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MATRIX TRANSFORMATIONS OF STARSHAPED SEQUENCES
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ABSTRACT. We deal with matrix transformations preserving the starshape of sequences.
The main result gives the necessary and sufficient conditions for a lower triangular matrix
A to preserve the starshape of sequences. Also, we discuss the nature of the mappings of
starshaped sequences by some classical matrices.
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1. Introduction. In [1, 2, 4, 5] the authors have studied the convexity preserving
matrix transformations. In [6] Toader introduced the notion of starshaped sequences
and showed that the set of convex sequences is a subset of starshaped sequences. In
this paper, we prove the results on the transformations of starshaped sequences by
a lower triangular matrix A. We begin by the following definitions.

DEFINITION 1.1. A real sequence (x;,) is called a starshaped sequence if

Xn— X Xn-1—X
n 0>n1 0

n  n-1 (LD

forn > 2.

DEFINITION 1.2. Let A be a matrix defining a sequence-to-sequence transformation
by

(AX)n = > ankXk- (1.2)
k=0

Next, we define the matrices AV = [a;{i], AP = [a;z}(] as
1 2 1
a;; = Zan,k, a;; = Za;’;(. (1.3)
k=i k=i

Throughout we use A to denote a lower triangular matrix.
Also, for any given sequence (x;,) we can find a corresponding sequence (cx) such
that

Co = X0, C1 = X1, (]..4)

and for k > 2,

1
Xk-1+

k-1 k1o (1.5)

Ck = Xk —
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which implies that (x,) can be represented by
¢
xn:nz—k—(n—l)co. (1.6)
ik
As a consequence we get the following lemma.

LEMMA 1.3. For any two given real numbers x and B, we can construct a sequence
(xn) such that the corresponding sequence (ci) satisfies that cx = «, cj =B, 2 <k < j
and all other c;’s are zero.

PROOF. Consider the following sequence (x,) defined as

(0, if n <k,
«, if n =k,
Eo<, if k<n<j,
x, =1k (1.7)
Brrjo
k
7"(/3’;]0‘), ifn> .

It is clear that the sequence (x,) satisfies the stated condition. Also, Toader proved
the following result in [6]. O

LEMMA 1.4. The sequence (xy) is starshaped if and only if the corresponding se-
quence (cy) given in (1.5) satisfies that cy > 0 for k > 2.

2. Main results. We give below the sufficient conditions for a matrix A to preserve
the starshape of a sequence.

THEOREM 2.1. A matrix A = [an k] preserves the starshape of sequences if
M (ayd—aoe)/n=(ayo—ac)/(n-1), forn=2,
(ii) a,(f,}/n = af)l‘l/(n— 1), forn =2 and

(iii) foreachk =2, {otill_,)< n—o IS starshaped.

PROOF. Assume that conditions (i), (ii), and (iii) are true. Let (x) be a starshaped
sequence. Since A is a lower triangular matrix, (x) is in the domain of A. Denoting
the nth term of the transformed sequence by o, and using the representation given
in (1.6), we have

n ko
On = (AX)p = Z An,k [kz? (kl)Co]
k=0

i=1

=colano—an2—2anz—3ans---—M=2)ann-1— (M—1)ann]

+ci[ant +2an2 +3ans -+ M—1ann-1+Nann]
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c
+ ?2 [2an2+3ans+- -+ (M—1)ann-1+Nann]

+ %3 [Bans+4ans+---+M—1)ann-1+Ndnn]

Cp—

1
oot n"_ I [((m—1)ann-1+nann]+cnlann].
(2.1)
Using the notations given in Definition 1.2, we can write o, as
2 2
= colan —2a} [+ erf ags
+ 20 (1) (1)
> [ n2+an3+ -t+ay, ]
c
+ 5 [Banirani+- - ral)] 2.2)
c
o I 2lm-2ay), o +al,  +al)]
Cn-1 (1) 1 1
T [(n Dy - 1+a§l}l]+cn[a;}l].

