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ABSTRACT. We give an improvement of some inequalities similar to Hilbert’s inequality
involving series of nonnegative terms. The integral analogies of the main results are also
given.
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1. Introduction. It is well known that the following Hilbert’s double series inequal-
ity (see [3, page 226]) plays an important role in many branches of mathematics.

THEOREM 1.1. Ifp > 1, p’ = p/(p—1) and S.aly < A, S.b% < B, the summations
running 1 to o, then

Sy dmbn T uppie (1.1)
m+n sin(mw/p)

unless all the sequence {a,,} or {b,} is null.

The integral analogue of Hilbert’s inequality can be stated as follows (see [3, page
226]).

THEOREM 1.2. Ifp>1,p ' =p/(p—-1) and

J: fP(x)dx <F, J:gp’ (y)dy <G, (1.2)

then

(T f0g9w) _ T rupeup
JO . Xty dXdy<sin(rr/p)F G''P (1.3)

unless f =0 or g =0.

These two theorems were studied extensively and numerous variants, generaliza-
tions, and extensions appeared in the literature, see [1, 2, 3, 5, 6, 9] and the references
therein.

Recently, Pachpatte [9] gave new inequalities similar to Hilbert’s inequalities given
in the above theorems, involving a series of nonnegative terms as follows.

THEOREM 1.3. Letp > 1, q > 1, and let {ay,} and {b,,} be two nonnegative sequences
of real numbers defined form = 1,2,...,k andn = 1,2,...,v, where k, v are the natural
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numbers and define Ay, = > 1, as, By = Y.t by. Then

m=1

k r 172
Z Z mBn<C(qu7’)(Z(k m+1)(Am am)z)

. 12 (1.4)
x(Z(r—n+1)( ﬂlbn)2> ,
n=1
unless {a.,} or {b,} is null, where
C(p.a,k,r) = %pQ\/ka. (1.5)

An integral analogue of Theorem 1.3 is given in the following theorem.

THEOREM 14. Letp>1,g>1and f(o) =0, g(t) =0 for o € (0,x), T € (0,y),
where x, vy are positive real numbers and define F(s) = f(f flo)do andG(t) = fég('r)d‘r,
fors € (0,x), t € (0,y). Then

. 1/2
J JJ’ EP($)GUD) , oy <D(p,a,x,y) (Jo (x—s)(F"’"l(S)f(S))zdS>

s+t
12 (1.6)
(f (v -D(GI 1 (g(t)) dt) ,
unless f =0 or g =0, where
D(p,a,x,y) = %nq\/xy- (1.7)

In this paper, we give an improvement of the inequalities given in Theorems 1.3 and
1.4 similar to Hilbert’s double series inequality and its integral analogue, involving a
series of nonnegative terms. In addition, we obtain some new Hilbert type inequalities.
These inequalities improve the results obtained by Pachpatte [9].

2. Main results. Our main results are given in the following theorems.

THEOREM 2.1. Letp =1,q =1, 0< &, and let {a,,} and {b,} be two nonnegative
sequences of real numbers defined form =1,2,...,k andn = 1,2,...,v, where k, v are
the natural numbers and define Ay, = > 11, as, By = 31, by. Then

k

k v Ap Bq ) , 1/2
2 2 g <Cpakrio| X (k-m+1)(Ah am)
mo1no1 (M*+ne) m=1 @.1)

r 1/2
X ( > r-n+1)( ﬁlbn)z) ,

n=1

unless {a.,} or {b,} is null, where

1 1/0(
C(p,q,k,r;00 = (E) pavkr. (2.2)
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PROOF. By using the following inequality (see [1, 7]),

n B n m B-1
( > zm) <B> zm< sz> , (2.3)
m=1 m=1 k=1

where 8 > 1 is a constant and z,, > 0, (m = 1,2,...), it is easy to observe that

m n
A <pSaAl™', m=1,2,..,k, Bi<q> aBi', n=12,..r. (24
s=1 t=1

From (2.4) and using the Schwarz inequality and the elementary inequality

n 1/n n o\
(]_[al) < (2 ai) , 0<q, (see[4)]), (2.5)
i1

i=1 n

(for a;, i = 1,2,...,n, nonnegative real numbers) we observe that

m n
ARBl < nq< > asAf’l> ( > atBé“)
t=1

s=1

m 1/2 n 1/2
<M(m>”2<Z(as 5’1)2> (n)”2<z B ) (2.6)

m& +ne\ e/ m 12 y n 1/2
sm(iz ) (Z a,Al? Z (aBI .

