal.

Next, let u € I (£'), v1,v2, € Ix(¥) such that v; + v, and u < vi,v2(&£) as before.
Then S(pu) = @.Letw(L) = sup{p(L’) | L' cL, L € £}, m € P(¥) and S(u) = S(77) since
Zisregular. But u € I, (£’) implies 11 € P, (£) and since £ is Lindelof, S(1r) = @. Then
S(u) = @ which gives a contradiction. It follows that & is slightly normal. O

Now we formulate a series of results omitting their proofs (see [6]). They will be
used in the next section.

THEOREM 4.4. (a) If & is almost countably compact and mildly normal, then ¥ is
normal.
(b) If £ is complement generated, then & is slightly normal.

DEFINITION 4.5. A lattice & is called strongly normal if for u,u;,u> € I(£) with
u = py, 42 (£) we have iy < (L) or e <y (£).

THEOREM 4.6. Any strongly normal lattice & is normal.

PROOF. Suppose that there exists a yu € I(¥£) such that u < vi,v>(£) where vy, v
€ Ix(&). Since £ is strongly normal v; < v> (£) or v, < vi (£). The regular measures v;

and v; correspond to E-ultrafilters F, (£), F2(£) with F1 (£) S F2(¥) or F2(£) < F1(£)
which is a contradiction. Therefore & is normal. O

THEOREM 4.7. The lattice & is strongly normal if and only if I(£) = J(£).

PROOF. Suppose that I(£) = J(£) but for arbitrary u,u;,u, € (&£) with pu < puq,
H2(£) we have py £ (L) and pp £ pi(£). Then p < py A up(£) where g A pp €
P(%), but & I(%£). Clearly, since I(£) = J(£), ui A up € I(£) which is a contradiction.
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Conversely, suppose that & is strongly normal and let T € J(£). We have then v <
T = AU (L), where TT < g and v, iy € I(£). But {Ly}«ea is totally ordered since &£ is
strongly normal. Therefore, for any o, 8 € A, v < vg(&L) or vg < vy (&£). Suppose that
m(LiUly) =1, L,Ly, € £. Then uy(L; ULy) =1 for all @ € A. Suppose that for some
A €A, up(Ly) = 0; then py, (Ly) = 0 for all py, < pp hence py (Ly) =1 for all py < pa(<£).
But also pg(Ly) =1 for all pug = pp(£). Thus px(Ly) =1 for all @ € A, so (L) =1
which proves that T € I(£). O

5. Application to the Wallman spaces. Next, we briefly summarize some facts
(see [4]) about the Wallman space I (£¥) and then proceed to consider some relations
between the measures and the induced measures on the Wallman spaces. A few of
the properties to be considered have been investigated in [5], we give slightly differ-
ent proofs, and include some of them for completeness. Specific characterizations are
given for the various Wallman spaces associated with the considered zero-one valued
measures concerning normality and related questions studied in the previous section.

DEFINITION 5.1 (general Wallman spaces and Wallman topologies). The Wallman
topology in I (¥) is obtained by taking all

Wo(L) = {uell(®) |ul) =1}, Le, (5.1)

as a base for the closed sets in I§ (¥) and then I (¥) is called the general Wallman
space associated with X and £. Assuming & is disjunctive, Wy, () = {Ws(L) | L € £} is
a lattice in I (&), isomorphic to &£ under the map L — Wy (L), L € £. W (&) is replete
and a base for the closed sets tW, (&), all arbitrary intersections of sets of W4 (&£).
It is this topological space [If (£),tW, (£)] and lattice W, (£) which we will consider
here and in subsequent sections.

Analogously, we also consider I, (£) and Vi, (£) = {V,(L) | L € £} where V;(A) =
{uels (L) | u(A) =1}, A € 4(&£). Note that here we do not need the assumption
of disjunctiveness on & and that V(&) is prime complete and a base for the closed
sets tVy (L) of I, (£). Note also that in a similar way one can construct the Wallman
topological spaces [Iz (£),tW(£)], (here £ must be separating, too) and [I(£),tV(£)].

If Ae A(L), then Wy (A) = {u €IF (L) | u(A) = 1} and the following statements are

true:
WU(AUB) = Wcr(A) UWU’(B),

Ws(ANB) = W (A) NWs(B),
We(A") = Wy (A), (5.2)
ADB iff Wy(A) D Wy (B),
AWe (L)) = W (sA(L)).

