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This paper studies a class of high order delay partial differential equations.
Employing high order delay differential inequalities, several oscillation cri-
teria are established for such equations subject to two different boundary
conditions. Two examples are also given.
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1. Introduction

The oscillation theory of delay differential equations has been studied by numerous
authors and the number of papers published in this area is enormous. For an ex-
cellent exposition of the basic theory, see [5]. In recent years, there has been an in-
creasing interest in oscillation theory of delay partial differential equations, see [6-10]
and references therein. However, the corresponding theory is still in its initial stage
of development. In this paper, we shall investigate a class of high order delay partial
differential equations which will be described in Section 2. In Section 3, we shall esta-
blish several oscillation criteria for high order delay partial differential equations sub-
ject to two kinds of boundary conditions, employing Green’s theorem and high order
delay differential inequalities. We then develop, in Section 4, some results on even-
tual positive and eventual negative solutions of high order differential inequalities,
which enable us, in addition to their independent interests, to obtain in Section 5,
further oscillation criteria for high order delay partial differential equations. To illu-
strate our results, two examples are also given.
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2. Preliminaries

We shall consider the following nonlinear high order delay partial differential
equation

aatm[u + /\(t)ugx t— 1))+ pz, )u+ q(z, ) f (u(z, t — 0))
=a()Au+ ) a;()Au(z,0(1)),(2,1) EQx R, =G, (2.1)
1=1

where m is an even positive integer, 7 >0 and o >0 are constants. Let 2 be a
bounded domain in R"™ with piecewise boundary 0, A is the Laplacian in R™;
AeC™R R} a,a; EC[R+,R+], i=1,2,...,¢ pg€C[R xR ],
feC[R,R], 0;€ C[R+,R+ is nondecreasing in t,0;(t) <t and li_rl_nooo'(t) = + 00,
i=1,2,...L -

We shall consider two kinds of boundary conditions

Ou

6N+'y(:c thu=0, (z,t)€0QxR (By)

and
u=0, (z,t)€90QXR ., (By)

where N is the unit exterior normal vector to 9, y(z,t) is a nonnegative continuous
function on 02 x R

Definition 2.1: The solution u(z,t) of system (2.1) satisfying certain boundary
conditions is called oscillatory in the domain G if for each positive number y, there
exists a point (zg,t,) € QX [p, + 00) such that u(zy,ty) = 0.

3. Oscillation Criteria

In this section we shall establish oscillation criteria for problem (2.1) with boundary
condition (B;) and (B,) separately. The basic idea of our approach is to reduce the
study of high order delay partial differential equations to that of high order delay
differential inequalities.

Theorem 3.1: Assume that the following condition (H) holds.
(H)  f(u) is convez in R | and f(—u)= - f(u)<0,u€ R
If the high order delay differential inequalities

LU () + NOU(E - 7)) + POV + QI (U(t ~ ) <0 (3.1)

has no eventually positive solutions, then all solutions of the problem (2.1) under (By)
are osctllatory in G, where

P(t) = min p(z,t), Q(t)=min ¢(z,1).
z €N €N

Proof: Let u(z,t) be a nonoscillatory solution of the problem (2.1) under (By).
We may assume that u(z,t) >0 for (z,t) € Qx[p, +00), where p is a positive
number £y > p, such that

u(z,t—71)>0,u(z,t—0)>0
and
u(:c,oj(t)) >0, (z,t)eQx[ty, +00), j=12,..,L
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Integrating both sides of system (2.1) with respect to  over the domain €2, we obtain

—g—t,—n,ﬁ [/u(x,t)da:+)\(t)/u(x,t—r)dr:|+ /p(x,t)u(x,t)dm
Q Q Q

+ /q(z‘,t)f(u(:c,t— o))dz

Q

Z i® / Au(z,0 (t))dz, t>t, (3.2)

7=1

= a(t)/Au(:c,t)d:c—'r
Q
From Green’s Theorem, it follows that

/Audw = dS = - /g(m,t)u(w, t)dS <0, t > t,. (3.3)

onN
and

/ Au(z,o (t))dz = / Du(e,0 (t))dS
Q N

- /'y(z,aj(t))u(.z',a']-(t))dS <0, 7=1,2,...,¢0 t > 1, (3.4)
onN

where dS' is the surface integral element on 0. Since f(u) is convex in R ,, then
using Jensen’s inequality, we have

