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1. Introduction

This system appears in the form of a Bellman equation for the value function of the
problem of optimal detection of jump-times of a Poisson process investigated by
Donchev [2]. This problem is a generalization of the classical Poisson disorder
problem (Shiryaev [5], Davis [1], and Wickwire [6]) which is the following. Let {z,}
be a Poisson process whose rate p changes from A to 4 < A at a random time 6. The
time 6 is zero with probability = and if > 0, then it is exponentially distributed with
parameter a. The Poisson disorder problem is to find a way of using only
observations on {z,} to predict the value of #, and to minimize some cost functional
depending on the difference between 6 and its predicted value.

In this problem, the disorder occurs only once. Now, we suppose that a multiple
Poisson change of the rate of {z,} occurs. We assume that this change takes place at
the jump-times 6,, n > 1 of some non-observed Poisson process {y,} and that for the
rate of {z,}, p =X if y, is odd and p = p if y, is even. The rate of {y,} is equal to
and the apriori probability © = P{y, € {2n+1,n > 0}} is given. A policy is any non-
decreasing sequence of stopping times {7,}, n > 1, w.r.t. the filtration generated by
the process {z,}. The problem is to minimize some cost functional depending on all
6, and 7, n>1. Referring the reader for more details to Donchev [2], let us return
to the system. It is the following:
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F1(t) = (e — 2asinh t) T H{A[f4(t) — f1(t = 7)]

+(a+B—ae)fi (1) +1}, 20, (1.1)
F5(t) = (e = 2asinh ¢) “A[f5(t) — ot —7)]

+(a+B—ae" Y1)+ 1}, <0, (1.2)

F1(t) = et fy(t), te[—1,0] (1.3)

where p, A, ¢, 8,7 and a are positive numbers such that
A>p e=A—p,y=Ind-lnp. (1.4)

It follows by dynamic programming reasoning that system (1.1)-(1.3) has a unique
solution which coincides with the value function of the above problem. On the other
hand, from the point of view of the theory of functional-differential equations such an
existence-uniqueness result is not trivial. In particular, if we try to solve system
(1.1)-(1.3), there would arise at least two difficulties to overcome. The first is the

singularity that equation (1.1) has a point t=In(e/2a+1/1+ (¢/2a)?), and the

second is the delaying argument of equation (1.2) on the negative half-line.

Here we prove the existence and uniqueness of the solution of system (1.1)-(1.3)
utilizing methods and ideas from the theory of functional-differential equations with
delay. This solution cannot be represented by means of known functions. Neverthe-
less, we describe its structure and obtain results permitting us to develop numerical
tools for its calculation.

This article consists of four sections. In Section 2 we investigate the asymptotics
of the solutions of equation (1.2) as t— — oo and obtain explicit formulas for the
global solutions of both equations (1.1) and (1.2). Section 3 is devoted to the funda-
mental functions of equations (1.1) and (1.2) and their properties. In Section 4 we
prove that the homogeneous equation corresponding to (1.2) has a non-trivial solu-
tion on the negative half-line and that the general solution of this equation is a sum
of its global solution and the solution of the homogeneous equation multiplied by a
constant. In the end of the section we utilize this fact when constructing a solution of
the system (1.1)-(1.3).

2. Asymptotics and Global Solutions

Equation (1.2) plays an important role in the system (1.1)-(1.3). Further we shall
consider also the corresponding homogeneous equation:

7'(t) = (e — 2asinh t) = Yuln(t) — n(t = )] + (a + B —ae " )n(t)}, t <0. (2.1)

In Section 4, we show that equation (2.1) has a non-trivial solution on the negative
half-line. The next theorem contains aprior information about the asymptotic behav-
ior of this solution.