Here, we note that oy = coag,. In order to show that {0, } is starshaped, we consider
forn =2,

(2) (2) (2) (2)
On—00 On-1—00 _ CO[<an,0 ao,0 _ anl,O_aO,()) _Z(an,l Ay, 1):|

n n-1 n n—-1 n n-1
() ()
a a,.
o n,1 _“n 1,1
n n-1
(1) (1 (1) (1)
Y An2  Ap-1;2 An3 a -1,3
2 n n-1 n-1

)
=
) (2.3)
]

(1) (1)
Apn-1 An-1n-1 a1(11,11
+. —
n n-1 n
(1) (1)
_ a a
+. + n2|:(n_2)< nn-2  “n-ln- 2)
-2 n

(1) (1) 1
Apn-1 Ap-1n-1 a%,lz
+ - +
n n-1 n

(1) (1) (1)
n-1 Apn-1 Anin-1 Ann Cnl (1)
n-1 —— — . +—— | +—|ann|-
-1 [( )< n n-1 ) n n[ "”]

o

S
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Since (xy) is starshaped, the corresponding c; > 0 for k > 2. Now, using conditions
(i), (3i), and (iii) it is easy to see that

On—0p On-1—0p
n n-1

= 0. (2.4)

Hence the theorem is proved. O

We notice that a matrix A which preserves the starshape of sequences need not
satisfy all the three conditions of Theorem 2.1. We give below an example of such a
matrix.

EXAMPLE 2.2. Let A be a matrix given by

1 0 0 0 O
2 0 0 0 O
7 -8 4 0O O
13 -12 -3 6 O
A= 17 -16 -4 8 O (2.5)
n+1 -4n -n 2n O
Then the corresponding matrices A%V and A® are
1 0 0O 0 O
2 0 0O 0 O
3 -4 4 0 O
4 -9 3 6 O
AV = 5 12 4 8 0 ,
n+l -3n n 2n 0
(2.6)
1 0 O 0O O
2 0 O 0O O
3 0 4 0 O
4 0 9 6 0
A= 5 0 12 8 0
n+l 0 3n 2n O
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For the above matrix A, it is obvious that conditions (i) and (ii) of Theorem 2.1 hold.
But condition (iii) fails because

< —= = 2.7)

implying that {a;l,)z }n—o is not starshaped. But A preserves the starshape of sequences.
To see this, using conditions (i) and (ii) of Theorem 2.1 we write (2.3) as

(1) (1) (1) (1)
On—00 On-1—00 _ CZ|:2(an,2 _ an—l,Z) " (an,?) _ an-y 3)

n n-1 2 n n-1 n n-—1
(1) (1) (1)
a a a
et nn— 1 n-1,n-1 + n,n
n n-—1 n

(2.8)

(1) (1)
Cn— Ay o Ap_1n—
+”'+nn2|:(n_2)< nn-2 “n-1n 2)

-2 n n-1
(1) (1) 1
Apn-1 an 1,n-1 agzzn
+ +
n n-1 n
(1) (1) 1)
C a a a C
i nl[(n 1)< nn-1  “n-1n- 1>+ nn}_’_ n[aillll]
n n n-1 n n

Therefore, for any starshaped sequence (x,), using Lemma 1.4 in the above equation
we get

02 — O} 01 — O (&)
=20 o (a%) >0,

2 1 2
(1) (1) (1) (2.9)
O3-00 _02-00 _Caf,(432 @22 33| C3( (1)
3 2 2[2(3 2>+ 3}3(5{3,3)20,
and for n > 4,
In=00 _On-1700 _ (2.10)

n n-1

We give below the necessary conditions for a matrix A to preserve the starshape of
sequences.

THEOREM 2.3. If a matrix A = [ank] preserves the starshape of a sequence, then

(i) (a“ uoo)/n (@P)o—a00)/(n-1), forn=2,

(ii) a /n a 1/(n 1), forn =2, and

(iii) for eachk = 2, {aiﬁk}nzo is starshaped.
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PROOF. Assume that the matrix A preserves the starshape of sequences. Equation
(2.3) which is satisfied by any transformed sequence can be written as

@) @) @ @
Tn=00 _ On1-0 _, [(a —ap flnl,oflo,o) 2(%,1 anl,1>:|
_ . _of 4n1 _ “4n-11
n

n n-1 n-1 n n-1

(2) (2) (2) (2) (2) (2)
n 1 an—l,l C2 An2 An’i12 n 3 an—1,3
+C1 — += 12— - —
n n-1 2 n n-1 n n-1
(2) (2) (2) (2)
b j I ) —(j-1) Anjr1 An-1,j+1
J n n-1 n n-1