Dividing both sides of (2.6) by (m®+n%)/% and then taking the sum over n from 1
to 7 first and then the sum over m from 1 to k and using the Schwarz inequality and
then interchanging the order of the summations (see [7, 8]) we observe that

k r Aqu
ZZ%

m=1n=1 (ma +n«

1/0(
<Pq 2 {

1 k m 1/2 r n 1/2
<M (k)”z{ > (Z(as 5’1)2>} (r)”Z{Z (Z beBE") )}
m=1 \s=1 n=1 \t=1

r<>{<>u<>}

k 12 - r 1/2
=C(p,q,k,r;a){z )% (k- 5+1)} {Z (BT (r - t+1)}

k 1/2 r 1/2
—C(v,q,k,r;oo{Z(k—mﬂ)(amAfn‘l)z} {Z(r n+1)(byB~ 1)2} :
n=1

m=1

(2.7)

This completes the proof. O
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REMARK 2.2. In Theorem 2.1, setting o« = 1, we have Theorem 1.3. If we take p =
q = 1 in Theorem 2.1, then the inequality of the result of Theorem 2.1 reduces to the
following inequality:

k 1/2

k r A, B
>y mmen < (11kro<)<Z(k—m+1)(am)2
m=1

(2.8)

P 1/2
x ( D (r-n+ 1)(bn)2> :

n=1

where C(1,1,k,7;x) is obtained by taking p =g =1 in (2.2).

Our next result deals with further generalization of the inequality obtained in
Remark 2.2.

THEOREM 2.3. Let {an}, {bn}, Am, and B,, be as defined in Theorem 2.1. Let {p}
and {qn} be two nonnegative sequences form =1,2,....,k andn = 1,2,...,v, and define
Py = ZZ’LI Ps, Qn = Z?:l q:. Let ¢ and @ be two real-valued, nonnegative, convex, and
submultiplicative functions defined on R, = [0, ). Then

S 5 10 i e (2] )

moin1 (M*¥+n m=1

(Z(V n+1)[qn¢(b")]2)”2,

o= (1)1 (& [HE] V(S @]V g

m=1 n=1

(2.9

where

PROOF. From the hypotheses of ¢ and ¢ and by using Jensen’s inequality and the
Schwarz inequality (see [5]), it is easy to observe that

_ szzn_lpsas/ps>< (Xﬁlpsas/rh)
{Am) d)( 1 Ps =bPm)db 1 Ps

e Spal) < 2o (S oo ()] )

1/2

W (Ba) < sz" (n)”z(i[ ( )T) . (2.12)

From (2.11) and (2.12) and using the elementary inequality

n 1/n no_a\ /&
(ﬂai) < (Z””) , 0<q, 2.13)
i-1 h

i=1

(2.11)

and similarly,
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(for a;, i = 1,2,...,n, nonnegative real numbers) we observe that

otanputn = (2252 {2 (S ()] )
(Sl (3)]) )

Dividing both sides of the above inequality by (m® +n*)1/% and then taking the sum

over n from 1 to v first and then the sum over m from 1 to k and using the Schwarz
inequality and then interchanging the order of the summations we observe that

(2.14)

() TR E L G]) ]
S E ) ]
() (2 [5]) (2 ELG)
(E[E) (@)
(2) GG ()

The proof is complete. O
REMARK 2.4. By applying the elementary inequality (see [4])
n 1/n noay 17y
(]_[ai) < (Zl) , 0<y, (2.16)
i=1 i-1

(for a;, i=1,2,...,n, nonnegative real numbers) on the right sides of the inequalities
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in Theorems 2.1 and 2.3, we get, respectively, the following inequalities:

Y r Y (2.17)
<C ((Z(k m+1)(Ah ' am) ) +(Z(T—n+1)( ﬁlbm)2> ) ,
m=1 n=1
where C; = (1/2)Y/YC(p,q,k,7; ), and
k r
Am) @ (Bn)
w%InZ::I m‘x+n°‘)1/a
2\y r b 2\ y\ 17y
([ Zoomenfpma(e)] ) ¢ (Se-nenfaw()]))
m=1 n=1 n
(2.18)

where M; = (1/2)Y/YM (k,7r; &), which we believe are new to the literature.
The following theorems deal with slight variants of (2.9) given in Theorem 2.3.