Theorem 2.1: (i) Ewvery solution of equation (2.1) has the following asymptotic
as t— — oo:

n(t) =C(1+B/a+e ¥ +0(1), C = const. (2.2)
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(3t)  If equation (1.2) has a solution, then this solution also has the asymptotics
(2.2) with some constant C.
Proof: Let us consider the equation

{—ex(l—2)+a(l-22)]'(z) +[rc+ pu(l —=z)]

Az —
X[U(m)~v(x)}_(l_£) = Bo(z),z € [1/2,1]. (2.3)

As shown by Dontchev [2], this equation reduces to (1.2) with ¥y =InA—1Inp if one
introduces a logarithmic scale t=In(l-z)—Inz and a new unknown function
U(t) = v((1 +¢') 1) and defines thereafter the function f,(t) by the formula

f(t) =1 +e~ (). (2.4)

Moreover, in this case, the homogeneous equation corresponding to (2.3) reduces to
(2.1). Thus, if equation (1.2) (resp. equation (2.1)) has a solution, then equation
(2.3) (resp. the homogeneous equation corresponding to (2.3)) has a solution as well.

Let fy(t) be a solution of (1.2) and consider the corresponding function v(x).
Applying the Lagrange formula to the difference v(m':%—_x—))—v(m) in the left-
hand side of (2.3) we obtain

T e s e e

Substituting this expression into (2.3), we get
—(1—2z)+ex(l —z)[v'(€) — v'(2)] + a(l — 2z)v'(z) = Bo(x). (2.5)

Solving equation (2.3) with respect to v'(z) and taking into consideration the
facts that a >0 and v(z) is a continuously differentiable function, we easily deduce
that v obeys a smooth second derivative in a neighborhood of the point z =1.
Therefore, we can apply the Lagrange formula once again to the difference
v'(§) — v'(x) which appears in the second term of (2.5). Thus, we obtain the following
equation:

a(1 —2z)v'(z) = Bu(z) + 1 —z 4+ O((1 — 2)?), z—1. (2.6)

Let us now return to the logarithmic scale ¢t =In(1 —z) —Inz and the function
U(t). Then equation (2.6) takes the following form:

2aU'(t)sinht = — BU(t) — (L4+e~ Y"1+ O0((1+e 5 72), tm—o0c0.  (2.7)

The solution of the last equation is

B " d
ﬂ ¢ du t exp(f&[oosin}sxs)
Ut) =exp| —5; /sinhu Cl—/ 2a(1+e"“)sinhudu
o0

— 00

t u
g [ _d —uy-2y d
+/ xp (271-/ sinﬁs)o((l+e ) 2)sinﬁu]

— 00

P\ t 8 8 _,
:(*—t‘;—}) Flopramt [ nE T ey TR e v
= 0o
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e—v_1\ae YO((1+e~¥)~?
/Oo( —u+1> (e—u_l)(e—u+1) du i (28)
C, =t_£ir_p°oU(t), t— — oo.

8
-t _
The first integral in (2.8) is equal to A~ 12+ ﬂ/a)—l{l—(ﬁ)h[u
e

1 < 2

pa— — - . o . _u_
(B/a)(1+e~%"1]}. In view of the inequalities —:—_—,:—i-<l and e N

t
which hold for u <0, the second integral can be written out as [ (1+
- 00

e~ T20((1+e )" Hd(1+e ¥ =0((1+e~ %) ~3). Substituting these express-
ions in (2.8), we obtain the following asymptotic formula for the function U(t):

U(t) = C¢y(t) + Co(t) + O((L+ e =) 73), t— — o0, (2.9)
“t 14 (8/a)1+e”H 1!
where Cl(t)_( —tli) y Gt = - ECEYID) and C=C;+

B~ Y2+ B/a) "t Applying Newton’s formula to the function ¢41(t) we get

) )
n=(e =1\ 2a_(;_ _ 2 2a
Cl() (e_t+1> 14+e ¢

=14+B/a)14+e " H " 14o((1+e™H) 1), t——o0o0. (2.10)

It follows from (2.9) and (2.10) that
Ut)=Cy1+B/a)(1+e ) +o((14+e~H 1), t——oo. (2.11)

Let us note that the function (;(t) is a solution of the homogeneous equation cor-
responding to (2.7) which appears in place of (2.7) if we consider equation (2.1) and
the homogeneous equation corresponding to (2.3) rather than equations (1.2) and
(2.3). Thus, both claims of the theorem follow from (2.4), (2.10), (2.11) and the
remark after formula (2.4).

As follows from (2.11), the function (,(t) plays an important role in formula
(2.9). Namely, it ensures the fulfillment of the identity C, _hmt_> LU(t) in
(2.11). It is remarkable that the function fy(t) = (1+e ™ ¥)(,(t) is a global solution
(i.e., on the whole real line) of equation (1.2).