/f o)dz > |Q|f<IQI /u(:ct )dm), (3.5)

where || = [dz. Combining (3.2)-(3.5) yields
Q

diitim|i/u(:c,t)d:c + )\(t)/u(:c,t— T)d{|
Q Q

+P(t) / u(z, )dz + Q(1)f (T%ZT / Wz, t a)dw) 19

< ——a(t)/ v(z, t)u(z,t)dS — Z (t)/ v(x,0(t))u(z, 0 ;(t))dS

j=1
<0, t>t,
Thus, we see that the function

Ut)=-L_ / u(z, t)ds (3.6)
Q
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is a positive solution of the inequality (3.1) for t > ¢, which contradicts the condition
of the theorem.
If u(z,t) < 0 for (z,t) € Qx[p, + 00), then set
U (:L',t) = - u(mat)’ ((C, t) € Qx [/‘a +O°)'

Note that since f(—u)= — f(u), u € (0, +00), it is easy to check that % (z,t) is a
positive solution of the problem (2.1) under (B,), which is impossible. This com-
pletes the proof of Theorem 3.1.

The following fact will be used in the proof of Theorem 3.2. Consider the Dirich-
let problem

Au+du=0 in £,

u]an=0,

where A = constant. It is well known that the smallest eigenvalue ), and the cor-
responding eigenfunction ®(z) are positive.

Theorem 3.2: Assume that the condition (H) holds. If the high order delay
differential inequality

LTV (@) + AV (= 1)+ (a(t) + POV (@) +QOF(V(E-0) <0 (37)

has no eventually positive solutions, then all solutions of the problem (2.1) under (B,)
are oscillatory in G.

Proof: Let u(z,t) be a solution of the problem (2.1) under (B,), having no zeros
in the domain QX [y, + c0), for some p > 0. If u(z,t) >0 for (z,t) € Qx[pn, + o),
then there exists a ¢, > p such that

w(z,t—7) >0, u(z,t —0) >0 and u(z,0,(t)) >0, (z,t) € Qx[tg, +00),
j=1,2,...¢

Multiplying both sides of (2.1) by the eigenfunction ®(z) and integrating with respect
to ¢ over the domain €, we have

an [ / u(z, )®(x)dz + A1) / u(z, { T)@(x)dmj|
Q Q
+ /p(:c,t)u(:c,t)@(x)dx + /q(m,t)f(u(:c,t—a))@(m)d:c
Q Q

4
= a(t)/Au(:c, )®(z)dx + Z aj(t)/Au(:c, o ;()2(z)dz, t > . (3.8)
Q i=1 Q

Using Green’s Theorem, we obtain

/Au(w,t) - ®(x)dz
Q

- / (2@)eule, ) — u(z, 1y 20(@) Jis + / u(z, 1) A(z)dz
onN Q
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= ) / u(z, )®(z)da; (3.9)

Q

/Au(m, (1)) (z)dz
Q

_ / (@e)uz, 0 (1)) — u(z,o (1)) 2(z) Jas + / u(z,0 (1)) A%(z)dz

onN Q

= —-/\O/u(z,a'j(t))Q(:c)dz, i=12,..,¢ (3.10)
Q

Using Jensen’s inequality, we have

/f(u(:c, t—0))®(x)dz
Q

1
> / B(2)dz - f (W é u(z,t-a)cp(m)dx). (3.11)

Q
Combining (3.8)-(3.10) yields

Zldti"' |:/u(a:, t)®(z)dz + A(t) / u(z,t — T)<I>(x)d:c:| :
Q Q

+ P(t)/u(m,t)@(m)dm+ /Q(z)d:c-f (ﬁ(l;)—(—i;/u(x’t —U)Q(m)dm)
Q Q 0 Q

[4
< = Aga(t) / u(z, )®(z)dz — Ay Y a () / u(z,0 (1)®(z)dz
Q Q

j=1
< —/\Oa(t)/u(w,t)ql'(:c)d:c, t >,
Q
i.e., the inequality (3.7) has positive solution
1
t) = ———r >t
V) = T30 é u(z, 1)0(@)dz, ¢ > 1,
Q

which contradicts the condition of the theorem.