(2) (2) (2

Cp— Ay - (7P a
PR n-1 |:(’I’L—l)( nn-1_ “n-1n 1) (1’1 2) nn:|

n n n

-1 n-1

Cnl
+[a?,].
n nn

(2.11)

Suppose that condition (ii) does not hold. Therefore, there exists an N > 2 such that

) (2)
Aan,1  an-1,1
—==A . 2.12
N N-1 M0 (2.12)
Choose a sequence (x,) such that x,, = —nA. Then (x,) is starshaped since from

(1.5) we getthat co =x9=0,c1 =x7 =-Aand for k > 2, cx = xx — (k/(k—1))x)_1 +
(1/(k—1))x0 = 0. Thus for the transformed sequence ¢, we obtain from (2.11) that

ON—0Op ON-1—00
N N-1

=-A%2<0, (2.13)

which contradicts that A preserves the starshape of sequences. Therefore, condition
(ii) must be true. Consequently, (2.11) reduces to

(2) (2)
Op—09 Op-1—0p c [(an() ao,0 anl,O_aQO):|
_ = ¢co _

n n-1 n n-1
2 2 2
+C2[2<“;,)2_a£1)12)_( ‘5’[)3 a;)l,s)}
2 n n—-1 n n-1 (2.14)

(2) (2) (2)
a a

+___+C |:(1’l 1)< nn-1_ %4n-1,n- 1) (n— 2)ann1|

n-— n n-1 n

Cnf @
+ [a2),].
Suppose that condition (i) is not true. Therefore, there exists an N > 2 such that

(2) (2)
ano—aoo An-1,1 40,0

00 AL 200 _ g, (2.15)

Choose a sequence (x;) such that x,, = (n—1)B. Then (x,) is starshaped since from
(1.5)we getthat co =x9=—-B,c1 =x1=0and for k > 2, cx = xx — (k/(k—1))x)_1 +
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(1/(k—=1))xo = 0. Thus for the transformed sequence o, we obtain from (2.14), that

ON—0o ON-1—0p

_ _ P2
N N1 - k<o (2.16)

which contradicts that A preserves the starshape of sequences. Therefore, the condi-
tion (i) must be true. We will now show that condition (iii) is necessary for the matrix
A to preserve the starshape of sequences. Since we have established conditions (i)
and (ii), (2.14) reduces for n > 2 to

(2) (2) @ L@
Tn=00 On1-00 _C21, An2 Ap-12\ (4n3  4n-13
n n-1 2 n n-1 n n-1
2) (2 () 2
I a;3 an)13 _9 Ang a;)u
3 n n-1 n n-1
@ @ ) 2
pog b -@_“n o1y (st _norjen) | 17)
i'Un e - n n-1

(2)

(2) (2)
_ a _ a,_ _
+”_+Cn 1 [( _1)( nn-1_ “%n-1n 1)_( _Z)Qn,n:|
n n-1 n

To show that {a(Z) m—o is starshaped for k > 2, we need to prove that for each fixed

2)

not,i/ (n 1) = 0, for n = 2. So, it is sufficient to show that for each

j=2, a(2)/n a

fixed n > 2, a2)/n a?, /(n-1)=0,for2 < j<n.Fixn=>2.

n— lJ
CASE 1. When j = n we will show that a?) > 0. If a\¢y = « < 0, then using
Lemma 1.3 we choose a starshaped sequence (x) such that ¢, = 1 and other c¢i’s

are zero. Thus from (2.17) we obtain

On—0yp On-1—00 _ 1 )

<0, (2.18)

x
n n-1 n ™o
which is a contradiction. Thus, aln = 0.
CASE 2. When j=n—-1 we w111 prove that a;z,;,l/n—af,)lyn,l/(n— 1) =0.
Suppose not. If aif)n,l/n - af,)l‘n,l/(n— 1) = B < 0, then as before we choose a
starshaped sequence (xi) such that ¢y = 0 for k # n—1 and c¢,,—; = 1. Thus using

Case 1 in (2.17) we obtain

() (2) (2)
On—0p On-1—0p 1 Apn-1 An-1n-1 Ann
- = n-1 — — : -(n-2 :

n n-1 n—l[( )< n n-1 ) ( )< n )}

(2)
[(n DB-(n- 2)(“””)] @19

<0,

which is a contradiction. Continuing in this manner with j =n-2,n-3,...,3,2, we

can establish that afﬁ}/n—an 1J/(n 1) = 0. This completes the proof. O
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We give below an example to show that the three conditions of Theorem 2.3 are not
sufficient for a matrix A to preserve the starshape of sequences.