Theorem 2.2: The functions
14+ 8/a+¢é

fl(t) = - ﬂ(z ¥ ,3/(1) ) (212)
_ _1+pjlate”?
f2(t) - ,3(2 + ﬂ/a) ) (2'13)

are global solutions of equations (1.1) and (1.2), respectively.
To prove this theorem, it is enough to substitute f,(¢) and fy(t) from (2.12) and
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(2.13) into (1.1) and (1.2) and make simple calculations.

Let us note that the functions from (2.12) and (2.13) do not satisfy system (1.1)-
(1.3) since the condition (1.3) in this case is not satisfied. On the other hand, we
could multiply the right-hand side of (2.13) by e’ and try to solve equation (1.1) on
1+ (1+ B/a)et

B2+ B/a)
case we will not be able to escape the singularity that (1.1) has at point ¢ =

In(e/2a+ /1 + (e/2)% To overcome these difficulties, we need a full

characterization of the set of all solutions to equation (1.2) on the negative half-line.

[0, — co] with an initial condition — given on [ —+,0]. However, in this

3. Fundamental Functions and Their Properties

Denote by V(t,s) and U(t,s), the fundamental functions of equations (1.1) and (1.2),
respectively. Thus, for any fixed s, V(t,s) (resp. U(t,s)) is a solution of the homo-
geneous equation corresponding to (1.1) (resp. (1.2)) with an initial condition given
on [s—7,s] by the formula p(t) =0if s—y<t<sand p(t)=1if t =s. V(s,5) =
U(s,s)=1and V(t,s) =U(t,s) =0for t <s. If 0 <t—s <+, then in order to calcu-
late V'(¢,s) (resp. U(t,s)) one has to solve the following ordinary differential equation:
f'(t) = (e —2asinh t) YA+ a + 8 — ae)f(t) (resp. f'(t) = (¢ —2asinht) ™ Y(u+a+
B—ae~Yf(t)), s<t<s+7, with an initial condition f(s)=1. Solving these
equations, we obtain the following expressions for the functions V(t,s) and U(¢,s):

b c
V() = 1E220 ) (1En (3.1)
’ 1+ mzet 1+ .rlet ’
142, \ (142,6°\
Ut,s) =e* ¢ + 2g¢ t e (3.2)
’ 1+ :czet 1+ xlet ’

where 2y 5 = €/2a%4/1+ (¢/2a)? are the roots of the equation z? — (¢/a)z —1 =0,

1+ (4+B)/a+ 1+ (u+B)/a+
- ("wlf)x/za B2 o= ("mlf)x/;‘ 2y (3.3)

b

It is easy to verify that b > 0 and that the identity b+ ¢ = — 1 holds. It follows
from (3.1) and (3.2) that
U(t,s) =€~V (t,s), s<t<s+7. (3.4)

Since U(t,s) = V(t,s) =0 if t < s, (3.4) is obviously fulfilled also for all t < s. If
t > s+, then the formulas for V(¢,s) and U(t,s) are more complicated. Neverthe-
less, it turns out that formula (3.4) holds in this case as well.

Consider the equations:

F'(t) = (¢ — 2asinh t) “HA[F(8) = f(t =]+ (a+ B — ae') f (1))}, (3.5)
f'(t) = (e — 2asinh t) " Hu[ (1) = f(t = 1)+ (a + B —ae ) f (D)}, (3.6)

and denote by f,(o,9)(t) (resp. fo(o,9)(t)), ¢ €R, ¢ € C([oc —7,0]), the solution of
equation (3.5) (resp. equation (3.6)) on [, 00) with an initial condition .
Theorem 3.1: (i) For every real o and ¢ € C([o = v,0)),
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Filo, e @)(t) = et f oo, 0)(t), t > o (3.7)

(74)  The identity (3.4) is satisfied for all real t and s.
Proof: Making use of Hale ([4], Theorem 6.3.2), we obtain the following repre-

sentation for the functions f,(o, el )cp)(t) and fy(o,p)(t) for t > o:
Falo,9)(t) = U(t, 0)p(0)

o

- ,u/ @(s)U(t,s + 7)[e — 2asinh (s + 7)] ~ 1ds, (3.8)
o—

F1(o,el0)(0) = V(t,0)e¥p (o)

o

- }\/ o(5)e’V(t,s + 7)[€ — 2asinh (s + 7)] ~ 1ds. (3.9)
o—

First, we shall prove the claim (i) in case 0 <t <o +1. Since t < s+ 2y for all
s € [0 —v,0] one can apply formula (3.4) to both V(t,0) and V(¢,s + 7v) in the right-
hand side of (3.9). Making simple calculations, we get (3.7).