If u(z,t) <0 for (z,t) € Ax[p, + 00), then U = —u is a positive solution of the
problem (2.1) under (B,), which also provides a contradiction. The proof of
Theorem 3.2 is complete.

4. High Order Delay Differential Inequalities

From the discussion in Section 3 it follows that the problem of establishing oscillation
criteria for the system (2.1) can be reduced to the investigation of the properties of
the solution of high order delay differential inequalities for the form
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Loy(t) + MOyt — )]+ QU (u(t— o)) < 0, ¢ > 1, (4.1)

and m
Loy(®) + MOyt - )]+ QO (y(t— ) =0, t> 1, (42)

Along with (4.1) and (4.2), we consider the high order delay differential equation
m
Loy(1) + M(B(t — )]+ QU (Wt —0) = 0, t> 1, (43)
where m is an even positive integer, 7>0 and o >0 are constants;
A€ C™[tg, +o0),R], Q € C[[ty, +0),R ] for some t; >0, f € C[R,R]. We shall

first consider the case A(t) > 0.
Assume that y(t) is a nonoscillatory solution of equation (4.3). Let

2(t) = y(t) + A)y(t — 7).
We shall use the following lemma.

Lemma 4.1: If z(t) is of definite sign and not identically zero for all sufficiently
Iarge t; there exist a T >1; and an znteger k, 0<k<m, with m+k even for
z(t)z ms(t) >0, orm+k odd for z(t)z (t) <0, then

z(t)z(i)(t) >0 on 7, +00) for 0 <i <k,
(-1)~ kz(t)z(i)(t) >0 on 1, +00) for k <i<m.

Theorem 4.1: Assume that f(—y) = — f(y) fory € R ., and that

0 < A(t) < 1’ Q(t) 2 0) t> tO; (44)
f(y) > e = constant > 0, y € (0, + c0). (4.5)
If too
/ Q(s)[1 = A(s—o)]ds = + oo, (4.6)
then
(1)  the inequality (4.1) has no eventually positive solutions;

(i)  the inequality (4.2) has no eventually negative solutions; and

(7é1)  all solutions of the equation (4.3) are oscillatory.

Proof: Let y(t) be an eventually positive solution of the inequality (4.1). Then,
there exists a t; > 1, such that

y(t) >0, y(t—7)>0and y(t—0o) >0 for all ¢t > ;.
Setting

2(t) =y(t) + Myt —7), t >t (4.7)

we have
2(t) >0, t>t,.

From (4.1), (4.4) and (4.5) it follows that
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(1) < —QOIY(t-0)) < —QUy(t—0) <0, t> 1.
Thus, it follows from Lemma 4.1, that there exists an odd number k£ and a t, > ¢,
such that .
AD)>0,0<i<k t>t,
and

(=1~ ) >0, k<i<m, t>t,

It is easy to see that
2(t)>0, M) >0, ¢ > ¢, (4.8)

Using (4.5) and (4.7), we have
0> 2™(t) + Q) (y(t - 7))
> A™(1) + Q1) - ey(t - o)
=2™(t) + Q) 2(t — o) = Mt = o)y(t — T — )], t > 1,
Note z(t) > y(t) for t > t,, thus we obtain
0> 2™)(t) + eQ(t)[2(t — 0) = Xt — 0)2(t — T — )], t > 1.
Since 2(t) is increasing for ¢ > t,, we have
™) + Q)1 - At —0)]e(t—0) <0, t> 1, (4.9)

Integrating both sides of (4.9) from t, to t(t > t,), we get

t
Z(m - 1)(t) S Z(m - 1)(t2) —_ fz(t2 —_ 0’)/ Q(s)[l — A(S — U)]ds-
ty

Since z(m—l)(t) > 0 for t > t,, the above inequality leads to a contradiction in view
of (4.6). This proves assertion (7).

Assertion (i7) follows from the fact that if y(¢) is an eventually negative solution
of (4.2), then — y(¢) is an eventually positive solution of (4.1). The proof of the asser-
tion (73¢) is obvious.