EXAMPLE 2.4. Let A be a matrix given by

0 O 0 0 O
1 0 0 0 0
2 0 0 0O O
3 3 -6 3 0
A=14 8 -16 8 O (2.20)
n 2n -4n 2n 0
Then the corresponding matrices A and A are given by
0 0 0 0 O 0O 0 0 0 O
1 0 0 0 O 1 0 0 0 O
2 0 0 0 O 2 0 0 0 O
3 0 -3 3 0 3 00 3 O
AV =14 0 -8 8 0 , A®=14 0 0 8 0 (2.21)
n 0 -2n 2n 0 ... n 0 0 2n O

The above matrix A satisfies all three conditions of Theorem 2.3. But A does not
preserve the starshape of sequences. To see this, we choose a starshaped sequence
(xn) such that ¢ = 0 for k # 2 and ¢, = 1. Then the sequence transformed by A is not
starshaped, because when n = 4, (2.17) yields

04—0p 03-0p _1 2 ﬁ,ﬁ _ @,ﬁ <0 (2.22)
4 3 2 4 3 4 3 | ’

In Theorem 2.1 we stated the sufficient conditions for a matrix to preserve the
starshape of sequences, and in Theorem 2.3 we stated the necessary conditions. Now,
we give the necessary and sufficient conditions for a matrix A to preserve the starshape
of sequences.

THEOREM 2.5. A matrix A = [an k] preserves the starshape of sequences if and only if
@ (@i —aoe)/n=(ago—aco)/(n-1), forn=2,

(ii) af’}/n = af,)l‘l/(n— 1), forn =2, and

(2) )

(iii) for each k = 2, the sequence {kaf’;( — (k- Dayriitn

_o 1s starshaped.
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PROOF. Assume that conditions (i), (ii), and (iii) are true.
From condition (iii) we obtain, using Definition 1.1 that for each k > 2,

(2) (2) (2) (2)
k(“;*" - ?;_Iik) (k— 1)(“"1:“ - “’;‘1"‘1“> > 0. (2.23)

If a sequence (x,) is starshaped, then using Lemma 1.4 and the above inequality in
(2.17) we see that the transformed sequence {0, } is also starshaped.

Conversely, let A preserve the starshape of sequences. Then conditions (i) and (ii)
follow from Theorem 2.3. Suppose that condition (iii) is not true for some k = j > 2.
Therefore, the sequence

{ial - G-Dal ) (2.24)

is not starshaped. So, there exists an N > j such that

(2) (2) (2) (2)
AN,  9AN-1,j AN,j+1  AN-1,j+1
1 — | = 0. 2.25
J( N N-1 ) (- )( N N_1 B< (2.25)

Choose a starshaped sequence (xi) such that ¢y =0 for k + j and c; = = > 0. Then
from (2.17) we see that the transformed sequence satisfies that

ON—0Op ON-1—0p B?
- =-—<0, 2.26
N N-1 J ( )
which is a contradiction. Hence the theorem is proved. O

In the next theorem, we give a sufficient condition for a starshape preserving ma-
trix A to map a non-starshaped sequence into a starshaped one. For simplicity we
introduce the following notation

(2) (2) (2) (2)
w® Ak  An-1k Ank+1 An-1k+1
=k e k-1 -] 2.27
Onk: ( n  n-1 ) ( )( n n-1 (2.27)

THEOREM 2.6. Let a matrix A preserve the starshape of sequences. If there exist k
and j with j > k = 2 and a constant A > 0 such that

Awiy = w0l (2.28)

for alln = 2, then A maps a non-starshaped sequence into a starshaped sequence.