Now we are in a position to prove (ii). Let us fix s and divide the interval [s, c0)
into segments of length y:[s,00) = U, > ols +n7,5+(n+1)y). We shall prove by
induction that (3.4) holds in every segment [s+ny,s+(n+1)y), n=0,1,.... For
n =0, the claim was already proved. Assuming that (i¢) holds true for t € [s + k7,
s+ (k+1)y) and some integer k > 0 we shall prove that (3.4) is satisfied in the next
segment as well. Indeed, to find the functions V(t,s) and U(t,s) on [s+ (k+ 1)y,
s+ (k + 2)y) one must solve equations (3.5) and (3.6), respectively, taking as initial
conditions the already calculated values of these functions on [s+ kv,s+ (k+ 17).
According to the induction hypothesis, (3.4) holds on [s + kv,s + (k +1)7). Applying
(7)) with o = s+ (k+1)y,0(:)=e~°U(-,s) and t € [s+ (k+ 1)7y,s + (k + 2)7y) we get
the claim for n = k+ 1. Thus, (i) is proved.

In order to prove (3.7) for o <t <o+, we have used only formula (3.4) with
t—s <. Since, according to (ii), the last formula holds for all ¢ and s it follows
that (3.7) is fulfilled for all ¢t > 0.

Consider the following domain in the plane (s,t): D = {(s,t):s <t < 0}.

Theorem 3.2: The function U(t,s) is continuous and bounded in D.

Proof: The coefficients of equation (3.6) are bounded continuous functions provid-
ed t > 0. For any fixed s <0, function U(t,s) is given by formula (3.2) if s <t <s+
7 and it satisfies equation (3.6) with an initial condition f, , .(-)=U, ,(-,s) if
t>s+vy. Here, as is generally assumed in the theory of functional-differential
equations, for any f € C([s,t)), t>s+~v and 7 €[s+7,t],f,(-) denotes a function
belonging to C([—7,0]) which is defined by the formula f_(8)= f(r+86), 0¢€
[=7,0]. In view of (3.2), since s+ +0 € [s,s+ v] provided 8 € [ —9,0], it follows

that b c
1+ z,e° 1+ z,€°
Y e 2 1
Us+,7(0,s)_e <1+m265+7+0) (1+$les+7+0 ’

6 €[—7,0] (3.10)

The last function is continuous in both 6 and s if § € [ —+,0] and s < —v. Being
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a solution of equation (3.6) with the continuous initial condition (3.10), the function
U(t,s) is continuous w.r.t. t if ¢ > s++. Its continuity if ¢ € [s,s + 7] follows from
formula (3.2). It remains to be proved that U(t,s) is continuous w.r.t. s for every
fixed ¢ <0. The proof is non-trivial only if s <t—+. Let s<t—v and {z,} be a
sequence converging to s. Then, because of the continuity of function (3.10) w.r.t.
both 6 and s, the corresponding sequence of initial conditions {U s, +407r8,)} will

converge uniformly to U, ,7( -y8). Thus, the continuity of U(¢,s) in s follows from
the theorem for the continuous dependence of the solutions of functional-differential
equations to the initial data (Hale [4], Theorem 2.2.2).

In order to prove the second claim of the theorem, let us rewrite the equation
(3.6) in the form

F') = - A (@) - BOf(t-7), (3.11)
where A(t) = (e —2asinht) " }(ae "t —a—pu—B), B(t) = pu(c—2asinht)~! and set
a= —In(1+4+(B+2u)/a). It is easy to see that the coefficient A(t) decreases in t,
t < 0, whereas B(t) is an increasing function and for t < «, the inequality B(t) < A(t)
holds.