THEOREM 2.5. Let {a,,} and {b,} be as defined in Theorem 2.1, and define A, =
1/mY as and B, = 1/n> by, form = 1,2,....k and n = 1,2,...,r, where k, v
are the natural numbers. Let ¢ and @ be two real-valued, nonnegative, and convex
functions defined on R, = [0, ). Then

k r mn k 1/2
> 2. 71/a</>(Am)W(Bn) sC(l,l,k,V;tx)( > (k-m+ 1)[q5(am)]2>

m=1ln=1 mo(+n0() m=1

«(> <r—n+1>[w<bn>]2)m,

n=1

(2.19)

where C(1,1,k,r) is defined by taking p =q =1 in (2.2).

PrROOF. From the hypotheses and by using Jensen’s inequality and the Schwarz
inequality, it is easy to observe that

m m m 1/2
pan) = (Y a) = b ¥ pad = om2( S sl

s=1 s=1 ) s=1 o (2-20)
v = w() > bt) <83 wlb) < po0 (Y [w(bt)]z)

The rest of the proof can be completed by following the same steps as in the proofs
of Theorems 2.1 and 2.3 with suitable changes and hence we omit the details. O

THEOREM 2.6. Let {am}, {bn}, {Pm}, {an}, Pm, and Q, be as in Theorem 2.3,
and define Ay, = 1/Pp Yt psas and By, = 1/Qn Y1 atb:, for m = 1,2,...,k and
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n = 1,2,...,v, where k, v are the natural numbers. Let ¢ and @ be as defined in
Theorem 2.5. Then

k 1/2

k 7
Sy Pan4’(Am))‘f’/£B") < C(l,l,k,r;a)( > (k=m+1)[psep(as)]’

m=1

(2.21)
. 1/2
X(Z(T—ﬂ+1)[‘hll/(bt)]2> ,

n=1
where C(1,1,k,v;x) is defined by taking p = q =1 in (2.2).

PrROOF. From the hypotheses and by using Jensen’s inequality and the Schwarz
inequality, it is easy to observe that

m m m 1/2
¢(Am)=¢(1 Psas) Sizp ¢(as)<P(m)1/2(Zps ) )

s=1 m s=1

n n 1/2
1 1
¢ (By) = W( tht> s —>aquyb) < Q(Tl)l/2<z ary (br)] ) .
1 t=1
(2.22)

The rest of the proof can be completed by following the same steps as in the proofs
of Theorems 2.1 and 2.3 with suitable changes and hence we omit the details. O

3. Integral analogues. In this section, we present the integral analogues of the in-
equalities given in Theorems 2.1, 2.3, 2.5, and 2.6, which in fact are motivated by the
integral analogue of Hilbert’s inequality given in Theorem 1.2.

An integral analogue of Theorem 2.1 is given in the following theorem.

THEOREM 3.1. Letp >1,q>1,0<x<1and f(og) =0, g(t) =0 for o € (0,x),
T € (0,y), where x, v are positive real numbers, define F(s) = fosf(a)d(r and G(t) =
f(fg('r)d'r, fors € (0,x), t € (0,y). Then

N 1/2
J Jy o qufz‘dsdtsD(p,q,X,y;"‘)(J (XS)(Ff(S))ZdS)
(sx+tx) ’ |

. (3.1)
By ) 12
X (JO (y—1)(G4(1)) dt) )
unless f =0 or g =0, where Fy(s) = FP~1(s) f(s), G4(t) = G~ (t)g(t), and
1/x
D(p,q,x,y;&) = (5) pPaJxy. (3.2)
PROOF. From the hypotheses of F(s) and G(t), it is easy to observe that
s =p [ PPl o)f(@)do, se 0%,
0 (3.3)

t
Gi(t) = qjo G N (1)g(T)dT, te(0,y).
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From (3.3) and using the Schwarz inequality and the elementary inequality
n 1/n L 1/«
(Hai) s(z 1) , 0<gq, (3.4)
! — n
i=1 i=1

(for a;, i =1,2,...,n, nonnegative real numbers) we observe that

K t
FP(s)G(t) = pq (JO Fr-l (U)f(o)d0> (IO G} (T)g(T)dT)

1/2

K 12 t
< pq(s)“(]o (F*"1<a)f(o>)2da) (t)“ZUO (Gq-1<r>g<r>)2dT>

sy po\ M/ s V2
<ra(*55) (Lo @roras) ([emamyiar)
(3.5)

1/2

Dividing both sides of the above inequality by (s*+¢%)/% and then integrating over
t from O to y first and then integrating the resulting inequality over s from 0 to x and
using the Schwarz inequality we observe that