PROOF. From (2.17) any transformed sequence satisfies for n > 2,

On—0p On-1—0p C2 (2) 3 (2) Ck (2)
L - = 1 7?[(1)"2]'%?[(1)”’3]4‘"'4‘7[(Un‘k]
Cj (2) Cn-1 (2) Cn 2 (229)
+---+7[wn,j]+---+—1[wn’n,1]+—[w§h2¢]
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Now, using Lemma 1.3 we choose a non-starshaped sequence (xy) such that cx = A,
¢j = —1 and all other ¢;’s are zero. Thus when n <k,

On—0p On-1—00

=0. (2.30)
n n-1
When k <n < j,
On=00 On-1—-00 A[ (2

s 2 = Cag] =0, (231

by Theorem 2.5. When n > j,

On=00 On-1—-00 A1 @27 11 (2

e T E[w"'k] ‘j[“’n,f] >0, (2.32)
by our assumption. Thus {o,} is starshaped. O

3. Examples. In this section, we study the starshape preserving nature of some
well-known matrices. Some of the results will not be proved here, as either their proof
follows in an obvious manner or is straightforward but more tedious.

One of the most familiar summability matrices is the Cesaro matrix [3, page 44].
This matrix is a lower triangular matrix given by

L, if k <mn,
n+1 (3.1)

0, if k > n.

Cn,k =

The corresponding matrices C'V and C? are given by

" Ll_k’ lfksn’
Cop = n+1
0, if k>mn,
(3.2)
" (n+1—k)(n+2—k)’ ifk<n,
Co = 2(n+1)
0, if k > n.

THEOREM 3.1. The Cesdro matrix preserves the starshape of the sequences. Also, it
maps a non-starshaped sequence into a starshaped one.

PROOF. It is easy to verify conditions (i) and (i) of Theorem 2.5. To see condition
(iii), consider

c? @ c® c®
k nk “n-1k ) (k— 1) nk+l  “n-1lk+1 , (3.3)
n n-1 n n-1

which simplifies to k(k—1)/n(n%—-1) = 0, for n, k = 2. It is not difficult to verify that

3w\th = wiZ} for all n = 2. Therefore, by Theorem 2.6 we conclude that the Cesaro

matrix is stronger than the identity matrix. O
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For j € N, the jth order of Cesaro matrix is given by [3, page 45]

(i)
o= (7]

0, if k > n.

if k <mn,

199

(3.4)

LEMMA 3.2. Foreach j € N, the matrix Cj.1 Cj‘1 preserves the starshape of sequences.

PROOEFE. If C J-+1CJTl is represented by A}, it is easy to see that

)
Akl =1 ()
0, if k > n.

if k <n,

Let (x,,) be a starshaped sequence. Then a simple calculation shows that
j+n n+j+1 n+j
(= (" T = (1
Writing
n Ci
(Ajx), =n> Tl —(n—-1)co,
i=1

equation (3.6) can be simplified to

n-1
Xn i[(n+j+1)cn+n(j+2) D %+(j+lfn(j+2))co].

J+1 i-1

Therefore for each n > 2, we get

Xn—Xo Xn-1—-Xo (M+j+1) (2—-n)

n n—1 nG+1) " m-1{+1)

Cn-1,

(3.5)

(3.6)

(3.7)

(3.8

(3.9)

which is nonnegative by assumption. Considering the values for n = 2,3,... succes-

sively, we see that ¢, > 0 for n > 2. This completes the proof.

O

Thus the matrix C; is included by the matrix C;;; in the starshape sense for each
J € N. Combining this result with Theorem 3.1, we obtain the following theorem.

THEOREM 3.3. For each j € N, the jth order of Cesdro matrix C; preserves the

starshape of sequences.

Another well-known lower triangular matrix is the Norlund matrix [3, page 43]

Pn-k

Ny[n,kl=1 Pn’
0, if k> n,

if k <n,

(3.10)
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where {p,} is a nonnegative sequence with py > 0 and P,, = ZLO pk. Itis obvious that

M=

N2 [n,0] = P, (3.11)

L
Py ;

0

which in turn yields that

Ny [1,01=N,[0,0] N, [n—1,0]1-N,[0,0]
n n-1

(3.12)

is negative. Therefore condition (i) of Theorem 2.3 fails. This results in the following
theorem.

THEOREM 3.4. The Norlund matrix N, does not preserve the starshape of sequences.
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