Consider the following domains in the plane (s,t):

D, ={(s,)e D:s < t<al,
Dy ={(s,) € D:t > s > o},
Dy ={(s,t) € D:t > a,s < a}.

Obviously, D =D;UD,UD; and it is enough to prove the claim in each of
domains Dy, D, and D;. Since D, is a compact set and U(t,s) is a continuous
function, the proof is non-trivial only in D; and Dj.

Consider the following subdomains of D;:DT ={(s,t)€ D;:t<a—1/n},
n=1,2,.... Since the closure of the set |J,, 5 ;D7 coincides with Dy, it follows from
the continuity of function U(t,s) that it is sufficient to prove its boundedness in each
of domains D},n=1,2,.... If t<a—1/n then A(t) > A(a—1/n), sup, . a-1/n
| B(t)| < Bla—1/n) < A(a—1/n) and therefore, according to Hale ([4], equation
(5.9.2)), the trivial solution of equation (3.11) is uniformly stable for ¢t < a—1/n.
This means that for any ¢ <a—1/n and d > 0 there exists § = §(d) such that the
inequality || ¢ || <6 implies || (f3),(0,9)]|| <d for alle <t<a—1/n. Here || - ||
denotes a sup-norm and the function f,(o,) is the same as in Theorem 3.1.

Let us now represent equation (3.11) in operator form. That is

f'@) = L(, f1(+))
where L(t,¢),t <0 and ¢ € C([ —v,0]) is the following operator:
L(t,0) = A(t)e(0) — B(t)e( —7)-
Since for t < o — 1/n both A(¢t) and B(t) are between 0 and 1,
L) | <mllgll, m=2 (3.12)

Applying Hale ([4], Lemma 6.6.2) to equation (3.11) and making use of (3.12), we
obtain the claim in D7.
For any fixed s < «, the function U(t,s) satisfies the following equation
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t
£(t) = / L(u, £ (- ))du+ U(a, 5), ¢ € [a, 0] (3.13)

with an initial condition f (-)=U,(-,s). Let us note that if ¢t <0, then (3.12) also
holds with m = (2p + B)/e. Since (s,a) € D; it follows from (3.12) and (3.13) that

t
|Ua»n:s/|wau«wndu+|Um»n

o1

t
Sm/ “Uu(.,s)||du+K, K =sup lU(t’s)l.
a (t,s ED1

Therefore, the following inequality holds:

t
10l <m [ 1009l dut K. (3.14)
o
Applying Gronwall’s lemma to (3.14) we get
NU(-59) || < Ky, Ky = Ke™?, t €[a,0].

Hence, sup,, «; <ol U(t,s)| < K;. Since the constant K, does not depend on s,
it follows that U(%,s) is bounded in D4 as well.

Remark: All results cited in the proof relate to the case when the functional-
differential equation is given on the whole real line, whereas we consider it in th
interval (—oo,a—1/n]. However, setting in (3.10) A(t) = A(a—1/n), B(t)=
B(a—1/n), t>a—1/n we get an equation which is defined on the whole real line
and coincides with (3.10) in (—oo,a —1/n]. Since all cited results hold true for the
last equation, it follows that they hold for equation (3.10) in the interval
(— o0, —1/n] as well.

4. The Solution of System (1.1)-(1.3)

We begin this section with the following lemma.
Lemma 4.1: Let us set X(o,t) = f,(0,1+8/a +e_('))(t),a < —7, where as in
Theorem 3.1, fo(o,1+fB/a+e” . ))(t) denotes the solution of equation (3.6) with an

initial conditionp(t) = 14 B/a+e ™" given on [0 —,a]. Then the following holds:
(1) X(o,) 21+ /at+e" Yt €lo,0+7], (4.1)
(%) max [X(o,t)—1=B/a—e ] =0(e”),0— — oco. (4.2)
telo,o0+7]
Proof: If t € [0,0 + 7] then X(o,t) can be calculated by the formula (3.8), where
function U(t,s) is given by (3.2). Setting in (3.8), ¢(s) =1 and ¢(s) = e~ * and cal-
culating the corresponding integrals we obtain the functions