J Jy FP(s)G4(t) dsdt

(504 o)1/

< pq(é)l/a{ﬁj (J; (Ff(a))zda)l/Zdt}{Joy (Lt (Gg(T))sz>l/2dt}
< pqc)w(xy)uzﬂ: (JO (Ff(a>)2da> ds}l/zﬂoy (Jot (Gg(T))ZdT) dt}

x 1/2 y 1/2
=D(p,q,x,y;0()<jo(x—s)(Ff(s))2d5) (L (y—t)(Gg(t))zdt> ,

1/2

(3.6)

where F¢(0) = FP~1(0) f(0), G4(T) = G4~ (1) g(T). This completes the proof. O

REMARK 3.2. In the special case when p = q = 1, inequality (3.1) in Theorem 3.1
reduces to the following inequality:

JX T EOGCWO e

0 Jo (setoyt/e
(3.7)

x 1/2 y 1/2
=D(1,1,x,y;tx)(L(x—s)fz(s)ds> (L (y—t)gz(t)dt) :

where D(1,1,x,y;x) is obtained by taking p =g =1 in (3.2).

The integral analogues of the inequalities in Theorems 2.3, 2.5, and 2.6 are estab-
lished in the following theorems.



SOME INEQUALITIES SIMILAR TO HILBERT’S INEQUALITY 219

THEOREM 3.3. Let f, g, F, G be as in Theorem 3.1. Let p(0) and q(T) be two positive
functions defined for o € (0,x), T € (0,y), and define P(s) = fgp(a)da and Q(t) =
féq('r)d'r, for s € (0,x),t € (0,y), where x, y are positive real numbers. Let ¢ and
Y be as in Theorem 2.3. Then

X 2 1/2
yd) Fp(s))y G(t))dsdtsL(x,y;a) (x=35)|ps)p 7f(s) ds

Su+trx ( )

1/2
g(t)
(j (- t[q(t) ( (t))] dt) ,
where

o= (3) (1[5 o) (L[ o) oo

PROOF. From the hypotheses and by using Jensen’s inequality and the Schwarz
inequality, it is easy to observe that

(3.8)

o) [ P @100

o]

_ $(P(s) f(o) (3.10)
< B L (o )qb< ))da

(sl )
= 9 Jo Poel e )| 49)

P(F(s)) =¢

and similarly,

W) 1 g(1) v
P(G)) < o0 (t) J q(my 20 dT ) (3.11)

From (3.10) and (3.11) and using the elementary inequality

n 1/n n o\ la
(Hai) < (Z“”) L 0<aq (3.12)
i-1 n

i=1

(for a;, i =1,2,...,n, nonnegative real numbers) we observe that

somicn < (455) {50 [ [roe 5[ 40)

([l ) |
X{ oy Jo {4 an )] 7)o

(3.13)
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The rest of the proof can be completed by following the same steps as in the proof of
Theorem 3.1 and closely looking at the proof of Theorem 2.3, and hence we omit the
details. 0

THEOREM 3.4. Let f, g, be as in Theorem 3.1, and define F(s) = fgf(a)dcr and
G(t) = f(fg('r)d'r, for s € (0,x), t € (0,y), where x, vy are positive real numbers. Let
¢ and @ be as in Theorem 2.5. Then

J J 1/a¢(F(S))(I/(G(t))dsdt

X 12, 1/2
sD(l,l,x,y;cx)(J0 (x—s)[¢(f(o))]2d5> (JO (y—t)[w(g(t))]zdt) ,
(3.14)
where D(1,1,x,y;x) is obtained by taking p =q =1 in (3.2).

THEOREM 3.5. Let f, g, p, 4, P, and Q be as in Theorem 3.3, and define F(s) =
1/P(s) [{ p(o) f(o)do and G(t) = 1/Q(t) [ a(T)g(T)dT, for s € (0,x), t € (0,y),
where x, v are positive real numbers. Let ¢ and @ be as in Theorem 2.5. Then

J Jy P(5)Q(s)p(F(s))yw(G(t))

(st te) /%

dsdt
x 1/2
<D(1,1,x,y;o<)(J0 (x—s)[p(s)<l>(f(s))]2ds> (3.15)

¥ 1/2
2
x (fo (y-tla®w(g®))] dt) ;

where D(1,1,x,y;x) is obtained by taking p =q =1 in (3.2).

The proofs of Theorems 3.4 and 3.5 can be completed by following the proof of
Theorem 3.3 and by closely looking at the proofs of Theorems 2.5 and 2.6 and by
making use of the integral versions of Jensen’s and the Schwarz inequalities. Here, we
omit the details.
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