DEFINITION 5.2 (the induced measure). Let y € I (%) and consider the induced
measure U € I (W5 (£)), defined by

U(Wo(A)) = p(A), A€ D). (5.3)

The map p — p is a bijection between I (&) and I (W, (£)).
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THEOREM 5.3. (a) Consider If (¥) and W4 (L) with & disjunctive. Then Wy (&) is
regular if and only if for all py,pu; € (L) and v € 1F (L), if Uy < U2, V(L) then pp <
v(&£).

(b) Consider 1, () and Vy(&£). Then V5 (¥) is regular if and only if for all uy,u, €
I(£) and v €15 (L), if i1 < u2(L) and p; < v(L) then px < v(L).

PROOF. (a)Let uy,ur € (L) such that yy < (&), there exist sl € I(Ws(£)) and
Hl(W(,(L)) = (L), HZ(WU(L)) =y (L) for all L € . Moreover, u; (L) < px(L) implies
M, <4, On Wo (£). Suppose Wy (&) is regular, then S(Hl) = S(Hz)’ where S(El) =
N{Ws(L) € Wx(£) | Hl(WU(L)) =1, L € £}. Let now v € If (¥) with u; < v(¥). We
have v € If (W, (£)) and My < V(Ws (L)) therefore S(v) C S(Hl) = S(Hz)? hence M, <
V(Ws(£)), that is, ux < v(&£).

Conversely, let py,p; € I(#) and v € IF (£) such that if py < pp(£) and p; < v(£)
then p, < v(£).Letnow Aq,A2 € I(W,(£)) and assume A < Ay (Wi (£)). Then A = My
and Ap = H, where up, u; € I(£) and My = HZ(W(,(DCE)), thatis, u; < ux(£). NowS(HZ) C
S(Hl)? if A e S(H1)’ then clearly A € If (£) and p; < A(¥). Hence, by the assumption
Uz < A(¥) which implies A € S(Hz)-

Clearly, the proof of (b) is similar and we omit it. O

THEOREM 5.4. Consider 15(¥£) and V4 (£). Then V, (&) is regular if and only if
Iy (&) = I (£). (We note here that the assumption of regularity for Vs (£) in Iy (£) is
very strong.)

PROOF. Suppose I (&) =I7(£). Then V4 (£) = Wy (£). Now let iy, € (&F), v €
I (%), and py < p2(£), py < v(&). Then, since 15 (L) =IF(£), p1 € IF(L) so py = pp
and p; = v. Conversely, suppose Vi (£) is regular and let u € I, (%), there exists
v € Izx(¥) such that yu < v(¥£), that is, y < v(V;(&£)), where u,v € I5(Vy(£)). But
S(u) = 5(v) since Vi (&) is regular. Hence py € S(v), that is, v < u(&£). It follows that
u =v and then y €I (¥). O

DEFINITION 5.5. The lattice & is almost countably compact if y € Izx (£’) implies
uel;(%).

THEOREM 5.6. Suppose & is disjunctive, then we have the following:

(a) Consider 1% (£) and Wy (£) and suppose & is Lindeldof and satisfies the condition
that for all py,p; € (F) and v € IF (L), if 1 < k2, V(L) then px < v(£).

Then Wy (&) is slightly and mildly normal.

(b) If £ is complement generated then Wy (£) is slightly normal.

(c) If & is almost countably compact and mildly normal then W, (<) is normal.

PROOF. (a) & disjunctive and Lindel6f implies W, (£) is Lindel6f. Also, by Theorem
5.3 it follows that W, (¥£) is regular. Now use Theorem 4.3 to conclude that W, (&) is
slightly and mildly normal.

(b) £ is complement generated implies L = n,L,’, L and L,, € &, for all n.

We (L) = Wo(NuLy') = npyWo (Ly') = Ny [We (Ly)] . Hence Wy (£) complement gen-
erated which implies that W, (&) is slightly normal (by Theorem 4.4).

(c) By the assumption, for any u € Ix(£’) it follows that u € I, (£) and then there
exists a unique v € Ig(£) such that u < v(¥). Let u € I(¥) such that u < A(¥£") with
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AelIr(£). Also A €15(£) and A < u < vi(&£) with v, € Ig(£), unique. Therefore if
u<vy(¥£)with vo €lzx(&£), then A < u <v>(¥£), and so v; = vo.
Hence ¥ is normal and also W, (&) is normal. O

As an immediate consequence, we get the following condition on V, (£) that will
be used later on, for Theorem 5.11.