K, (t) = U(t,a)+%[e_t+l+ijl——ﬂ
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Ut o)+ 14250 (43)
Ky(t) = e‘tV(t,o)+ai\m{1 +(1 +”—E—ﬁ)e"t
—Uto)1+(1 +’”a'ﬁ)e-”]}, (4.4)
where
m= — (2, — a2 = (1+ 25D 4+ 220y, (4.5)

and both V(t,0) and U(¢,0) being given by (3.1) and (3.2), respectively. Calculating
the derivative of the function X(o,t)—1—pB/a—e™ = (1+B/a)K,(t)+ Ko(t) —
1—pB/a—e~ ' w.r.t. t we obtain the following expression:

-m‘l[%(lJr”j{ﬂ 5—(1+ﬁ/a)—m]{1+et[1+(“+ﬁ)/a]"1

(1+zye")(1 + 25¢")

Lot} (108N o1 411
Ntz \ T8 ) TA+B)a ‘

It is easy to verify that the number 2(1 +"+ﬂ) +4(1+ B/a) is less than m. Thus,
the first factor in this expression is negative. On the other hand, simple calculations
show that the second factor increases in ¢. Hence, it reaches its minimum at point
t = ¢ and this minimum is equal to me2"(1 +2,e%) "Y1+ 2,¢7) 71 > 0. Therefore,
the function X(o,t)—1—8/a—e~" increases on [o,0 + 7] and since X(o,0)—1—
B/a—e~ % =0 it follows that (z) holds and that it attains its maximum at point ¢ =
oc+7. Let us set t=0+7 in (4.3) and define a new function K;(u) so that
K,(e?) = K (0 +7). The function K;(u) is equal to:

K, (v) = gy - 5R(w) + S(u), (4.6)
where Ltza N/ 1tow\
—y—1_ -1 2 . 1
Rv)=u “ ( T /\:czu) (l'”;t+ )\:clu) ! (4.7)
S(u) = 1+zqu b 1+ zyu ¢
(u)_ ey J\ Fu e u
A+
x|1- )] 8), (4.8)
In a neighborhood of point u =0
1+ zou b 1+zu C_ ¢ A+ 0 2
(/.t+)\wu>(/1+/\:cu _1+/7(1+ a )u+0(u), (4.9)
and hence
A
R(u) = — ; :ﬂ)+0(u), u—0. (4.10)

Taking in (4.8) only the first term of the Taylor’s series of the function in the left-
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hand side of (4.9), we get

S(u)=§[1-%(1+"—f.:—ﬂ)]+r‘,‘,,-(1+ﬁ;—@)+0(u), un0.  (4.11)
It follows from (4.6), (4.10), and (4.11) that
K, (u) = p/X + O(u), u—0. (4.12)

Similarly, calculating the value of function K,(t)—e™!

making the substitution u = ¢” we obtain:

= - +
Ey(u)—Ku~? =R(u)[%(u+1+’u aﬂ)-1]+a§}-m-,

where function K,(u) is defined in such a way that K,(e”) = K,(o + 7). Making use
of (4.10) we get

at point t=o0++v and

K,(u) - —f\iu'l =7€i(1 +-'g—)+ O(u), u—0. (4.13)

Since X(0,t)—1—B/a—e~ = K,(t)—e~*+(1+B/a)[K,(t)—1] the second claim
of the lemma follows from (4.12) and (4.13).

Theorem 4.2: The equation (2.1) has a non-trivial solution on the negative half-
line.

Proof: Consider the following functions defined on ( — oo, 0]:
0 1+ B/a+e™t, t< —ny
7] =
" X(_n'/’t)’ te[_n7a0]‘

We shall prove that the sequence {7,,}, n > 1 converges uniformly to some func-
tion 7(t) which satisfies equation (2.1) on the whole negative half-line.
Let us consider the series

O+ S 1 1) = 1)) (4.14)

n=1
To find the function n,, , ;(¢) on [ —nv,0] one must solve equation (2.1) with an ini-

tial condition X(—(n+1)7,t), t €[ —(n+1)y, —ny]. Hence, making use of formula
(3.8) we obtain:

Mo 4 1(8) = 1n(8) =

' 0, t< —(n+1)y
Xt)-1-Bla—e"t, te[—(n+1)y, —ny]
{ [X(=ny)—1-p8/a—e"U(t, —n7)

—uf 21X () —1=B/a—e™"]

x [€ — 2asinh(s 4 7)] U (t, s + 7)ds, te[—ny,0],
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where, for the sake of brevity, we have omitted the first argument of the function
X(—(n+1)y,t). Therefore, it follows from Theorem 3.2, Lemma 4.1, and the
convergence of the integral [ o oo(€ —2asinhs) ™ 1ds that for all sufficiently large n,

|7 41(0) =n,(8) | < Ke™ ™, K = const.