Theorem 4.2: Assume that condition (4.4) holds; f(—y)= —f(y) >0, y€ R,
and that f(y) is @ monotone increasing function in R . If for any ¢ >0,

+ oo
[ e -Xe=o)ys = +ox, (4.10)
then conclusions (i)-(4ii) of Theorem 4.1 remain true.

Proof: Let y(t) be an eventually positive solution of inequality (4.1). Then,
there exists a t; > t, such that

y(t) >0, y(t—7) >0 and y(t— o) > 0 for all £ > t,.
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The following inequalities can be proved by the analogous arguments as in the proof
of Theorem 4.1:
A™(1) <0, t> t;

2(t)>0,2m D50, t>t,> ¢,
with z(t) defined by (4.7). We have 2(t) > 0 for t > ¢, and

‘ 2(t—71)<z2(t) <y(t)+A(t)z(t—71), t >ty

(1= XDt —7) S y(t), 121,

Choose a t* > t, such that
2(t—0)>0,t>t"

Since f(y) is increasing, we obtain
0> 2(™(1) + Q1) f(y(t — 00)
> 2™ (1) + QWFI(1 = Mt — )a(t — 7= o)), t > ",
Note that since z(t* — 7 —0) < 2(t —t — o) for t > t*, we have
A™() + QUF(1 =Mt - 0)]e) <0, t> 1%,

where ¢ = z(t* — 7 —0) > 0. Integrating the above inequality from t* to ¢(¢t > t*), we
get

t
A=y — M= Vw4 / Q(s)f([1 = A(s—0)]e)ds < 0.

This leads to a contradiction in view of (4.10), since z(m_l)(t) >0 for t >t,. This
proves the assertion (7).

We can prove assertion (i) and (7i¢) by the same arguments as in the proof of
Theorem 4.1. This completes the proof.

Theorem 4.3: Assume that f(—y) = — f(y) for y € R and that (4.4) and (4.5)
hold. If there exists a monotonically increasing function EG Cl[[to, + 00), (0, + 00)]
such that

+ oo

/ [€€(s)Q(s)(1 = A(s—0)) —c'(s))ds = + o0 (4.11)
for any number ¢ > 0, then conclusions (¢)-(iit) of Theorem 4.1 remain true.
Proof: Let y(t) be an eventually positive solution of the inequality (4.1). Then,
there exists a t; > t, such that

y(t) >0, y(t—7) >0 and y(t — o) > 0 for all t > ¢,.

The following inequalities can be proved by the analogous arguments as in the proof
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of Theorem 4.1:
2(t) >0, ™M) <0, t>1;
(1) >0, 2™ V@) >0, t>1,<ty;

A™(t) + eQ(E)[1 = At —0)]x(t—0) <0, t>t,.

Thus, there exists T' > t, such that 2(T' —¢) > 0 and
Am =Dy <M =), ¢ > Ty (4.12)
2™ + (T — )Q)[1 = Mt — )] < 0,8 > . (4.13)

et OO R )
O =T
then we obviously have )

Y(t)>0forall t >T.

Note that £(t) is a montonically increasing functions and using (4.12) and (4.13), we
obtain

¢=""Y) &=

VO =gy T
A=), = e2(T = 0)Q()[1 = At — 0)]
< —z‘(—T‘:}—)“E (t) +£(2) AT —0) y 12T
Set
Am =17y
—=c> 0
we have (T - o) g

V(1) < ~ [€(QD(1 - A(t—0)) = cE(B)], > T.

Integrating both sides to the above inequality from T to ¢(t > T'), we get

t
¥() SUT) - [ [€:)Q)(1 - Ao - ) = (o)l
T

which is impossible in view of assumption (4.11). This proves assertion (z).

We can prove assertion (i7) and (ii7) by the same arguments as in the proof of
Theorem 4.1. The proof of Theorem 4.3 is complete.