COROLLARY 5.7. Consider I, (£) and V, (£) with & Lindelof. If for all uy, u, € I(&£)
and v € I;(£) such that if y; < p2(£) and u; < v(¥), it follows that u, < v(&£), then
Vo (£) is slightly and mildly normal.

THEOREM 5.8. (a) Let & be disjunctive, almost countably compact, and mildly normal
and let Wy (£) be prime complete. Then & is countably compact.

(b) Let £ be disjunctive, regular, Lindelof, almost countably compact and let W (£)
be prime complete. Then £ is countably compact.

PROOF. (a) We must show that Izx(¥) = I§(£). Let u € Ig(£); we have u < v(¥')
where v € Ig(&£’). Since £ is almost countably compact we have v < u(¥£) with v €
Iy (£). But W, (&) is prime complete and by Theorem 5.3 there exists A € If (¥) such
that v < A(&). & almost countably compact and mildly normal implies that £ is normal
(by Theorem 4.4). By the normality of ¥, the ¥-regular measure u such that v < gy must
be unique, hence y = A € I (¥£).

(b) & regular and Lindelof implies & mildly normal and by the above it follows that
% is countably compact. O

Finally, we consider another general Wallman topological space, consisting of
strongly o-smooth measures and analyze the relevant lattice in terms of normality:

I(0,%),tV(0,%)], (5.4)
where
V(o,%) ={V(o,L) |Le¥} with V(o,L)={pel(c,®)|ul)=1,Le%}. (5.5)

We recall a few statements on o-smoothness that will be used throughout this
section for the reader’s convenience (see [7]).
(@) 19(¥) cl(0,¥) CIx (L),
(b) & normal and complement generated implies I(o,%¥) C I (£);
() IZ(¥) cl(o,%).

THEOREM 5.9. Consider I(0,%¥) and V(0,%). Then V(0 ,%) is regular if and only if
forall uy,u, e X(L) andv € (0,L), if uy < p2,v(L) then ux < v(L).

PROOF. For up, 2 € I(£) we have Ml € I(W,(£)) and then MM, € I(V(o,%)).
If V(o,%) is regular then S(Hl) = S(Hz)’ where S(Hl) = n{V(o,L) € V(0,¥) |
HI(V(O',L)) =1, Le&}.Letvel(o,¥);,vel(o,V(o,¥)) and My <v(V(o,%)). Then
Ve S(Hz)' that is, p2 < v(¥£).

Conversely, suppose that uy, e, € I(£) and v € I(0,¥), such that if py < 2, v(£)
then pp, < v(£).Let A1,A, e I(V(0,¥)) and A1 < A (V(0,%)). Then A = M, and Ap =
H, with pq,u; € I(£). Thus Hy < HZ(V(O',&?)) which implies that u; < > (£), hence
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S(p,) € S(py). If Ae S(p,) then clearly A € I(0,¥) and p; < A(¥). By assumption,
Hz < A(¥) and then A € S(u,). Hence S(u,) = S(y,) and V (o, &) is regular. O

THEOREM 5.10. Consider I(o,¥) and V(o ,¥). If V(0,%) is regular, then1(o,&¥) =
I7 ($).

PROOF. Let p € I(0,¥), there exists v € Ix(¥) such that y < v(&£), hence p <
v(V(o,%)) where y € I(0,V(0,%)) and v € Iz (V(0,¥)). V(0,¥) is regular, therefore
S(u) =S(v), hence v < u(<£). It follows that y = v(&£) and since v € Izx(£), I(0,¥) C
Iy (£). Therefore y € Ix(¥), Iy (¥) and then p € If (£). O

THEOREM 5.11. Consider1(o,¥) andV (o,%) with ¥ Lindelof. If for all u,u, € I(£)
and v € I(0,%), such that if u; < pup,v(&£) then u, < v(£), it follows that V(o,¥) is
slightly and mildly normal.

PROOF. By Theorem 5.9, V(0,%) is regular. As in Corollary 5.7, we show that
V(0,%¥) is Lindelof and then it is also slightly and mildly normal. O
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