Thus, the series (4.14) converges uniformly to some function 7(t) on ( — oo, 0].
It remains to be proved that this function satisfies equation (2.1) on ( — 00, 0].
Let t € [—+,0]. Since for every n > 1 the function 7,,(t) satisfies equation (2.1)
on [ —%,0], it follows that

n, = — A(t)n,(t) — B(t)n,(-7), n=12,..,, (4.15)

where A(t) and B(t) are the coefficients of equation (2.1) defined after formula
(3.11). Utilizing (4.15) we easily deduce that

O+ 3 o 110 =70 = = AOO+ 3 1) = 7a(O)
= BOR(=7)+ 3 [ 1(t =)=t = )

= —A()n(t) = B()n(t - 7)-

Therefore, differentiating series (4.14), we obtain that in this case, the function n(t)
satisfies equation (2.1).
If te[—(k+1)y, —ky], k> 1, then we can represent function 7(t) in the form

o0
n(t) =g 41(1) + Z (7 41(1) = 1,(2)]
n=k+1
and repeat the same considerations taking in (4.15) n =k + 1,k +2,....
Now we are able to characterize the set of all solutions of equation (1.2) on the
negative half-line.
Theorem 4.3: The function

1+B/at+e?
F) = - 5515

is a general solution of equation (1.2) on (—o0,0].

Proof: According to Theorems 2.2 and 4.2 function f,(t) is a solution of
equation (1.2) for all C. It remains to be proved that every solution of this equation
can be represented in the form (4.16) with some constant C. Let f(t) be such a
solution. Then, Theorem 2.1 (i) implies that it has the asymptotic
C,(1+ B/a+e~t) +o(1) as t— — oo with some constant C;. On the other hand, it
follows from the proof of Theorem 4.2 that function 7(¢) has the asymptotic
1+B/a+e"t+0(l) as t——oo. Therefore,  taking in  (4.16)
C=C{+8"~ 1(2 +p/a)” 1 we obtain a solution fo(t) that has the same asymptotic
as t— — 0o. Thus, for every § > 0 there exists ¢ < 0 such that

+ Cn(t),C = const. (4.16)

sup | £(8)— £,(8)] <&. (4.17)
t<o
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If t €[0,0] then, in view of Hale (4], Theorem 6.3.2), both functions f(t) and f,(t)
have the following representation:

f(t) = f(o)U(t,o) — ,u/ f(s)U(t,s + 7)€ —2asinh (s +v)] ~ lds

-

t
+ / U(t,s)(¢ — 2asinh s) ~ 1ds,

o

o

£2() = 1o W(t,0) =1 [ £&)U(t5+ e = 2asinh (s + 7)) " 1ds
e

t
+ / U(t,s)(¢ — 2asinh s) ~ 1ds.
o

Hence,

F(@) = fo(t) = [f (o) = F5(0)]U (2, 0)

- “/ [£(s) = fo(s)IU(t,5 + 7)[€ — 2asinh (s + 7)] ~ ds,

and utilizing (4.17) and the boundedness of function U(t,s) we get

max | f(t) — f,(t)| < K6, K = const. (4.18)
t€[e,0]
Since the number 6 > 0 in (4.17) and (4.18) is arbitrary, it follows that f(t) = f,(t).

Utilizing the last theorem we are in a position to prove our main result about the
solution of system (1.1)-(1.3).

Theorem 4.4: System (1.1)-(1.3) has a unique solution.