Theorem 4.4:  Assume that A(t) =\ = constant >0, f(—y)= —f(y) >0 for
y € R, and that f(y) is an increasing function and satisfies:

fz+y) < f(e)+ f(y), f(kz) <kf(z) forz>0,y>0,k>0. (4.14)

If Q(1) is periodic with period T and satisfies
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+ oo
Q(s)ds = + oo, (4.15)

then conclusions (1)-(i17) of Theorem 4.1 remain true.
Proof: Let y(t) be an eventually positive solution of the inequality (4.1). Then,
there exists a t; > t, such that

y(t) >0, y(t—7) >0 and y(t—o) > 0 for all £ > ¢,

and for
2(t) = y(t) + dy(t — 1),
we have
2(t) >0, 2™(t) <0, > ty;
2(t)>0, 2™ "Nty >0, ¢ >, > 1.
Set

aft) = 2(t) + Az(t — 1) = y(t) + 22y (t — 7) + A2y(t — 27), t > t,,. (4.16)
Then, there exists a t3 > ¢, such that

a(t) >0, a(t—0)>0,a'(t) >0,t>1,
and
o™= () >0, o™Vt —7) >0, t > ta,.

From (4.1) and (4.16) it follows that

at™(t) = y™(1) + 2™t - 1) + 2™t = ) + 2t~ 27)]
< - QUOF(Y(t-0)) = 2Qt— ) (y(t - 7 — o). (4.17)
Choose T > t4 such that
y(t—-2r—0)>0,t>T.
Since Q(t) is periodic with period 7, we get by (4.14), (4.16) and (4.17):
o™ (1) + 2™t - 1) + Q1) f(a(t ~ 7))
< —QF(Y(t—0)) Q- ) f(y(t — 7 — ) = NQt — 27)f(y(t — 27 — 7))
+ QI (Y(t - 0) + 2hy(t — 7 = 0) + Xy(t — 27 — )
< = QM (y(t—09)) = 22Q(1)f (y(t — 7 — 0)) = A2Q(1)f(y(t — 27 — 0))
+ QU ((t - 0)) ~ 2AQOF(y(t — 7 — ) + NPQUF(y(t — 27— 0)) = 0,¢ > T.
(4.18)
Since o and f are increasing, we have

0<a(T-0o)<a(s—0),s>T
and
Fa(T = o)) < fla(s —a)),s > T.
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Integrating both sides of (4.18) from T to t(t > T'), we get

0> olm- 1)(t) - a(m_l)(T) + /\a(m_l)(t —-7)— )\a(m—l)(T -7)

t
+ [ Q)stats - opas
T
> o™= V(@) = o™= (T) 4 2™Vt — 1) = ™D (T - 7)

t
+(a(T-a) [ Qo)ds.
T

This leads to a contradiction in view of (4.15), since a(m—l)(t) >0 and
o™= 1)(t —7) >0 for t > t;. This proves assertion (3).

We can proves assertion (i7) and (ii7) by the same arguments as in the proof of
Theorem 4.1. This completes the proof of Theorem 4.4.

We shall consider next the case of A(t) <0. The following lemma is a special
case of Theorem 2 in [3].

Lemma 4.2: [3] Assume that B € C[[ty, + o), R , | such that

t
. 1
hnt'l_zr_}rfoo‘/ B(s)ds > ¢ (4.19)
t—§
and
t
lu?_}r_l'_foo/ B(s)ds > 0. (4.20)
)
2

Then, the inequality
2(™(t) — B (1) (t —mb) < 0

has no eventually negative bounded solutions.
We introduce the following notations:

ﬁwnz._ﬂf§¥%5>o
and

§=%5T>0.

Theorem 4.5:  Assume that the condition (4.5) holds, o > 7, f(—y)= — f(y)
for y €R ., and that there exzist constants Ay, Ay and M such that

1< <A <A <0, t>1, (4.21)

and
QItY>M>0,1t>t,

If
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t
lim inf _ / B(s)ds > 1, (4.22)
t—6

then conclusions (i) and (iii) of Theorem 4.1 remain true.
Proof: Let y(t) be an eventually positive solution of the inequality (4.1). Then,
there exists a t; > ¢, such that

y(t) >0, y(t—7) >0 and y(t — o) > 0 for all t > ¢,.
Set

2(t) = y(t) + Mt)y(t — 7).
We have

(1) < - Q) (y(t— ) < —eg()y(t—0) <0, t > 4.