Proof: According to Theorem 4.3, the general solution of equation (1.2) on
(—o00,0] is given by formula (4.16). To satisfy (1.1) and (1.3) on must multiply
(4.16) by €' on [—17,0] and solve equation (1.1) with an initial condition e'f,(t),
t€[—1,0]. We shall show that, taking a suitable constant C in (4.16), we can
escape the singularity that equation (1.1) has at point ¢t =Inz;. Then, since the
coefficients of this equation are unbounded only in a neighborhood of this point, the
existence and uniqueness of its solution will follow from the well-known result from
the theory of linear functional-differential equations (Hale [4], Theorem 6.1.1).

Let us set k =Inz; and take an arbitrary real 6 € (0,k A (v/2)). Then, it follows
from the choice of § and formula (3.1) that the solution of equation (1.1) has the
following representation in the interval [k — 6,k + 6]:

f1t) =V (t,k—6)f(k—0)
k—§

- )\/ f1(s)[e — 2asinh(s +7)] "V (¢, 5 + 7)ds
k—6—«



System of FDEs Associated with the Optimal Detection Problem 191

t
+ / (€ —2asinhs) =V (t,5)ds (4.19)
k=6

=(1+ mzet) - b(l + :clet) —a+ x2ek - 6)6(1 + wlek - 6)°f1(lc —96)
t

+ / [1—Af1(s —7))(e — 2asinh s) ™ (1 + z,¢*)>(1 + z,€*)°ds}.
k-§6

Since 1+ mzek =0 and b > 0, the function f,(t) will be bounded in a neighborhood of
point t = k only if
(1+29¢* = )P(1 + 2,65 = 0)f, (k- 6)
k
+ / [1=Afy(s —7))(€e — 2asinh s) (1 4 2,¢%)°(1 + z,€°)°ds = 0. (4.20)
k-6

Making use of L’Hopital’s rule, it is easy to verify that condition (4.20) is also
sufficient for boundedness of f;(t). On the other hand, Theorem 4.3 implies that

£ = fO0 + £ +c5P(t), € = const,t € [k—6—7,k—8],  (4.21)

where fgl)(t) is a solution of equation (1.1) with a zero initial condition and f§2)(t)
and fgs)(t) are solutions of equation (3.5) with initial conditions on [ —+,0] equal to

— B2+ (8/a)) "1+ (14 (B/a))e!] and eln(t), respectively. Note, that if ¢t <
k — &6 then the coefficients of both equations (1.1) and (3.5) are bounded and, there-
fore, all functions in (4.21) are well defined.

. Substituting f(t) from (4.21) into (4.20) we obtain a linear algebraic equation
AC+ B = 0, for the constant C which always has a solution C = C if the coefficient
A is not zero. In this case, taking C = C in (4.21), we ensure the fulfillment of
condition (4.20) and so we obtain a bounded solution of equation (1.1) in
[k — 6,k + 6] given by formula (4.19). Since the coefficients of (1.1) are bounded
continuous functions provided ¢ > k + §é it follows that this solution can be continued
on the whole positive half-line.

Thus, to complete the proof it is enough to show that

A= (1+ 2,k §b(1 + ek~ S)Cf§3)(k —9)
(4.22)
k

- A / fgs)(.s ~7)(e — 2asinh s) ~1(1 + z,¢*)2(1 + z,¢)°ds # 0.
k-6
To do this, assume the contrary. Then, repeating for function fg?’)(t) and equation

(3.5) the same considerations as those for f,(t) and equation (1.1), we deduce that
the function

FOt) = (14 206" 721 + 216" ™1 + 296 ~ )21 + 2,k =) 7Pk — 6)
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t
- / F3)(s = y)(e — 2asinh s) ~1(1 + ,¢*)’(1 + 2,¢*)°ds)
k-6

remains bounded in the interval [k — 6,k + 6]. Therefore, f§3) can be continued on
[k + 8,00) so as to satisfy equation (3.5). Hence, in view of Theorems 4.2 and 3.1 (),
we conclude that the function

n(t), <0
‘0= { P, 120

is a non-trivial global solution of equation (2.1).

Therefore, it follows from Theorem 2.2 that the function F(t) = fo(t)+ 8(2 +
B/a)((t), fo(t) being given by (2.13), is a global solution of equation (1.2) such that
F(t)—0, as t— —oco. However, from Donchev [3, Theorem 3.1], we obtain that F(t)
has a singularity at point ¢t =Inz;. This is a contradiction that proves (4.22).
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