We claim that
2(t) <0, t>t,. (4.23)

If true, from (4.1) it follows that
Am(t) < —eQ)y(t—0) < —eMy(t—0),t <1;. (4.24)

Thus, we see that z{™~ 1)(t) is strictly decreasing on (t;, + 0o) and z(i)(t) are strictly
monotonically functions on [t, + 00), ¢ =0,1,...,m —2. Then, we have

) li?wz(m “Uit)= —o00 (4.25)
or
tliTwz(m “D(ty=p< +oo. (4.26)
If (4.25) holds, then we have
tgr{:oz(i)(t) = -o00, t=0,1,...,m—1.

Hence (4.23) is true.
If (4.26) holds, then integrating both sides of (4.24) from #;, to t and letting

t— 4 oo, we get
+ oo

/ eMy(s —o)ds < z(m_l)(tl)—n, (4.27)

£y

which implies that y € Ll[tl, + 00). In view of (4.2), we obtain
z € LY[t}, 4 o0).
Note that z(t) is montonically function, we see that

tl1$wz(t) =0. (4.28)
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Thus 7 = 0. From (4.28), it follows that
)Ny <0, i=0,1,..,m—1, t>1,. (4.29)

Equations (4.28) and (4.29) imply that (4.23) is true.
Now we have

y(t) < —ABy(t—7) < = Ay(t—7) <yt -7),
which implies that y(t) is a bounded function. Thus z(t) is bounded. Since
2(t—o+1)=Mt—0c+1)y(t—0)+y(t—o+71)

>ANt—o+T1)y(t—o) for t >,
we have

Q1)
AMt—o+7)

From (4.24) and (4.30), it follows that

d(t—o+7) < QU)Y(t—0), t>1;. (4.30)

A™(t) = (RE’?%‘)) 2(t—(0—T1)) <0, t>ty,

Z™(8) = B 2(t—mb) <0, t> 1. (4.31)

In view of (4.22), by Lemma 4.2 we see that the inequality (4.31) has no eventually
negative bounded solutions, which contradicts the fact that z(t) <0 and z(t) is
bounded. This proves assertion (7). We can prove assertion (i¢) and (i77) by the
same arguments as in the proof of Theorem 4.1. The proof is therefore complete.

5. Further Oscillation Criteria

In this section we shall establish some further oscillation criteria for the higher order
delay hyperbolic boundary value problem (2.1) under (B;) and (2.1) under (B,) using
the results obtained in the last two sections.

Theorem 5.1: Assume that conditions (H) and (4.5) hold, and that 0 < A(t) <1.
If

+ co
/ min ¢(z,s)[1 — A(s —0)]ds = + o0, (5.1)
z €N

then

(7) all solutions of the problem (2.1) under (B;) are oscillatory in G' and

(#7)  all solutions of the problem (2.1) under (By) are oscillatory in G.

Proof: Let u(z,t) be a nonoscillatory solution of the problem (2.1) under (B).
We may assume that u(z,t) >0 for (z,t) € 2x[p, +00), where p is a positive
number. By the analogous arguments as in the proof of Theorem 3.1, we can see
that the function U(t) defined by (3.6) is a positive solution of the inequality (3.1) for
t >ty > p, which implies that the function U(t) defined by (3.6) also is a positive
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solution of the inequality
L)+ AU —7)] + min o(z, 1)/ (U(t ~9)) <0. (5.2)
z €

However, by Theorem 4.1, we see that the inequality (5.2) has no eventually positive
solutions. Thus, we obtain a contradiction.

If u(z,t) <0 for (z,t) €Q2x[p, +00), then™ = —u is an eventually positive
solution of the problem (2.1) under (B;) which is impossible. This proves assertion
(%).

The assertion (i) can be proved by the analogous arguments as in the proof of
assertion (i). The proof of Theorem 5.1 is complete.

Using Theorem 4.2-4.5, respectively, it is easy to obtain the corresponding results
for problem (2.1) under (B,;) or (2.1) under (B,) also. We merely state them below.

Theorem 5.2: Assume that the condition (H) holds, and that 0 < A(t) <1, f(y)
is a monotone increasing function in R . If for any ¢ >0,

+ oo
min_ q(z,s)f([1 = A(s—0)]c)ds = + oo, (5.3)
z €N

then

(¢)  all solutions of the problem (2.1) under (By) are oscillatory in G and
(i) all solutions of the problem (2.1) under (B,) are oscillatory in G.

Theorem 5.3: Assume that conditions (H) and (4.52 hold, and that 0 < A(t) < 1.
If there ezists a monotonically increasing function £ € C*[R | ,(—, +00)] such that

+ co
[€€(s)min a(z,s)(1 — A(s — o)) — c€'(s)]ds = + oo, (5.4)
€N

for any number ¢ > 0, then

(2) all solutions of the problem (2.1) under (B,) are oscillatory in G and

(1) all solutions of the problem (2.1) under (B,) are oscillatory in G.

Theorem 5.4: Assume that condition (H) holds, A(t) = A = constant >0, and
that f(y) is an increasing function and satisfies (4.14). If q(z,t) is periodic in t with
period T and satisfies

+ oo
min ¢(z,s)ds = + oo, (5.5)
then AL
(?) all solutions of the problem (2.1) under (B,) are oscillatory in G' and
(i1)  all solutions of the problem (2.1) under (B,) are oscillatory in G.

Theorem 5.5: Assume that conditions (H) and (4.5) hold, ¢ > 7, and that there

exist constants Ay, Ay, and M such that

—1<SAM <M <A <0, teR
and
i > .
37Enelr(l]q(av,1!)_M>0, teER

If t N )
lir{l_}r_li_foo/ B (s)ds > 3, (5.6)

t—o
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then
(%) all solutions of the problem (2.1) under (B;) are oscillatory in G and
(1%)  all solutions of the problem (2.1) under (B,) are oscillatory in G,
where
emin ¢(z,1)
2m _ _xz€Q
O

and

_0—=T
§=9=T.

Finally, we discuss two examples.
Example 5.1: Consider the equation

6
%[U + (1 —e t)u(a:, t— 7|')] + 3u+ 2u(:c, t— %)exp[3t +z+ UZ(Z,, t— _721)]

=3Au+ (2 + cost)Au(z, t - ), (2,¢) € (0,)x (0, +0o0) (5.7)

and a boundary condition of type (B;)
—u,(0,t) +u(0,t) =0, u,(m,t) +u(m,t) =0, t>0. (5.8)

Here, m=6;n=1;,2=1;Q:(0,#);7:%;0:%;7(:6,051 for =0, t>0;
AM)=1—e"Y

2
q(z,t) = 2e* T3 min  g(t) = 263 f(u) = ue® .
z € [0, ]
It is easy to see that the function f(u) satisfies condition (H) and

+ oo + oo x
/ min g¢(z,s)[1 - A(s—o0)lds = / 2¢3.¢ T 2ds = 4.
z € [0, 7]
Then, all conditions of Theorem 5.1 are fulfilled. Hence, all solutions of problems

(5.7) and (5.8) are oscillatory in(0, ) x (0, + o).
Example 5.2: Consider the equation

4
56;4‘[“ —u(z,t — 2m)] + 2u + 74(2 — sin 2)u(z, t — 47)

(5.9)
= e'Au+3Au(z,t~7), (z,1)i(0,7)x (0, +o0)
and a boundary condition of the type (B,)
u(0,t) = u(w,t) =0, t > 0. (5.10)

Here, m=4;n=1;=1;Q = (0,7);A\(t) = — 1;7 = 2m;0 = 4m;q(z,t) = 74(2 —sin z);
flu) =u
In this case,

0 —-T
b= m

S
and 2

—emin  ¢(z,1)

S, _  x€[0,7] _ .4
A1) = Mt—o+7) =7
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where ¢ = 1. It is easy to see that

t t
lim inf B (s)ds =lim inf nds = ﬁ >1
t— + oo t— + o0 2 e
t—o t—-%

The hypotheses of Theorem 5.5 are satisfied and hence all solutions of the problem
(5.9) and (5.10) are oscillatory in (0,7) x (0, + c0).
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